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Abstract 
 

This paper consist of the inverse thermoelastic problem of heat conduction 
with internal heat generation for the determination of unknown temperature, 
displacement, stress function by using Marchi-Zgrablich transform and Finite 
Marchi-Fasulo integral transform. The results are obtained in the form of 
infinite series.  
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1 Introduction 
Nowacki, W. [3] investigated the state of stress in a thick circular plate due to a 
temperature field. Roychaudhari, S.K. [4] studied a note on the quasi-static thermal 
stresses in a thin circular plate due to transient temperature applied along the 
circumference of a circle over the upper face and a note on quasi-static thermal 
deflection of a thin clamped circular plate due to ramp-type heating of a concentric 
circular region of the upper face. Deshmukh, K. C. and Khobragade N. L. [1] have 
studied an inverse quasi-static thermal deflection problem for a thin clamped circular 
plate Wankhede, P.C.[5] have investigated on the quasi-static thermal stresses in a 
circular plate. Khobragade N. W. and Lamba N. K.[2] discussed the thermal stresses 
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of a thin annular disc due to partially distributed heat supply. In this paper we 
consider the three dimensional problem of heat conduction and determine the 
temperature, displacement, stress function of annular disc by applying the Marchi-
Fasulo integral transform and Marchi-Zgrablich transform. 
 
 
2 Statement of the Problem 
Consider a thin annular isotropic disc of thickness 2h occupying the space D:ܽ ≤ ݎ ≤
ܾ,−ℎ ≤ ݖ ≤ ℎ. The differential equation governing the displacement function ܷ(ݎ,  (ݖ
as 
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 With ௥ܷ = 0 at ݎ = ܽ and ݎ = and ܽ௧ ߥ ,ܾ  are the Poisson’s ratio and the linear 
coefficient of the thermal expansion of the material of the disc respectively and 
,ݎ)ܶ ,ݖ   is the temperature of the disc satisfying the differential equation (ݐ
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 Where ݇ and ߙ thermal conductivity and thermal diffusivity of the material of the 
disc subject to the initial conditions 
,ݎ)ܶ  ,ݖ 0) = ଴ܶ   (3) 
 
 The boundary conditions and interior condition are 
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 The stress functions ߪ௥௥ and ߪఏఏ  are given by 
௥௥ߪ  = ߤ2− ଵ

௥
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  (9) 

ఏఏߪ  = ߤ2− డమ௎
డ௥మ

  (10) 
 
 Where ߤ is the Lame’s constant, while each of stress function ߪ௥௭,, ߪ௭௭, ߪఏ௭ are 
zero within the disc in the plane state of stress.  
 The equations (1) to (10) constitute the mathematical formulation of the problem 
under consideration. 
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3 Solution of the problem 
The finite Marchi-Zgrablich integral transform of order ݌ is defined as 
 ݂௣̅(݊) = ∫ ,௣(kଵܵ(ݔ)݂ݔ kଶ, μ୬ݔ݀(ݔ క

௔   (11) 
 
 And inverse Marchi-Zgrablich integral transform as 
(ݔ)݂  = ∑ ௙೛̅(௡)ௌ೛(୩భ,୩మ,μ౤௫)

௖೙
ஶ
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 Where 
ܵ௣(kଵ, kଶ,μ୬ݔ) = ,௣(kଵܩ൛(ݔμ୬)௣ܬ μ୬ܽ) + ,௣(kଶܩ μ୬ߦ)ൟ − ௣(kଵ,μ୬ܽ)ܬ൛(ݔμ୬)௣ܩ +
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 The finite Marchi-Fasulo integral transform of f(z),-h < z < h is defined to be  
തܨ   = ∫ ௛(ݖ)݂

ି௛ ௡ܲ(ݖ)݀(14)  ݖ  
 
 Then at each point of (-h,h) at which f(z) is continuous.Also the inverse finite 
Marchi-Fasulo transform is defined as  
(ݖ)݂  = ∑ ிത(௡)

ఒ೙ ௡ܲ(ݖ)ஶ
௡ୀଵ   (15)  

 
 Where 
 ௡ܲ(ݖ) = ܳ௡ cos(ܽ௡ݖ)− ௡ܹsin (ܽ௡ݖ) 
 ܳ௡ = ܽ௡(ߙଵ + (ଶߙ cos(ܽ௡ℎ) +  sin (ܽ௡ℎ)(ଶߚଵିߚ)
 ௡ܹ = (ଶߚଵାߚ) cos(ܽ௡ℎ) + ଵߙ) −  ଶ)ܽ௡sin (ܽ௡ℎ)ߙ
௡ߣ  = ∫ ௡ܲ

ଶ௛
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 The eigen values ܽ௡ are the solutions of the equation 
ଵߙ]  acos(ܽℎ) + ଵߚ sin(ܽℎ)] × ଶߚ] cos(ܽℎ) + ଶߙ asin(ܽℎ)]  = ଶߙ] acos(ܽℎ)−
ଶߚ sin(ܽℎ)] [ߚଵ cos(ܽℎ)− ଵߙ asin(ܽℎ)]  (16)  
 
 Where ߙଵ,ߙଶ,ߚଵ,ߚଶ are constants. 
 Applying finite Marchi-Zgrablich integral transform again finite Marchi-Fasulo 
transform and then their inverses stated in (11) to (16), to equations (2) to (8) ones 



260  Chandrashekhar S. Sutar et al 
 

 

obtain 
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 Also ݃̅∗ denotes the finite Marchi-Fasulo transform of ݃̅ and ݃̅ denotes the finite 
Marchi-Zgrablich transform of′݃′. 
 
