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Abstract

If P(z) be a polynomial of degree n with decreasing coefficients, then all its
zeros lie in |z| < 1. In this paper we find new classical results concerning
Enestrom-Kakeya theorem and related analytic functions. Besides several
consequences, our results improve the bounds by relaxing and weakening the
hypothesis in some cases.
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1.Introduction:
The following result due to Enestrom and Kakeya [6] is well known in the theory of
distribution of zeros of polynomials.

Theorem 1: If P(z) = 2§ a; z’ be a polynomial of degree n such that
ap = ay.] = app =>------ >a; 230>0,aj€R (1)

Then P(z) has all its zeros in |z[<]
Joyal et al [11] extended theorem to the polynomials whose coefficient are
monotonic but not necessarily non negative and proved the following:

Theorem 2: If P(z) = Y. a; z’ be a polynomial of degree n such that
ap = ay.] = app =------ >ai an’ajCR

Then all the zeros of P(z) lie in
|z < (an — a0 + [ ao[) = | an|. 2)
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Theorem 3: If P(z) = X7 a; z/ be a polynomial of degree n such that for some A>1,

A > ap.| > app>------ >a; >ap, A, ajeR, 3)
then all the zeros of P(z) lie in
|z+A-1|<(Aa,—ap+|ag|) ~|a| 4)

Among other authors besides Joyal et al[11], Dewan and Govil[6] and Aziz and
Zarger[1] also extended Theorem 1 to the polynomials whose coefficients are
monotonic but not necessarily non negative.

2.The polynomials with complex coefficients:
Govil and Mc Tune[10] extended the results of Aziz and Zarger[1] to the polynomials
with complex coefficients given by:

Theorem 4 : Let P(z) =X a; z/ be a polynomial of degree n with Re(aj) =0; and
Im(a;) - B;, for j=0,1,2-----n. If for some A>1,
xan 2 Oy = Olpp =>---==- >0l 20l s }\'9 a;€ Ra (5)

then all the zeros of P(z) lie in
[z + A -1] < (how — 00 + oo +2XG | B;]) = | anl (6)

In this paper we discuss certain properties given by the following:

Theorem 5 : Let P(z) =X¢a;z/ be a polynomial of degree n with complex co-
efficents such that Re(a;) =o; and Im(a; ) = B; for j=0,1,2-----n. and If for some A, p >
1,0<y,d <1

Aoty = O = Olpp Z=======> 0l =Y lg

uBn > Bn—lz Bn—2 Z----- = Bl Z 5[30 (7)

then all the zeros of P(z) lie in the disc:
|ZL(1_1)an+i(ﬂ_1)Bn |
an

< Oty = ) + 1y — )2 + 2 (el + 8165
" (Vlaol ~ 5165 ®

Proof: Consider the polynomial
F(z) = (1-2)P(z) = (1-z)(a0 + aiz+arz +asz +.. 4a,.12"" +a,z")
Let |z| > 1. Then
_ F(z)| = |_a-nZn+1 - Ob(xn_mn)z_n + (Mp—0p)z " — 1(uBn—Pn)z "+ (B —Pn-1)z "+
Z;:rll_l(aj - aj—1)Z] +1 Zj:rll_l(ﬁ] - ,Bj—1)Z] + (a; —yvap)z + (yay — ap)z +
(B — 6Bz + (6B — Po)z + ag
Therefore,|F(z)| < [[F1(A,p,0,B,2)[—[F2(A,p,0.B) | + [F3(a,2)| + [Fa(B,2) | 9)
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Hence
|F1(7%H50‘a[3a2)| = | anz_’_(}”_l)an +1(H_I)Bn | (10)

Now, the lemma due to Govil & Rehman[9] is given as:

Lemma: If Jargaj—B|< o < 7/2 for some t>0 , [ta;[>|a;_4], then

| ta; — a;_4[< {(Jtaj|-|laj_1[)cosa + (|ta;|+a;_1[)sina} (11)
Hence

1
Fa(it,oB) | =[{ Aty — @p-1)? + (B — Br-1)?} /2] (12)
Also
F3(0,z)  |<on1t+ |(Yag —yvay + ag)z™".
< tp1 +ylagl + [(lyaol — lagl) cos o + (lyao| + |ag|) sinal,y > 0 (13)
Similarly

| Fa(a,2)| < |Bp-1] + 61Bo| + [((aﬂo) - |ﬁ0|)005a + ((5ﬂ0) + |ﬂ0|)5ina] (14)

Therefore, from eq.(9), taking into the account of the result of the equations
(10),(12),(13) and (14), we have
. 1
F@)S | azt(—Don +(u—DBn | +[{ Aoty = @n_1)? + (ufn — Bn-1)?} /2 +
an-1+ Ylaol — [(lyaol — laol) cosa + (lyaol + |agl) sina] + |Bn-1| + 61Bol +
[((5,80) - |ﬁ0|)cosa + ((5ﬂ0) + |ﬂ0|)5ina] (15)

