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Abstract

Velleman proved that a mapping from R to R is continuous if and only if the
images of compact sets are compact sets . Arenas and Puertas generalized this
characterization of cont--inuity between two topological spaces . G. Nordo
and Pasinkov generalized the Arenas and Puertas result to some different
classes of spaces, by generalizing the definition of set of mappings
characterized by images of sets . In the present paper , we prove results based
on Gs-continuity and U-compact spaces.We prove that the U-compactness of
the space is preserved under G&-continuous mapping and also prove that Gs-
continuous image of product of two U-compact spaces , is again U-compact.

Keywords : U-compact spaces , Gs—continuity.
Mathematics Subject Classification Code (2010):54C05, 54C99 ,54D30,
54D99

Introduction

The problem to characterize the continuity by images of sets was studied first [3] by
Vellman that have shown that the set C(R,R) of all real continuous function on R can
not characterized by images of sets . Arenas and Puertas have generalized Velleman’s
result by concerning C(R,R) and have proved the following:

Theorem (AP) : Let X be a locally connected first countable space and let y be a
regular normal space . Then C(X,Y) = Caa N Cgpg Where A is the family of all
connected sets and B is the family of compact sets. Nordo and Pasinkov generalized
Theorem AP to some different classes of spaces like continuity on g-spaces ,
continuity on sequential spaces and they prove the theorem :

Let f: X = Y be a Gd-continuous mapping from a locally connected regular g-space
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X to normal space Y . If f maps countable compact sets in countable compact sets and
connected sets in connected sets then it is continuous.

Gs—Continuity :
Definition 1.1 : A mapping f: X = Y between spaces X and Y is said to be Gs-
continuous at a

point xe X , if for every neighborhood V of fx, there exists a Gs-set G in X such that

xe Gand fG c V.

A mapping is called Gs-continuous if it is Gs-continuous at any point of the domain.
The set of all Gs-continuous mappings from a space X to a space Y will be denoted by
Cs (XY) . Obviously C(X,Y) € Cs (X,Y) (where C(X,Y) consists of all continuous
mappings from Xto Y) .

There has been much work on different types of compactness and continuity in
general topology. But up till now no one has worked on U-compactness with Gs-

continuity. In the present paper we prove various results on U-compactness and Gs-
continuity.

U-compactness : [1]
Definition 1.2 : Let U={A} be any collection of open coverings of a topological space
X, containing all finite open coverings as subsystem . The topological space X is U-

compact, if each open cover of X has a refinement Ac U .

In the section 2, we prove that , ‘a mapping f: X 2 Y is Gs—continuous if and only if
the image of a U-compact space X is , U-compact .

In the section 3 , we prove that the product of two U-compact spaces is again U-
compact . We also prove that the projection mappings ntl :X XY = X or 2 : XxY >
Y is Gs—continuous and also prove that the Gs-continuous image of product of two
U-compact spaces is again U-compact .

New Characterization of U-compactness

Theorem 2.1 : Let f: X = Y be a mapping from X to Y then prove that the mapping f
is Gs— continuous if and only if the image of a u-compact space X is again u-
compact.

Proof : Let f. X = Y be a mapping between two spaces X and Y and suppose the
space X is U-compact.

Claim : space Y is U-compact .

Let U*={ Va }qe A be the collection of open coverings of Y , containing all the finite

open coverings of Y as subsystem , where each V, € U* is the open neighborhood of
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some point f(xq) , for all ae A, xqe X . Those open coverings of space Y, which are:
not in U*, like Vg,

for all B e A;are also the neighborhood of some point f(xg) , for all B e A1 xge X

Let U={ f*(V,)} be the collection of coverings of space X where eaci f*(V,) , ae/\ be-
the open set . Each open covering f* (V, ) , for all a, is also the neighborhood of some
point Xs in X . Since the mapping f is Gs-continuous , so corresponding to
neighborhood V, of f(xq), for all ae A, in Y we can have Gs_set Gq in X and
corresponding to the neighborhood Vg of f(xg) , for all f € A;, we can have G&-set
Gp in X . Since X is U-compact space , so each covering of X , should have a
refinement in U .Therefore each open covering f'(V,) , for all a, can have a
refinement Ga , for all a in U , as well as those open coverings f*(Vg ) , for all B, not
belongs to U , also have refinement Gg for all B in .

Again by using the definition of Gs-continuity ,we can have xq € G, , for all a, such
that f(Ga) < V, , for all ae A, in U* . Here f(G,) and f(Gg) have been taken as-
refinements of open coverings of Y as subsystem . Let {Vg}, for all € A; , not
belongs to U* are also the open coverings of Y . Now open coverings V, , for all ae A
be the neighborhood of some point f(x, ) , and Vg are also the neighborhood of some
point f(xg ) , for all g € Ay . Now let U = {f*(V,)}aep (arbitrary set p ) be the collection
of the open coverings of X , containing all the finite coverings as subsystem . Let f
Y(Vp) , for all B  py , are also the open coverings of X not belongs to U .

