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Abstract

A new class of functions namely, second order strongly F-pseudoconvex
functions is introduced which is a generalization of both strongly
pseudoconvex functions and strongly pseudoinvex functions. Second order
optimality conditions and second order duality results for a class of nonlinear
non-differentiable scalar programming problems with a square root term in the
objective function as well as in the constraints are obtained under the
assumptions of second order F-pseudoconvexity and second order strong F-
pseudoconvextiy on the functions involved.
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1. INTRODUCTION

The literature of the mathematical programming is crowded with the necessary and
sufficient optimality conditions for a point to be an optimal solution to the
optimization problem. The role of optimality criteria in mathematical programming is
important both from theoretical and computational point of view. The concept of
generalized convexity is of great importance in the study of optimization problems.
The best known and frequently used optimality conditions for nonlinear programming
problems where all the functions involved are differentiable. The various forms of
mathematical programming problems involving square root of positive semidefinite

form (xth)ll 2 has been of interest to many researchers.

Weir [8] introduced new class of functions namely, strongly pseudoconvex
functions which is weaker than the class of convex functions and established various
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duality theorems for differentiable scalar nonlinear programming problem under
assumption of pseudoconvexity and strong pseudoconvexity. Kumar and Agarwal [5]
proved sufficient optimality conditions and various duality results for
nondifferentiable scalar nonlinear programming problems with a square root in the
objective function is obtained under the assumptions of pseudoconvexity and strong
pseudoconvexity. Kanniappan and Pandian [2] introduced a new class of functions
namely, strongly pseudoinvex functions which is a generalization of strongly
pseudoconvex functions and established duality theorems for differentiable scalar
nonlinear programming problems with a square root term in the objective function is
obtained under the assumptions of pseudoinvexity and strong pseudoinvexity. Sinha
and Aylawadi [7] established the optimality conditions for mathematical programs
under the convexity assumptions where some of the constraints are non-diferentiable
but the objective function is differentiable. Kanniappan and Pandian [3] established
sufficient conditions for optimality and duality theorems for a class of non-
differentiable scalar nonlinear programming problems with square term in the
objective function under assumptions of pseudoinvexity and strong pseudoinvexity.
Kumar and Ghosh [6] obtained necessary and sufficient conditions of optimality
conditions and various duality results for a class of nondifferentiable scalar nonlinear
programmng problems with a square root term in the objective function as well as in
the constraints under the assumptions of pseudoinvexity and strong pseudoinvexity.

In this paper, we introduce a new class of functions, called second order strongly
F-pseudoconvex functions which is a generalization of strongly pseudoconvex
functions [8] and strongly pseudoinvex functions [2]. Further, we obtain second order
optimality conditions and also establish second order duality results for a class of
nonlinear non-differentiable programming problems with a square root term in the
objective function as well as in the constraints under the assumptions of second order
F-pseudoconvexity and second order strong F-pseudoconvextiy on the functions
involved.

2. PRELIMINARIES

Let X be an open convex set in R", an Euclidean n-dimensional space and R, denote
the set of all positive real numbers. Let f : X — R be a twice differentiable functions

on X, ¢:XxX—->R,, pgandr:XxXx—->R", F:XxXxR" - R" and
g:R" — RMare twice differentiable functions and B and B, are an nxn positive
semidefinite symmetric matrices with B, #0 and se R" .

Letx,ye R". Then,
X< Ye X<y, foralli, i=1, 2, ..., n

X<y&e X <y, foralli,i=1,2,...,nand x, <y, forsomer,1<r<n

and
x<y< X<y, foralli, i=1, 2, ..., n.



Second Order Strong F-Pseudoconvexity in a Class 291

We need the following definitions which can be found in [4].

DEFINITION 2.1: A function F : XxXxR" — R" is said to be sublinear on R" if for
each x,u e X,

(i) F(x.u;(@+b))<F(x,u;a)+ F(x,u;b), forall a,b e R" and

(ii) F(x,u;ca) = aF(x,u;a), forall acR"and « >0 inR.