 
3 Determination of Thermoelastic displacement 
Substituting the value of ܶ from (17) in (1) it gets, 
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4 Determination of Stress functions 
Using (19) in (9) and (10) the stress functions are obtained as 
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 Where 
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5 Special Case 
,ݖ)݂  (ݐ = (kଵ + ݖ)(ߦ − ℎ)ଶ(ݖ + ℎ)ଶ݁ି௧  (22) 
,ݎ)݃  ,ݖ (ݐ = ݎ)ߜ −  ଵ)  (23)ݎ
 Where ߜ is Dirac delta function. 
 Applying finite Marchi-Fasulo transform to (22) and finite Marchi-Zgrablich first, 
then finite Marchi-Fasulo to (23) it gets, 
 ݂∗ = 4(kଷ + kସ)(kଵ + ௧ି݁(ߦ × ቂ(௔೘௛)௖௢௦మ(௔೘௛)ିୡ୭ୱ(௔೘௛)௦௜௡(௔೘௛) 

௔೘మ ቃ  (24) 
 ݃̅∗ =  (25)   ܣ
 
 Substituting values from (24) and (25) in (17) to (21) , it obtains 
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Thermoelastic displacement is given by 
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Stress functions are given by 
௥௥ߪ =
ଶఓ(ଵାఔ)௔೟ఈ

௥
∑ ∑ ௉೘(௭)

ఒ೘
݁ି(μ౤

మାୟౣ)௧ ×∞
௡ୀଵ

∞
௠ୀଵ ൜〈∫ ݁൫μ౤

మାୟౣ൯௧  ቂ ௔
୩మ
ܵ଴ଶ൫kଵ, kଶ, μ୬ܽ൯Fଵ∗ −

 క
୩భ
ܵ଴ଶ൫kଵ, kଶ,μ୬ߦ൯f ∗ + ௉೘(௛)

ఉభ
ଶܨ −

௉೘(ି௛)
ఉమ

ଷܨ + ௚ത∗

௄ ቃ ݐ݀ + భ் 
ఈ
〉′ ௌబ(୩భ,୩మ,μ౤௥)

௖೙
+

ቂ∫ ݁൫μ౤
మାୟౣ൯௧  ቂ ௔

୩మ
ܵ଴ଶ൫kଵ, kଶ, μ୬ܽ൯Fଵ∗ −  క

୩భ
ܵ଴ଶ൫kଵ, kଶ, μ୬ߦ൯f ∗ + ௉೘(௛)

ఉభ
ଶܨ −



262  Chandrashekhar S. Sutar et al 
 

 

௉೘(ି௛)
ఉమ

ଷܨ + ௚ത∗

௄ ቃ ݐ݀ + భ் 
ఈ ቃ

ௌబ ′(୩భ,୩మ,μ౤௥)
௖೙

ቅ  
 
ఏఏߪ =
1)ߤ2 +
ߙ௧ܽ(ߥ ∑ ∑ ௉೘(௭)

ఒ೘
݁ି൫μ౤మାୟౣ൯௧ ×ஶ

௡ୀଵ
ஶ
௠ୀଵ ቄ〈∫ ݁൫μ౤మାୟౣ൯௧  ቂ ௔
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Where 
݂∗ = 4(kଷ + kସ)(kଵ + ௧ି݁(ߦ × ቂ(௔೘௛)௖௢௦మ(௔೘௛)ିୡ୭ୱ(௔೘௛)௦௜௡(௔೘௛) 

௔೘మ ቃ  
 
And 
Fଵ∗ = 4(kଷ + kସ)(kଶ + ܾ)݁ି௧ × ቂ(௔೘௛)௖௢௦మ(௔೘௛)ିୡ୭ୱ(௔೘௛)௦௜௡(௔೘௛) 

௔೘మ ቃ  
  
 
6 Numerical results 
 

Thermal expansion coefficient 8.4 × 10ି଺ 
Thermal conductivity 0.041 
Thermal diffusivity 0.0733 
Poisson ratio 0.34 
Specific heat 0.124 
Young’s Modulus 116 
Density 4.506 
a 1 
b 2 
h 0.2 
݇ଵ, ݇ଶ 0.25 
 1.5 ߦ
A 0.1 

ଵܶ  1 
t 1 

 
ܩ =
(8.4 × 10ି଺)∑ ∑ ௉೘(௭)

ఒ೘
݁ି(μ౤మାୟౣ)ஶ

௡ୀଵ
ஶ
௠ୀଵ ×

ቄ ∫ ݁൫μ౤మାୟౣ൯  ቂ18 × ܵ଴ଶ(0.25,0.25,μ୬)݁ିଵ  ×
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Fig-1: Variation of “U” and “t “for various values of “r”. 
 

 
 

Fig-2: Variation of “U” and “r “for various values of “t”. 
 

U  Vs  t 

U  Vs   
r 
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Fig-3: Variation of “T” and “r “for various values of “t”. 
 

 
 

Fig-4: Variation of “T” and “t “for various values of “r”. 
 
 
6 Conclusions 
In this paper temperature distribution, thermal stresses have been investigated. The 
temperature distribution and thermal stresses have been determined by using Marchi-
Zgrablich and finite Marchi-Fasulo transform. The results are obtained in the form of 
Bessel functions and infinite series.  
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