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Abstract

This paper consist of the inverse thermoelastic problem of heat conduction
with internal heat generation for the determination of unknown temperature,
displacement, stress function by using Marchi-Zgrablich transform and Finite
Marchi-Fasulo integral transform. The results are obtained in the form of
infinite series.
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1 Introduction

Nowacki, W. [3] investigated the state of stress in a thick circular plate due to a
temperature field. Roychaudhari, S.K. [4] studied a note on the quasi-static thermal
stresses in a thin circular plate due to transient temperature applied along the
circumference of a circle over the upper face and a note on quasi-static thermal
deflection of a thin clamped circular plate due to ramp-type heating of a concentric
circular region of the upper face. Deshmukh, K. C. and Khobragade N. L. [1] have
studied an inverse quasi-static thermal deflection problem for a thin clamped circular
plate Wankhede, P.C.[5] have investigated on the quasi-static thermal stresses in a
circular plate. Khobragade N. W. and Lamba N. K.[2] discussed the thermal stresses
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of a thin annular disc due to partially distributed heat supply. In this paper we
consider the three dimensional problem of heat conduction and determine the
temperature, displacement, stress function of annular disc by applying the Marchi-
Fasulo integral transform and Marchi-Zgrablich transform.

2 Statement of the Problem
Consider a thin annular isotropic disc of thickness 2h occupying the space D:a < r <
b,—h < z < h. The differential equation governing the displacement function U(r, z)

as
0%u |, 19U
sz t-5 = @Q+v)aT 1)
With U, =0atr =a and r = b, vand a, are the Poisson’s ratio and the linear
coefficient of the thermal expansion of the material of the disc respectively and

T(r, z, t) is the temperature of the disc satisfying the differential equation
2 2
o°T 19T , 97T , g(rzt) _ 10T )

0r2 ror 0z2 k a dt

Where k and a thermal conductivity and thermal diffusivity of the material of the
disc subject to the initial conditions

T(ra Z, O) = TO (3)
The boundary conditions and interior condition are
Tk S = (€ 2,0) (Known) (4)
T+K, T =F (z0) )
- r Jdr=a
T+ke ™ 22| =F (o) ®)
_T+k4%_ _,=F (r,t) (7
[T(r,z t)],=p = G(z,t) (Unknown) (8)
The stress functions o,.,- and oy are given by
_ 10U
Orr = —Zﬂ;a—r (9)
62
0o = —20 (10)

Where u is the Lame’s constant, while each of stress function o,,, 0,,, g, are
zero within the disc in the plane state of stress.

The equations (1) to (10) constitute the mathematical formulation of the problem
under consideration.
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3 Solution of the problem
The finite Marchi-Zgrablich integral transform of order p is defined as

o) = [ xf ()8, Ky, Ky, ppx)dx (11)

And inverse Marchi-Zgrablich integral transform as

fx) =%, Fp(n)Sp (k1K i x) )

Cn

Where

Sp(kli k21 unx) = ]p(unx){Gp(kli una) + Gp(k21 an)} - Gp(unx){]p(kli una) +
]p(kZa UHg)}

Cp =
%{sz(kla Kz, 1né) — Sp—l(kla Kz, Hné). Sp+1(k11 K, Ilnf)} - %{sz(kla Kz, Hpa) —
Sp—l(kla kZ! ul’la)' Sp+1(k11 kZ! Una)}

An operational property is given by
a2 a 2 a
fj [# +-L 1r;_zf] sz(kb Kz, HnX) = lf_zspz(ku Kz, kn§) [f +k; é w=E

x 0x =£
a

k—lsz(kl, Kz, una) [f + Kk, o — 1y fp(n) (13)

Oxly=q

The finite Marchi-Fasulo integral transform of f(z),-h < z < h is defined to be
F = [" f(2) Pu(2)dz (14)

Then at each point of (-h,h) at which f(z) is continuous.Also the inverse finite
Marchi-Fasulo transform is defined as

f(2) = e 52 Pa(@) (15)

Where

B,(z) = Q, cos(a, z) — W,sin (a,z)

Qn = an(ay + az) cos(a,h) + (B1-p2)sin (anh)

W, = (B1+B2) cos(anh) + (a; — az)ans_in (anh)

In= [0y B2 @dz = h[Q,7 + W] + 20 0,7 — Wy 7]

The eigen values a,, are the solutions of the equation

[a; acos(ah) + B, sin(ah)] x [B, cos(ah) + a, asin(ah)] = [a, acos(ah) —
B, sin(ah)] [B; cos(ah) — a, asin(ah)] (16)

Where a; a5, 1, B, are constants.