Note: From (ii), it follows that F(x,u;0)=0.

DEFINITION 2.2 : The function f is said to be second order F-convex at u e X with
respect to the functions p(x,u), q(x,u) and r(x,u) if forall x e X,

f(x) - f(u) > F(x,u; V() + V2 f(u)p(x,u))-%q(x,u) V2 f(u) r(x.u).
DEFINITION 2.3 : The function f is said to be second order F-quasiconvex at
u e X with respect to the functions p(x,u), q(x,u) and r(x,u) if forall x e X,

f(x) < f(u) -%q(x,u)vzf(u) r(x,u) = F(x,u;Vf(u)+V2f(u)p(x,u)) <0.
DEFINITION 2.4 : The function f is said to be second order F-pseudoconvex at
u e X with respect to the functions p(x,u), q(x,u) and r(x,u)) if forall xe X,

F(x,u: V() + V2 fu)p(xu)) =0 = f(x) > f(u)-%q(x,u)vzf(u) r(x,u) .

Consider the following nondifferentiable nonlinear programming problem
(P) Minimize f (x)+(x'Byx)Y/2

subject to
9() <0 (1)
st +(xthx)1/2 <1 2
xe X.

We propose following dual problem (D) to the problem (P)

(D) Maximize f(u)+u'Byw;

subject to
V(f(u)+ y'g(u)) + Bywy + Bawa +as + V2(f(u) + y g(u))pixu) = 0 3)
ytg(u)-éq(x,u)vz(ytg(u)) rx,U) > 0 (@)
q0x,u) V2 (F(u)) r(x,u) <0 (5)

oz(stu+(ut82u)1/2 -1)>0 (6)
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W}_B]_W]_ <1 (7)
wt2 Bou =oz(ut82u)1/2 (8)
y=0 (9)

a>0 (10)

where ¢ eR, UERn,W]_,W2 eRn,yeRm
We need the following lemma which can be found in [1].

LEMMA 2.1: Let By be an nxn positive semi definite symmetric matrix and
x,wy; € R". Then
Xt Biwy < (Xt Biwq )1/2 (W}_ Biwq )1/2

where equality holds if B;x =tByw; for some t>0.

For solving strong duality theorem, we need the following necessary optimality
condition for a feasible point x, to be an optimal solution of (P) which can be found
in Sinha and Aylawadi [6].

Let x, be the solution of (P). Define the set z,as follows
_(Vgi(xo))tz <0, forall ie{i:gj(xq)=0}

t, ZtBZXo
(x6B1x0)" 2

Ip = z:s'z7+(@'Byz

<0,if X(t)BZXO =0and Sth +(X(’[)BZXO)1/2 -1

)1/2 <0,if x(t)BzxO =0and stxo +(x(t)82xo)1/2 =1

ztleo
t 1/2
(XoB1Xo)

(Vi)' 2'B1xo 2 0,if xiByxg =0

(Vo) 'z - > 0,if xB1Xo > 0and

THEOREM 2.1: (Necessary Optimality Conditions)
If x is an optimal solution of (P) and the set z, is empty, then there exist

wy,wy eR", yeRMand a scalar o such that

V(f(X)+ Bywy + Bowy +as + V(ytg(x))=0

y'g() = 0

a(stX+(XtB2X)1/2 -1)=0

W}_B]_W]_ <1

Wile=(xt le)ll2 (12)

W; BZX=a(Xt Bzx)ll2
y>0, a >0.
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3. SECOND ORDER STRONGLY F-PSEUDOCONVEX

FUNCTIONS

Now, we introduce a new class of functions namely, second order strongly F-
pseudoconvex function which is a generalization of first order strongly pseudoconvex
functions and also, first order strongly 7 -pseudoinvex functions.

