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Abstract

During the last years of his life, Ramanujan defined 17 functions F(q), where | q| < 1.
Ramanujan named them as mock theta functions, because as g radially approaches any

point e?™ (r rational), there is a theta function F.(q) with F(q) — F.(q) = 0 (1). In this
paper, we obtain relations connecting mock theta functions, partial mock theta
functions of order 6 and infinite products analogous to the identities of Ramanujan.
Keywords: Mock theta functions, partial mock theta functions

1. Preliminaries and Known Results

The first detailed description of mock theta functions was given by Watson in his
celebrated Presidential Address delivered at the meeting of the London Mathematical
Society in November, 1935.

Ramanujan’s general definition of a mock theta function is a function of f(q) defined
by a g-series convergent when | g | < 1 which satisfies the following two conditions,
@ For every root & of unity, there exist a 6 -function 6(q) such that difference
between f(q) and 6 (q) is bounded asq — &, radially.

(b) There is no single theta function which works for all &, i.e. for every 6-
function 6(q) there is some root of unity £ for which f(q) minus the theta function
0 (q) is unbounded as q — ¢ radially.

Ramanujan gave a list of seventeen mock theta functions and labeled them as
third, fifth and seventh orders without giving any reason for his classification. A study
of these sums and expansions has been made by Watson (1), Agarwal (2) and Andrews
(3). Later on, Andrews and Hickerson (4), Choi (5) and Gordon and Mc Intosh (6)
studied certain g-series in the Lost Notebook and named them as sixth, eighth and tenth
order mock theta functions. Although Gordon and Mc Intosh (6) have given definitions
of order of mock theta functions, and later Bringmann and Ono (7 & 8) have given
clarification for the order of the mock theta functions.

Also, relations connecting mock theta functions and partial mock theta
functions are given by Srivastava (9) and Denis et al. (10). Bhaskar Srivastava (11 &
12) provided relations connecting mock theta functions and partial mock theta
functions of order 3, 5, 6 and 10 and relations connecting mock theta functions, partial
mock theta functions of order 2, 3 and 6 and Ramanujan’s function p(q) .Recently,
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Roselin Antony and Atakalti Araya(13) obtained relations connecting mock theta
functions of order 2 and infinite products analogous to the identities of
Ramanujan.Also,Roselin  Antony and Hailemariam Fiseha(14) obtained relations
connecting mock theta functions of order 10 and infinite products analogous to the
identities of Ramanujan.

If M@=YQ, (1.1)

is a mock theta function, then the corresponding partial mock theta function is denoted
by the terminating series,

M. (@)=Y, (12

Mock theta functions of order 6 ;
In Ramanujan’s lost notebook VII, Andrews and Hickerson defined the mock theta
functions of order 6 as follows;

-
R =
e =
A@:Zewigfn wn
20(q) = 2 (=D’ q”;_(cl];+q iz(q; q°), (1.8)
yng%%%% (L9)

Ramanujan, in chapter 16 of his second notebook defined theta functions as follows;
A(q):iqn(ml)/z _ (@*;q°)., (1.10)
= (@:9°).,
[Ramanujan (15)] and [Berndt (16)]
An identity due to Euler is,
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(n+1)

y = 1) 1.11
nz(qq)m %9 -

[Euler (17); chap. 16] and [Andrews (18); Eqn.(2.2.6)]
The special cases of the above identity are ;

59" (@hd%9%aY).
B(q) = = (1.12)
nZ_:;(qz;qz)n (a;0).,
0 n(n+1) (q qS q4.q4)
C(a) = — (1.13)
; a*:9%), (9:9).,
The Famous Roger’s —Ramanu;an identity is,
= 1
D(aq) = (1.14)
nzo(q 9. (@a%9°).
n(n+1) 1
E(q) = Z (1.15)

@), (0°.0%59°),
[Rogers (19)] and [Ramanujan (20)]
Hahn (21) and Hahn (22) defined the septic analogue of the Rogers- Ramanujan
functions as

- q*" @,q%.9;9").,
F(q) = = 1.16
(@) nz-o(qz;qz)n(—q;q)zn @*9%)., (110
© q2n(n+1) (qZ’(..1\";’(17;(]7)OO
G = 1.17
@= 2 e Cann @), .
© q2n(n+1) ((..1’(.46’(17;(17)Oo
H 1.18
= 2 ) Camm . @0, (19