Here we also assume that f(V,), for all a,are the neighborhood of the points

Xae X and f* (Vg ) , for all B € p; , are the neighborhood of the points X , in X . So
every Xq , for all a and xg, for all B are the interior points of f1(Vy) and f* (Vp)
respectively . So we can assume open sets Ga , for every a, Gg , for every B (as G-
sets in X) such that x.e Ga < f*(V,), for all a and xge Gg < * (Vg ) , for all B ( Since
the collection of open sets all Ga’s and all Gg-s have been taken as refinements of open
coverings f'(V,) and f* (V) respectively of X, in U) in U . This implies that fx, €
f(Ga) €V, , for every a and fxge f( Gg ) < Vg, for every B ( Here f(Go) and f( Gg )

are the refinements of the open coverings V, and Vg respectively of X ) in U* | as
space Y is U-compact .
It shows that mapping f: X 2 Y is Gs—continuous .
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Productivity of U-Compactness
Theorem 3.1 : The product of two U-compact spaces is again U-compact.

Proof : Step 1: Suppose we have given two spaces X and Y (both X and Y are
compact ), with Y is U>-compact .

Let Xo be any point of X, and N is any open set in XXY , containing the slice xox Y of
XxY . For the product of two compact spaces , if Y is compact , then we know that by
the Tube

Lemma, N contains some tube w x Y about X, X Y, w is the neighborhood of X, in X.
Since Y is the U>-compact , let Uy = {Ad}aen be the collection of open sets of Y ,

containing all the finite coverings of Y , as subsystem . Since Y is U2-compact , so

each open covering of Y will have a refinement By in Uz . Let U*x U2 ={W X% Aq} be
the collection of open coverings of xo x Y . Since Xo X Y is compact , so is U*x U»

compact , therefore each open covering of xox Y will have a refinement Wy XBq in

U*x Uz (where Wy < W is again a neighborhood of xg)
Step 2 :- Let us assume that the space X and Y are u;.compact and U>-compact
respectively.
Let U;x Uz = {aq x ba} be the set of open covering all the finite coverings of X x Y,
containing all the finite coverings of X x Y as subsystem . Since X XY is U*x U»-
compact so

it can be covered by many elements of U;x Uz and the union aq;x ba; U agex

Pa2 UagsX Doz U

UaamX bam = N, which is an open set containing Xo x Y , so by the Tube
Lemma the open set N contains a tube W xY about xox Y and W xY also covered by
many elements of U;x U (Wis an open set in X) . Since W xY is U;x Ux-compact , so
each open covering of W x Y will have a refinement in U;x U> .

Thus for each x in X , we can choose a neighborhood Wy of x , such that the tube
WyXxY can be covered by finitely many elements of U;x U> . The collection of all such
neighborhoods Wy is an open covering of X . Since X is U;-compact , so each open

covering of X will have a refinement in Wy ‘c Wy for every X, in U; and the union of
the tubes WixY, WoxY , WaxY....... W mxY , is the whole X xY . Therefore each open
covering of XxY will have a refinement in Uix U, = U . Therefore X XY is U-
compact.

Lemma: Prove that the projection mapping my : X XY 2 Xorm: X xY 2> Y is G5-
continuous .

Proof : Let V, be a neighborhood of any point mt; (Xo,Yo) . Let G1x Y be a G&-set

(Since Gix Y isanopensetin X x Y ) in X X Y, containing (Xo,Yo) i.e. (Xo,Yo) € G1%
Y.
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So 1 (Xo,Yo) € 11 (G1x Y) . Since V, be the neighborhood of the point m; (Xo,Yo) -

Therefore 11 (Xo,Yo0) € T (G1x Y) €V, , for all (Xo,Yo) . This shows that the mapping
m X XY > Xis Gd-continuous .

Theorem 3.2 : If the product of two U-compact spaces X and Y is U-compact and the
mapping m : X x Y = X is Gé-continuous , then the w; image of product of two U-
compact spaces is again U-compact .

Proof: Let V, be the neighborhood of any point m; (Xo,Yo) in X . Let U; = { V, }ae A be
the collection of open coverings of X , containing all the finite open coverings as
subsystem.

Let U; x Uz = { VX Y}ae a be the set of open coverings of X x Y, containing all the

finite open coverings as subsystem . Let G;x G, be any open set (Gd-set , being an
open set) containing the point (Xo,Yo) In Vo X Y , where Gy is G&-set in V, i.e. in X
and Gy is the Gd-setinY .

Since X x Y is U-compact , so every open cover V,x Y of X x Y , containing
refinement suppose

G1x Gy in Upx Uz. Since (Xo,Yo0) € G1x G. This implies that 11 (Xo,Yo) € 11 (G1% G2) .
Since the mapping is G&-continuous , so mt; (Gi1x Gy) € V,  for all a. If m; (G1x Gy)

can be taken as refinements of open covering V, , for all a, of X . Thus we can say

that every open cover V, of X having a refinement in Uy .
Thus the space X is U; = U-compact .
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