DEFINITION 3.1 : The function f is said to be second order strongly F-
pseudoconvex at u e X if there exist a real positive function ¢(x,u) on XxX with

respect to the functions p(x,u), q(x,u) and r(x,u) such that

f(x)- f(u) > @(x,u) F(x,u;Vf(u)+V2f(u)p(x,u))-%q(x,u)vzf(u) r(x,u) (12)

In this case, we say that f is second order strongly F-pseudoconvex at ue X with
respect to the vector functions p(x,u), q(x,u), r(x,u) and ¢(x,u). The function

#(x,u) is known as the proportional function of f.

REMARK 3.1: From(12), we can conclude that that every second order strongly F-
pseudoconvex function at u e X with respect to p(x,u), q(x,u), r(x,u) and @(x,u) is

second order F -convex function at ue X with respect to the same p(x,u), q(x,u)
and r(x,u) where F(x,u;z)= ¢(x,u) F(x,u;z).

REMARK 3.2: From(12), we can conclude that that every second order strongly F-
pseudoconvex function u e X at with respect to p(x,u), q(x,u), r(x,u) and @(x,u) is

second order n -convex function u e X at with respect to the same p(x,u), q(x,u) and
r(x,u) where nt(x,u)z = ¢(x,u) F(x,u;2).

REMARK 3.4: If we take p(x,u) = q(x,u) = r(x,u) =0, and F(x,u;z) = (x-u)z,
then (12) reduces to the definition of strongly pseudoconvex function.

REMARK 3.5: If we take p(x,u) = q(x,u) = r(x,u) =0, and F(x,u;z) = n(x,u)z,
then (12) reduces to the definition of strongly pseudoinvex function.

REMARK 3.6: Every second order F-convex function at ue X with respect to
p(x,u), q(x,u) and r(x,u) is second order strongly F-pseudoconvex function at u e X

with respect to p(x,u), q(x,u), r(x,u) and ¢(x,u) =1. The converse is not true. This is
demonstrated by the following example.

EXAMPLE 3.1: Let X = (0,). Define f:X >R, p,gr:XxX >R, ¢: XxX >R,
and F : XxXxR — R as follows
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4 4
f(X)=i ; p(X.U)=i’—:(1—U?G+%)J ; q(x,u)=lé—x; r(x,u)=(§—lj ;

3
¢(x,u)=(£—lj and F(x,u;a)=(1—1j|a|
X U X U

Then, f is second order strongly F-pseudoconvex at ue X with respect to
p(x,u), q(x,u), r(x,u) and ¢(x,u) on X, but not second order F-convex function on X

with respect to the same p(x,u), q(x,u) and r(x,u) for ng and u=1,

f(x) - f(u) + % g0 UV 2 F(U)r(x,u) < F(x,u: VE(u) + V2 fu)p(x,u)) .

LEMMA 3.1: Let g be a vector function from X - R™ and ¢ = (61,09,....0y) be a

non-negative vector in R". If each component of g;,i=1,2....m is second order
strongly F-pseudoconvex at u e X with respect to p(x,u), q(x,u) , r(x,u) and @(x,u),

then o'g is also second order strongly F-pseudoconvex at u e X with respect to the
same functions p(x,u), q(x,u) , r(x,u) and ¢(x,u).

Proof: Let xe X. Now, since g; is second order strongly F-pseudoconvex at u e X
with respect to p(x, u), q(x, u), r(x, u) and 4(x,u), we have

gi (9)- g (U)+%Q(X-U)V2(gi (U)) F(x,U) > g(x,u) F(x,U; Vg (U) + V2 gj (u)p(x,u))

forall xue X andalli, i=1,2, ...,m
Since o 20, forall i =1, 2, .., m and the sublinearity of F, it follows that

a‘g(x)-a‘g(un% a0xu) V2 (ot g (u)roeu) = g0au) Fxu; Vet g(u)+ V2 (ot g(u)pow))

Thus, atg is also second order strongly F-pseudoconvex at u e X with respect to
the same p(x, u), q(x, u), r(x, u) and @(x,u).