The Jackson — Slater identity;
Jackson (23) discovered the following identity;
2n? _a% _A5 A8-8
(q) z q ( q ' ? 1? 1q )oo (119)
10 (0 0) CR
This identity was independently rediscovered by Slater (24, Eqn.39) who also
discovered its companion identity[Slater (24, Eqn.38)]
& q (-9-a",9%9°).,
J(a) = = (1.20)
g(q;q)m @*9%).
The identity analogous to the Rogers- Ramanujan identity is the so-called Gollnitz -
Gordon identity given by,

2n(n+1)
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(4:9°).a" _ 1 L1
k)= zo CRe ) (9.9*,9";9%), (21

= (qz;qz)n @.9*9%0%).
[Gordon (25)] and [Gollnitz (26)]
The nonic analogue of Rogers — Ramanujan functions is

> (€:9)5 9" @*,9%9%q°%).,
M (q) = n - (1.23)
g(qs;qs)n(qs;qs)m @*9°).,
1 3n+2 3n(n+1) 21 71 9; 9 .
N(q) = z(q Q) an ( )" _( 9.9.39 ) (1.24)
n=0 (q Q) (q C1)2n+1 (q 1q )oo
®© . 3n(n+1) 8 9.9
P(@) =3 gq,cl)sm-g _(@9.99), (1.25)

S@%50%0(0%0%,0,  (@%a).
These equalities are due to Bailey [Bailey (27); Eqn.(1.6),(1.7) and (1.8)].
We shall make use of the following known identity;

i&miar:(iar](iém]—iamiém [Srivastava(28) (Eqn. 4.4)]  (1.26)

m=0 r=0 r=0

2. Main Results

We shall establish relations connecting mock theta functions, partial mock theta
functions of order 6.

A) Taking 5. =q"™™"’2 in (1.26) and by (1.10), we get

(q q )oo i zqm(mﬂ)/ZZa +206r+1A (q) (21)
(q q )oo r=0 m=0
i) Taking o, _( )(rqq.;;‘;qz)r in (2.1) and making use of (1.3), we get
(q q )oo m(m+1)/2 ( 1)I’+1q(l’+1)2 (q;qz)rﬂA 22
G0, () = Zq ¢ (@) + ZO T D n (Q). (2.2)
i) Taking «, _( l)(q;”:)(q 9% in (2.1) and making use of (1.4), we get
r+l o (r+2)2 e ~2
(q q ) l//(q) qu(mﬂ)/ZW (q) Z( 1) q (q!q )r+1Am(q). (23)

(q!q )oo r=0 ( q;q)Z(r+1)+1
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r(r+1)/2

(-0;9),
CH M

[CDN m(m+1)/2 q (=90 s 2.4
(o), PO= zq Pnl@)+ ; @, @ (24

q r(r+1)(r+2)/2 (_q’ q)r
(@9

i) Taking a, = in (2.1) and making use of (1.5), we get

(r+1)(r+2)/2

iv) Taking «, = in (2.1) and making use of (1.6), we get

(r+)(r+2)(r+3)/12 ¢ .
5 ( q!q)r+1 Am (q) (25)
(4972

2.2 o o
(q _,qz ) o(q) = zqm(m+1)/20m @) +z q
(Q1q )oo m=0 r=0

_(-D"q"(q;9%),

v) Taking o, = in (2.1) and making use of (1.7), we get

(-a; ),
@9%). mmayz D™ (a0, 26
g, 0= Zq (q)+; Con. M@ (2.6)
vi) Taking a, _(D'd ZEqu'rqq) )@a). in (2.1) and making use of (1.8), we get

2.2 ® o [ r+l (r+2) r N2
(9%a%).. ,U(Q):qu(ml)/z-,um(Q)‘i'Z( D™g " (1+q9)(@q )r+1Am(q)_ 2.7)

