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Abstract:

The aim of this paper is to drive the relation between the Finite Mellin Integral
Transform with the Laplace Transform by using the double Laplace and
Fourier Mellin integral Transform. Properties like Linearity Property, Scaling
Property, Power Property and f(ax)g(by) are also derived. The Shifting and
Inversion Theorem for Laplace —Finite Mellin Integral Transform and Shifting
Property discussed for Fourie —Mellin Integral Transforms.
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1:Introduction
The Laplace Transform and Fourier Transform are widely used for solving
differential and Integral equations. In physics and engineering it is used for analysis of
linear time invariant systems such as electrical circuits, harmonic oscillators, optical
devices and mechanical systems. In this analysis, the Laplace Transform is often
interpreted as transformation from the time domain in which input and output
functions of time to the frequency domain, where the same inputs and outputs are
functions of complex annular frequency in radians per unit time. Given a simple
mathematical or functional description of an input or output to a system. The Laplace
transform provides an alternative functional as description that often simplifies the
process of analyzing the behaviour of the system or in synthesizing a view system
based on a set of specifications. Fourier Transform is often use in signal processing.
The theory of integral has presented a direct and systematic technique for the
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resolution of certain type of classical boundary and intial value problems. To be
successful the transform must be adopted to the form of the differential operator to be
eliminated as well as to the range of interest and the associated boundary conditions.
There are numerous cases for which no suitable transform exists.

Here we consider Laplace Finite Mellin integral Transform to the removal of the
polar operators that occur when Laplace operator is expressed in either spherical or
plan polar coordinates.

The Double Laplace Transform can be used to find the Laplace —Finate Mellin
Integral Transform in the range [0, 1] and [0, 1]. Fourier Laplace Transform is used to
find the Fourier Mellin Integral Transform in the rang [0, «) and [0, «).

2: Preliminary Results

2. 1: Relation Of The Finite Mellin Integral Transform With Laplace Transform
The Laplace Integral Transform of the function f(x) of x is denoted by L[f(x),s]
and defined as

[ee]

F(s) = LIF(x),s] = j o5 F(x)dx

0

Whenever this integral is exists for s > 0 is the parameter.
The inverse of the Laplace Transform is denoted by L™[F(s),x] = f(x) and
defined as

C1+i00

FG) = L)) = 5 j e5* LIF(x), sds

C1—i00

The Mellin Integral Transform of the function f(y) of y is denoted by M[f(y),r]
and defined as

0

M) = MO = [y fOday

0

Whenever this integral is exists for r > 0 is the parameter.
The inverse of the Mellin Transform is denoted by M~1[F(r),y] = f(y) and
defined as

C2+i00

FO) = MR Y] = 5 [y miro).rlar

CZ—iOO

The Finite Mellin Integral Transform of the function f(y) of y is denoted by
M[f(y),r] and defined as
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1

M) = MO = [y f)ay

0

Whenever this integral is exists for r > 0 is the parameter.

Its inverse is defined as
C2+i

FO) =MPFO =5 [y MlFG)rldr

2

The Double Laplace Transform is denoted by L,[f (x, z), s,] and defined as

Lo[f (x,2),5,0,00,7,0,00] = j j e~6x+19) £(x, 2)dxdz
00

Whenever this Double Integral is exists for » > 0 and s > O are parameters.
Substitute logy = —z and logt = —x then Double Laplace Integral Transform is

Ly[f(t,),5.0,1,7,0,1] = j j 6571 1 £ (e y)dedy
00

This is relation between Finite Mellin Integral and Laplace Transform for f(t,y)
with parameters

r > 0and s > 0 in the range [0, 1] and [0, 1] and is denoted as
MIF(ty),5,0,1,7,0,1] = [ [} 57 y™ 1 (¢, y)dtdy (1)

Where0<t<land0<y<1

2. 2: Relation Of The Mellin Integral Transform With Fourier Transform
The Fourier Transform is denoted by F[f(x),s] = F(s) and can be defined as

Flf(x),s1=F(s) = 5% f(x)dx

=l

Whenever this integral is exists for s > O is the parameter.
The inverse of the Fourier Transform is denoted by F~1[F(s),x] = f(x) and
defined as

[ee]

FLF(s). ] = f(x) = \/%_n j e~%F (s)ds

—0o0
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Whenever parameter s > 0.
The Mellin Integral Transform in the following way

MIF (), 7] = j X1 F(x)dx, a < Re(s) < B

0

Where « and g are real numbers deterring the maximum range of values of Re(z)
such that the integral converges. The Fourier Laplace Transform FL[f(x,z), s, ] can
be defined as

FLIf(x, 2), 5,—o0,00,7,0,00] = j e £(x. Z)dxdz
0

NI
=)
8\8

Substitute logy = —z and logt = ix then

FLIF(t.y).5,0,0.7.0 1] = —=

> t5~ 1y 11 (¢, y)dtdy

)
—— g =

1

FF[f(x,z),s,—o0,00,1,—00,0] = o

j eS*¥elT% f(x, z)dxdz

8

o0 00

j t5~ 1y £ (¢, y)dtdy

00
= %’;M[f(t,y),s,O,oo,r, 0, ] (2)

This is Fourier Mellin Integral Transform in range [0,) and [0,«) and 0 < x <
wand 0 <z <o

3:LEMMAS(Laplace —Finite Mellin Integral Transform-LFMIT)
3.1:Lemma. 1

3.1.1:The LFMIT is

L IMIF(t,7),5,0,1,7,0,1] = j j 6571y 1E (e, y)dedy
00

Then Linearity property
2flM[ocf(x,y) + Bg(x,v),50,1,7r0,1] = «a 2fM[f(x y),s,0,1,7,0,1] = ,Bzfl