Thus for [z>1, |F(z)[>0 only if
(a2 (Dot (- DB > [{ Aty = @n_1)? + (B — Bue1)?}72 + @y + Ylaol -
[(yaol = laol) cos a+ ([yaol + lagl) sina] + 1Bn—1l + 810l + [((680) —
|ﬁ0|)C05a + ((5,80) + |,80|)sina] (16)

which gives
L A-Dap+i(u-1)Bn 1 [
|z IntoA > lanl [I({ Aoy — ap—1) + i(uBn — Prn-D + an_1 +

an

y(1 + cosa + sina)|ay| + (sina — cosa)|ag| + Br—1 + 6(1 + cosa +
sina)|By| + (sina — cosa)|Byl ] (17)

Above equation shows that the zeros of F(z) having modulii greater than 1 lie in
the circle

(1-1) n+'( —1Bn 1
= S < = [ (Mot — )

+(uBn — ﬁn D32 42 (ylaol + 818ol) — (Wletol — 818411 (18)

It can also be verified that the zeros of F(z) whose modulus is less than or equal to
one also lie in the circle defined by equation(ii) and therefore all the zeros of P(z)
lying in the disc given by equation(ii).Now, when a = 0, then L.H.S. becomes
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i(1_:L)arL"‘i(H_l)ﬁn
A Dn b

:|al—|[{(ﬂan Cay ) B - B )P (@ Bo) + || + Iﬂol}

which proves Th. 5.

[llustration: Now we give some examples to show that the present estimate given by
our Th. 5 are sharper as compared to the other authors. We therefore construct a
polynomial P(z) =Y3a;z/ correspoding to n=2, 3 & 4 and compare the bounds
obtained by other authors with our present bounds and thereby give the location of
zeros of the polynomials corresponding to these values of n.

N| a;=a;+iB; | Approximate Different Bounds for the Comparison of
zeros of values of A, zeros of the present estimate
polynomials W, 6 and y | polynomials by the | with other authors
Pn(2) present estimate
2| a,=(2,3), Case-(i) ||z]<5.47 fromTh.5 |z |<10.986
a1=(-2,2), | z;=3.17-0.905i A=3, (without any constr
ap =(-5,5) u=3, -aint on Bi’s ) from
with Z2,=2.5+0.75i 6=1, Th.2
constraint y=1 |z |<11.096
Ao, >y 2 (without any
Yo constraint on By’s )
and from Th.3
uB2 > By 2
5Bo
|z |<10.896 from
Th.4
Case-(i)A=| |z]<6.12 from |z |<10.986 (even
3, Th.5 without any
u=2, constraint on By’s )
0=1, from Th.2
y=1 |z |<11.096 (even
without any
constraint on B;s )
from Th.3.
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aj= 0 iBj | Approximate Different |Bounds for the zeros| Comparison of
zeros of values of A, | of the polynomials | present estimate
polynomials P(z)| u, 6 and y by the present with other
estimate authors
a3=2+3i, Case-(i) |z |
a,=2+4i, z1= -2+0i When <11 fromTh. 5 |z |<23.64 from
a;=-9-9i A=3, Th.2
ap = z,=3.17-0.905i n=3,
-10-10i 6 =1,
z3 = 2.5+0.75i y=1
with Case-(ii) |z |
constraint When <8.4fromTh.5 |z |<23.64 from
7\a32a2 )\=3,Ll= Th.3
>0 2 yao 2,6 =1,
HBs 2 B2 2 y=1
B12= 6B Casel(iii) |z]<9.3 |z ]<22.08 from
When from Th.4
A=2, Th.5
B=3,
6 =1,
y=1
aj =ay, if; Approximate Different Bounds for the Comparison of
zeros of values of A, zeros of the present estimate
polynomials | 4, 6§ and y | polynomials by the with other
Pn(z) present estimate authors
a;=1+0i, Case-(i) |z]<6.0 from
a,=0+0i, z1= 0.9+0.4i When Th.5 |z |£7 from Th.2
a;=0+0i A=3,
ao =-i 2,=0.38+0.92i | =3,
0 =1,
with 3= y=1
constraint -0.38+0.92i
Aoz > ap Case-(ii) |z |<6.0 from |z|<7fromTh.3
201> Y0 4= When Th.5
uBs> B, 2 B12| -0.92+0.38i A=2,
5Bo H=3,
6 =1,
y=1
Case-(iii) |z]<3.0
When from |z]<5fromTh.4
A=2, Th.5
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3,
1,
1

n
1)
)4

Remark: From the above table one can easily find that the present estimates are
sharper for different values of A, n, § and y in all the cases.
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