(@:9%). 2(-9;0),..
vii) Taking o, = (q 3(q3;1) in (2.1) and making use of (1.9), we get
@%a°). m(neay2 D™ @A) oy (28
@0, = y(q) = Zq ym(q)+2 200, »(0). (2.8)
B) Taking &, :% in (1.26) and by (1.12), we get
(@59 )
(@°.9%,9%9%), < S B 2.9
(0;9).. zo Z (a*;q° )mga +za”1 () 29)
(-1)"g" (5:0°),

i) Taking a, = in (2.9) and making use of (1.3), we get

(=0;9)

r+l

2 N2 N2.p44 w m? o (_ (r+1)2
(q! q)oo m=0 ' ) r=0 ( )2(r+1)

_(-D"q" (g;9%),

i) Taking a, =
( q!q)2r+1

in (2.9) and making use of (1.4), we get
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@%,9%,9%9°%), D" 9" (4,97,
(q) = —v/ () + "B, (q). (2.11)
(9;9)., v Zo q%0%), Zo (G ) Py
r(r+1)/2
i) Taking a, = ( ( %.9). in (2.9) and making use of (1.5), we get
’ r+1
(qZ1qZ1qZ;q4)OO q(r+1)(r+2)/2(_q;q) .
p@)=2 — 5—Pu(d)+ =B, (q). (2.12)
(q;0)., Z 9% Z (@:9%),.,
r(r+1)(r+2)/2 T
iv) Taking «, = g 5 (-4:9). in (2.9) and making use of (1.6), we get
(q!q )r+1
(qz’(:12’qz;q4)oo qm2 © q(r+1)(r+2)(r+3)/2(_q;q) .
o(q) = —Gm(q)+ ==B(q). (2.13)
(g;0)., Zo 9%, Zo (4:9°%),..
v) Taking o, _( )( a (q);q ) in (2.9) and making use of (1.7), we get
_q!q r
@%,9%9%9%) & Q" D)™ (0;0°),.,
=2(q) = 2 (a) + “2B, (). (2.14)
(g;0)., n;(qz;qz) Z (-9:0),.
r or+l r .
vi) Taking o, _( Vg 2((1+q) ICH: in (2.9) and making use of (1.8), we get
_q!q r+l

m2

(@) + Z( D™q"?(1+q")(a:q )MBm(q)_ (2.15)

(@°,9°,9%,9%).. u(Q) = Z q T

(g;9)., = @*a®),

vii) Taking «a, _% in (2.9) and making use of (1.9), we get
(@*.9%.9%9%)., (D™ @+ a) @9 ) 216
@o. 97 Z(q O R (@ 219
qm(m+1)

Similarly, by taking &, :ﬁ’ we can establish relations connecting mock theta
439 )n
functions of order 6 and the infinite product C(q).

mZ

C) Taking &, = —

' m

in (1.26) and by (1.14), we get

1 0 0
—— a,+ ) a,.,D,.(q). (2.17)
(q,q“;qs)w; Z (a; q)m; Z '
A2
i) Taking a, = _(D'd (G0 ) in (2.17) and making use of (1.3), we get

( q! )2r
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& (D) (6:9%)
=D : 2.18
@asa), "9” ZW @2, M @19
(r+1)?
i) Taking «a, _( 1)(qq q)(q 9, in (2.17) and making use of (1.4), we get
N e N CH I
+ =D : 2.19
(@,0%9°). @asg), 9" Z(q ). () Zo (G Hs) PO (@ (219
r(r+1)/2
i) Taking a, = ( ()q /4). in (2.17) and making use of (1.5), we get
q!q r+1
@3 L @3t L8 (g (2.20)
@.9% q)mpq ST ), i |
q r(r+1)(r+2)/2 (_q q)
iv) Taking a, = (q'qz) L in (2.17) and making use of (1.6), we get
o q(r+1)(r+2)(r+3)/2(_q;q) .
o, (q)+ > ™D, (q). (2.21)
@@ " Zaa, O G, @
v) Taking o, _( )( q(q);q ): in (2.17) and making use of (1.7), we get
& (-)™a"(0:9°)1
2(Q) + 1D (q). 2.22
@@ O e L aa,. @ @
vi) Taking «, _( -1’9 ;((1q4.rqcl) G in (2.17) and making use of (1.8), we get
S (-)™a" P (1+9")(@:9°)
Q)+ D, (9).
@asa, MO z(q @, O 2A-G:0),.s @
(2.23)
vii) Taking a, = (q 3(q3;1) in (2.17) and making use of (1.9), we get
D™ A+ AN @)y () (2.24
@ q) —— (@) = Z 7m(q) Z 20a), (). (2.24)

qm(m+1)

Again, taking o, =

' m

functions and the infinite product E(q).