Applying finite Marchi-Zgrablich integral transform again finite Marchi-Fasulo
transform and then their inverses stated in (11) to (16), to equations (2) to (8) ones
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obtain
T=aXm-12n-1 Pm(Z) e~ (" +am)t x {fe(un2+am)t [l?—zSoz(kLkz,llna)H* -
i 2 * Pm(h) _ Pm(-h) z T So (K1,Kz2,unt)
S0 (K, K, nd)f* + By — I By o e o+ T i) (17)
G = (ZZ 1200 Pm(Z) —(Hn +am)t {fe(un2+am)t [1?_2502(‘(1,‘(2, una)Fl* _
£ a2 e 4 Pm(®) o Pm(=h) g Ty Y So(ka kz.hnb)
h%(mxb%Of LRy = T Fy | de e (18)
Where

Tl = TO - {(Zfe(p_n2+am)t I:I?—ZSOZ(kl,kz, una)Fl* - kilSOz(kl’k21 ung)f* +

Pu(®) . Pm(-h) o . T
- + <
g, f2= 7 Ia K] dt}

Also g* denotes the finite Marchi-Fasulo transform of g and g denotes the finite
Marchi-Zgrablich transform of'g'.

3 Determination of Thermoelastic displacement
Substituting the value of T from (17) in (1) it gets,

U(r,z, t) =

—a(l+v)ar Xm-1 X1 P’Z(Z) ~(n®+am)t 5

{fe(“n +am)t [_Soz(kla kZ! ul’la)l:l>I< - kilSOz(kla kZ! ul’lg)f* + P"‘[lg(lh) FZ -
Pm’[g h) F3 + ]dt + }50(k1 K2,1nT) (19)

2 Cn

4 Determination of Stress functions
Using (19) in (9) and (10) the stress functions are obtained as

I 2#(1";1/)‘11:0‘ 1200 Pm(z) —(I»ln +am)t x {[V + % SO(klg:lszJnT) +
So’ (Kq.Kz,1tnT)
[y + | (20)

0ge = 2u(l +V)a,a Y2 , ¥, Pm(z) o~ (tn?+am)t {[V +% So(kykzptnr)

Cn

[y + 2] etekennl) (21)

Cn

Where
* * 'm(h
V = fe(l»lnz'l'am)t I:I:I_ZSOZ(kl, kZ! ul’la)Fl - kilSOz(kla kZ! Unf)f + P,B(l )FZ -

Po(=h) . ., "
—_— 7 + e
2 Fy K] dt
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5 Special Case
f(z,t) = (ky +§)(z — h)*(z + h)?e ™" (22)
g(r,z,t) =6(r — 1) (23)
Where § is Dirac delta function.
Applying finite Marchi-Fasulo transform to (22) and finite Marchi-Zgrablich first,
then finite Marchi-Fasulo to (23) it gets,
f* — 4(k3 + k4)(k1 + f)e‘t x [(amh)cos (amh)a:lc;s(amh)sm(amh) (24)

g =4 (25)

Substituting values from (24) and (25) in (17) to (21) , it obtains
— (ZZOO 1200 Pm(Z) _(un2+am)t % {fe(un2+am)t [kiSOz(kla k21 Una)4(k3 +
k4)(k2 + b) -t [(amh)COSZ(amh) cos(amh)sin(amh) _ iSOZ(kl, kz, u115)4(k3 +

am?