M[g(x,y),s,0,1,7,0,61]

3. 1. 2: Scaling property
2MIf(x,y™),5,0,1,7,0,1] = =, IM[f (x,2),5,0,1,=,0,1] (4)
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3. 2:Lemma. 2
3.2.1:

MIf(cx,dy),s,0,1,7,0,1] = Csldr f dzs-l t""1f(z,t)dzdt
= 2#MIf(z,1),5,0,¢,7,,0,d] e (5)
3.2.2:
MIf(ex)g(dy) 5,0,1,7,0,1] = = MIf(0),5,0,cIM[g(2),r 0.d]  (6)

4:.LEMMAS(Fourier Mellin Integral Transform-FMIT )
4. 1:Lemma
Let f(x,y),x,y € R,,

FF[f(x,z),s,—», 0,1, —OO,OO]Zg—ij jeis"ei”f(x,z)dxdz

—00 —00

FF[f(x,z),s,—o0,00,1,—00,0] = ;—i’;M[f(t, ¥),s,0,00,7,0, 0]

IMIaf (x,y) £ Bg(x,y),5,0,00,7,0,00] = afM[f (x,y),5,0,00,7,0,e0] = B5M[g(x,y),s,0,,7,0,0](7)

4. 2:Lemma

IMIF(x,y™).5,0,0,7,0,50] = 2 MIf(x, 2),5,0,0,7,0,0] ®)
4. 3:Lemma

£M[f(cx’ dy)’ S, 01 0,7, O’ OO] - CsldT £M[f(Z, t)a S, Oa 0, T, 01 OO] (9)
4. 4:L.emma

IMIf(cx)g(dy).s,0,00,7,0,00] = = MIf (), 5,0,c1M[g(2), 7,0,] (10)

cS

5:SHIFTING THEOREMS
5. 1 Shifting Theorem For Laplace-Finite-Mellin Integral Transform
The Shifting Theorem For Laplace-Finite Mellin Integral Transform is

#MIF(t,y),5,0,1,7,0,1] = [ [} 571 y™=1 £ (¢, y)dtdy then
Z}M[xmynf(xay)asa 01 11r1 01 1] =
2fM[f(x,y),m+5,0,1,n+7,0,1] (11)

5. 2 Shifting Theorem For Fourier-Mellin Integral Transform
The Shifting Theorem For Fourier Mellin Integral Transform is



46 Sarita poonia and Dr Rachna Mathur

FF[f(x,z),s,—o0,00,1,—00,00] = j j e'S* o2 f(x, z)dxdz

S|
q| R

FF[f(x,z),s,—%,00,1, —0,00] = ;—i’;M[f(t,y), s5,0,00 71,0, 00]

ITM[ x™y"f(x,y),s,0,00,7,0,00] = —=

2T

’;M[f(x,y),m+s,0,oo,n+r, 0, 0] (12)

6:1nversion Theorem

6. 1:Inversion Theorem For The Laplace-Finite Mellin Integral Transform

The Laplace Integral Transform of the function f(x) of x is denoted by L[f(x),s]
and defined as

0

F(s) = LIF(x),s] = j 65 F(x)dx

0

Whenever this integral is exists for s > 0 is the parameter.
The inverse of the Laplace Transform is denoted by L™[F(s),x] = f(x) and
defined as

FG) = L)) = 5 j e5* LIF(x), sds

C1—i00

The Mellin Integral Transform of the function f(y) of y is denoted by M[f(y),r]
and defined as

[ee]

M) = MO = [y fOday

0

Whenever this integral is exists for r > 0 is the parameter.
The inverse of the Mellin Transform is denoted by M~1[F(r),y] = f(y) and
defined as

C2+i00

FO) = MR Y] = 5 [y miro)rlar

CZ—iOO

For the Laplace-Finite Mellin transform is

L IMIF(t,7),5,0,1,7,0,1] = j j 6571y 1f (e, y)dedy
00
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And its inversion formula is
C2+i C1+i
1 x—Sy—T :
flx,y) = @) j j S—rsz[f(x,y),s,O, 1,7,0,1]drds

cp—i c1—1

Proof
Assume that zflM[f(x,y),s, 0,1,7,0,1] is a regular function in the strips |Re(s)| < r
('r" to be real number) of the s-plane and that 0 < ¢ < v;,¢; —i < s < ¢; + i Where
c,is constants and |Re(p)| <q (‘q' to be real number) of the p-plane and that
0<c<w,c,—1i<p <c,+iwherec,is constants,

If the Laplace-Finite Mellin integral transform is

MIf(x,9),5,0,1,7,0,1] = jjxs_lyr‘lf(x,y)dxdy
00

11 Cot+i cq+i
= s—1 ,,r-1 1 —s—rlM( )01 0. 11drdsldxd
X y [(27Ti)2 XY O oof [f x,y),s, 0, 1,10 ] r 5] xdy
00 cp—i c1—1
C2+i C1+i
1 j j xS 1 yr 1
= - xSy oM (X, ),S,O,l,T,O,]_ drds [_] [_]
(27'[1)2 [c —i i > [f g ] ] SlglT 1o
i C12+i ci1+i
—1 —Sa,-T L 1
~ (2ni)? j j X7y o MIf(x,¥),5,0,1,7,0, 1]drds] —
cp—1 c1—1
flx,y) = (2;.)2 fCC;_Jril fcil_'l'ilx S:_Z}M[f(x’y)’s’o’ 1,7,0,1]drds] (13)
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