, relations can be developed connecting mock theta
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2m?
D) Taking &, = ——3 in (1.26) and by (1.16), we get
(@597 (-=0:9) 2

(@®.q*.0";9"), & S g = 2.25
@*4°). zo Z q)(qq)zmga +§a”l (@ (2:29)

2m 2

_(-D"q" (4;9%),

1) Taking a, = in (2.25) and making use of (1.3), we get

( q! )2r
@*.9*.9":d"). q°" = ()" q" (09 Veap (). (2:26)
@ P S Y Cag, @
(r+1)?
i) Taking «a, _( Vg (9:97), in (2.25) and making use of (1.4), we get
( q!q)2r+1
(@®.9,97:q)., " DY@ ) e (o) (2.27)
R URRAGR Y oro W malUa Ty Vs "
r(r+1)/2
i) Taking a, = E %.9). in (2.25) and making use of (1.5), we get
CH M
(@.07.0°:9)- (q) - 5. Y@y o) (228)
@%a%), 2 (9’ q) (=9 0) zm = (@:0°),,
iv) Takin B qr(r+1)(r+2)/2(_q;q)r ) )
ga, = 5 in (2.25) and making use of (1.6), we get
CH M
@’,9*,9%;9). q*" QG () (2.29)
ey U Dy w1
v) Taking «, _( )( (q);q ): in (2.25) and making use of (1.7), we get
_q!q r
@’.9'a’;q")., q°" (- )”1q“*1’(q P)rap () (2.30)
@*9*). M= mzo(q 197) i (0@ Fa(@F Z (=0:9) .0 (@)
r r+l .
vi) Taking «, _( g™ @+ a)(@a’), in (2.25) and making use of (1.8), we get
2(=0;0) .
(@*.9'a";q")., : q°" S (D™ W+ )(@:%)
@*9%).. D= =% ) (CUH )P Ha@+ 2, 2(-9;9)., Fn (@)

(2.31)
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_ 9" (g;9), (g;9),

( 3! 3)r+1

CHENCIH DR < D)™ @0+ 9" )(4 ") s o
(@.9%a%), M= Zo %1 ) (=0;9) 51y Tn(@)+ Z 2(-9;0),., Fl@)

vii) Taking «, in (2.25) and making use of (1.9), we get

(2.32)

2m(m+1)

g
(@%0%) (—0:0) o1y

In the similar way, by assuming &, = and

2m(m+1)
q
@%9%)n (-8 @) 2
the infinite products G(q) and H(qg) can be obtained.

, relations connecting mock theta functions of order six and

m =

2m?

E) Taking &, =—1— in (1.26) and by (1.19), we get

’ 2m

A3 _ 5 #8-n8 B o
R R

(q !q )oo r=0 m:O(q q)Zm
_(-D"q" (4:9%),
(=0;9)

(-a°—a°.q9%q°),
@0, #(q) = Z

za +zar+1 m(q) (233)

1) Taking a, =

in (2.33) and making use of (1.3), we get

2 r+1

S (_1) q(Hl) (q q )r+1| 2.34
(q q)Zm (q)+§ ( q q)z(r+1) (q) ( )

_(-D"q" (g;9%),
( q!q)2r+1

(-9°,-a°,0%a°), q°"
@), s Z

i) Taking a, = in (2.33) and making use of (1.4), we get

2 r+l

- (_1) q(HZ) (q q )r+1| 235
(q ) 2 (q)+§ (=0 9) 24291 n{Q)- (239)

(-0;9),
CH M

(-9°-9°,9°%;9%),
@), 0= Z

r(r+1)/2

iii) Taking e, =

in (2.33) and making use of (1.5), we get

(r+1)(r+2)/2

q ( q q)r+1| 236
5 (9; q)zmpm(q) zo (@:9%),., (@ (30)