k4)(k1 + f)e‘t « [(amh)cosz(amh) cos(amh)sm(amh)] + Pm(h)F Pm(=h) Pn(h) oy

2 B1 B2
_] dt + }50(k1 Kz,un7)

Cn

am

= @ B Tty T D e am)t x { [ ™+ am)e &5,y Ky, 1n@)A(ks +
k4)(k2 +b) —t [(amh)COSZ(amh) cos(amh)sin(amh) _ iSOZ(kl,kz,un$)4(k3 +

am?

k4)(k1 + f)e‘t « [(amh)cosz(amh) cos(amh)sm(amh)] + Pm(h)F Pm(=h) Pn(h) oy

2 B1 B2
_] dt + }50(k1 Kz,nb)

Cn

am

Thermoelastic displacement is given by
U(r,z, t) =
—a(L+v)a, Y3 3%, Pm(z) e~ (Hn?+am)t x

([ eloniam: [_502(;(1, o tn@)4 (ks + ;) +
pyet [(eneosCan-coteninenD] €2k, I, £)40, + KoK +

am?
f)e‘t « [(amh)cosz(amh) cc;s(amh)sm(amh)] + P (h) F, — Pm(=h) F, + i] dt +
B1 B2 K

am
T_1} So(kq.kz.pu,1)
a

Cn

Stress functions are given by

Opr =

2u(1+v)aca Zoo Zoo
=1

r

_ PT(Z)e‘(unz*'am)f X{<fe(“n2+am)t [iSOZ(kl,kz,u a)Fl* -

5 Soz(klakZaH g)f* Pn[lg(h)F Pm’[g h) F3 + ]dt"' )50(1(1;2 HHT)
n

[f el +am)t [k_SOZ(kla Ka, Hna)Fl - k—Soz(k1, K, an)f* + P";g(h) F, —
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Pm(=h) g Ty | So (k1.kz 1)
B Fs+ K] dt + a] }

2 Cn

Ogg —
2u(1 +

‘V)ata Zm 1200 Pm(Z) _(P-n +am)f { fe(“n2+am)t I:iSOZ(kl’ kZ! Una)Fl* —

3 2 * Pm(h) _ Pm(=h) Z T1\ 1 So (k1 kg, I»lnr)
507 (ke ko, ung)f U, — M+ O de o+ Ty 20
[f o (in?+am)t [iSOZ(kl, PETI) | isoz(kpkza W, E)F* + Pm_(h)pz _
ka kq B1
Pm(_h) Z T_1 SO ”(klvkzvunr)
B Fa+ K] dt + a] }

2 Cn

Where
£ = Aks + Ky) (kg + et x [Cmticos(@nl)

—cos(amyh)sin(amh) ]
am?
And
2 _ .
Fl* — 4(k3 + k4)(k2 + b)e_t x [(amh)cos (amh)—cos(am,h)sin(amh)

am?

6 Numerical results

Thermal expansion coefficient | 8.4 x 10~°
Thermal conductivity 0.041
Thermal diffusivity 0.0733
Poisson ratio 0.34
Specific heat 0.124
Young’s Modulus 116
Density 4.506
a 1

b 2

h 0.2
ki, k, 0.25
& 1.5
A 0.1
T, 1

t 1

G =
(84 x1076)¥2_, ¥, Pm(Z> e~ (n?+am) x

{ [ elin?+am) [18 x502(0.25,0.25, u el x
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Fig-1: Variation of “U” and “t “for various values of “r”.
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Fig-2: Variation of “U” and “r “for various values of “t”.

263



264 Chandrashekhar S. Sutar et al

0.4 u =000
// £=0.02
-0.15 — =003

-0.25

Fig-3: Variation of “T” and “r “for various values of “t”.
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Fig-4: Variation of “T” and “t “for various values of “r”.

6 Conclusions

In this paper temperature distribution, thermal stresses have been investigated. The
temperature distribution and thermal stresses have been determined by using Marchi-
Zgrablich and finite Marchi-Fasulo transform. The results are obtained in the form of
Bessel functions and infinite series.
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