(-0;0),
CH M

Deo(q)=3 d—a, @+ 31

r(r+1)(r+2)/2

iv) Taking o, =3

in (2.33) and making use of (1.6), we get

(r+1)(r+2)(r+3)/2

— (_q;q)Hl!m(Q)- (2.37)
(@:9%),.
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_(-D"q"(q;9%),

v) Taking «, = o, in (2.33) and making use of (1.7), we get
(-9°.-9°.9%9°).. q"" (D7a @9y () (238
(@*:9%)., Ha) = z(q ) 2m Fa(@F zo CEH ) (@ (2:39)
vi) Taking «, _( -1’9 ZEqu'rqq) ICH: in (2.33) and making use of (1.8), we get
(o’ ", "q°).. q" (D™ P @+ )@ e, 5 39
@*9%).. HO= z(q o) #a (D ; 2(-;0),. (@) 239
vii) Taking «, (q 3(q3;1) in (2.33) and making use of (1.9), we get
(4", 9% ). (D™ A+9) @) e, 240
(@*9°).. 7= z(q o) 7ol ; 2(0;9),., W@ (249
In the similar way, by assuming &, :qzm—(mﬂ),ém :M
(9 9) 2mas CR

m2+2m

and 5, _( 3;9°)n ¢
@*a%),
the infinite products J(q), K(q) and L(qg) can be obtained.

, relations connecting mock theta functions of order six and

F) Taking 5, = (G P (1.26) and by (1.23), we get
T@0%),(a%0%),

@*,9°,9%9%), & S (9;4)3n 0 o M 241
@%q°), zoa mz(q :9°),, (9% 9° )Zm;-:a +Za”l (@) 24

_(-D"q" (4:9%),
( q! )2r

@,9°.9%0). & (@Dnd™ & (-0)
@0, O L@@ O

_(-D"q" (g;9%),
( q!q)2r+1

i) Taking a, = in (2.41) and making use of (1.3), we get

r+l

(r+)? [y 42
i @GDeapy (@), (242)
(e ) v

i) Taking a, = in (2.41) and making use of (1.4), we get

5 9.9

@,9°.9%0), & (Gl &) (G,9%)
@%a)., v mz:o(q3:q3)m(q3:q3)zmwm(q>+§ (G o)

r+l

“IM,, Q). (2.43)
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r(r+1)/2( q q)
i) Taking a, = in (2.41) and making use of (1.5), we get
(@:9°) .1
(a*,9°,9%9°). &S (9,9)5,0° o R G H)
3m N + r+1Mrn ) (244)
S AL s W WD Ty e @
q r(r+1)(r+2)/2 (_q q)
iv) Taking a, = ~———— in (2.41) and making use of (1.6), we get
(CH P
@.9°.9%7)., v (@Dna" S R G ) PPy (2.45)
@%a’).. cW=2 =(0%0%)n(a%0%)2m gm(q)+§ (@9%) .. (@
r 2
v) Taking «, _( )( a (q),q ): in (2.41) and making use of (1.7), we get
_q!q r

0

@*.9°9%9°), (CH) R (D™ (@0°) .y, (2.46)
@%0a°), M) = Z(q 10%)n (@%50%) 51 Fn () + Z (G He) (@

(D9 @+a" ) (g a%),
2(-0;9) 4

» m? r+l o (r+2) r Ln2
@".9°.9°:9°).. 2(q) = Z (CHOM (@) + Z( D79T A+ @)@ gy (). (2.47)

vi) Taking «, = in (2.41) and making use of (1.8), we get

@%a’).. 5(0%0°),(a%0°) 2n 2(-0:0) ...
_ 9" (qa9), (o Q. . :
vii) Taking a, = T I T ) in (2.41) and making use of (1.9), we get
! r+1

(a‘,a°.0%:0%), SO ) (D™ @A+ a )@ gy (o (2.48)
@), 07 Z(q 10°)n (0072 Tnl@) Z 2(-0;0),., (@

In the same way, by assuming

B (q’q)sm (1_q3m+2)q3m(m+1) B (q;q)3m+1q3m+1

m 3. 43 3. 43 and 5m T fN3.43 3. 43
(@%507)n(a7:97) 2mes (9%97)n(a7507) 2

mock theta functions of order six and the infinite products N(q) and P(q) can be

obtained.

, relations connecting
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