4, SUFFICIENT OPTIMALITY CONDITIONS
We, now prove the sufficient optimality conditions for a feasible point X, to be an

optimal  solution of (P) under second-order F-pseudoconvexity of
f(-)+-! (Bywq + Bows +as) and second order strong F-pseudoconvexity of g.

THEOREM 4.1: (Sufficient Optimality Conditions) If f(-)+ ! (Bywy + Bowy +as)
is second order F-pseudoconvex at x, € X with respect to p(x, Xp), (X, Xg) and r(x,



Second Order Strong F-Pseudoconvexity in a Class 295

Xo) and each component of g;,i=1,2,....m is second order strongly F-pseudoconvex

at xo e X with respect to p(X, X5), A(X, Xo) and r(x, x,) and ¢(x, x,)and there exists

(Xo,Y,Wq,Wp,a,p,q,r) satisfying (1) to (10) and also, (11) and further if wg Bowy < a?

, then x, is an optimal solution for (P).

Proof: Let x be feasible for (P).
Now, from (1), (4) and (9), it follows that,

yta()- yta(x )"‘%Q(X'Xo )V2(yg(xo ) rix,xo ) <0 (13)

Since gj,i=1,2,....m are second order strongly F-pseudoconvex atx, e X with
respect to p(x, xg), q(X, xg) and r(x, x,) and ¢(X,X,), and y>0 and by lemma 3.1.,

then y'g is also second order strongly F-pseudoconvex with respect to ¢(x,xq ),
P(X,Xg ), A(X,Xg ) and r(x,Xg ).

By the second order strongly F-pseudoconvexity of ylg at Xg € X and from (13),
we have

B, X0 ) F(%, X0 : V(Y (X0 )+ V2 (v g(Xo ))P(x.X )) <O

Since ¢(x,Xy) > 0 and from (3) and (7), we can conclude that
F(X,Xg; Vi(Xg ) + Bw + v2 f(Xo )P(X,Xg )2 0.

By the second order F-pseudoconvexity of f(-)+-' (Bjwj + Bow, +as) at xq eX,
we have

f(x) + XU (Bywy + Bowy +as) = (f(xo )+ X5 (Bywy + Bows +as)) .

Using (6), (7), (8), (11), (2) and the lemma 2.1., we get
f(x) + (X' By Y2 > f(xg) + (XS By X)L 2 + a(stxg ) + a(xL Byxg ) 2
—oz(stx)-oz(wt2 Bzwz)llz(xthx)ll2

> f(Xo) + (XE) Blu)ll 2 + a(StXO n (XE) BZXO )1/ 2 _1)

+a(l- stx -(xthx)ll2

1/2 1/2)

+a(1—stx-(xt82x)
1/2

= f(xo) + (X4 B1Xo)

> (x0) + (X6 B1Xo)

Thus, x, is an optimal solution for (P).
Hence the theorem.
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5. DUALITY THEOREMS
We, now prove the following duality theorems between the problem (P) and its dual
problem (D) under the assumptions of second-order F-pseudoconvexity of

f(-)+-' (Bywq + Bows +as) and second order strong F-pseudoconvexity of g.

THEOREM 5.1: (Weak Duality Theorem) Let x be feasible for (P) and
(u,y,wg,wp,,p,q,r) be feasible for (D). If ors (Bywq + Bowsy +as) is second order
F-pseudoconvex at u e X with respect to p(x,u), q(x,u)and r(x,u) and each component
of gj,i=12,....,m is second order F-pseudoconvex at ueX with respect to
p(x,u), q(x,u) , r(x,u) and ¢(x,u), then

f(x)+ (x'By)H2 > f(u)+ iBywy ).

Proof: Suppose that f(x)+ (x'Byx)Y2 < f(u)+ (u'Bywy ).

Since f(-)+-t (Bywy + Bowy +as) is second order F-pseudoconvex at ue X with
respect to p(x,u), q(x,u) and r(x,u), it follows that

F(x,u; Vf(u)+ Bywy + Bowo +as + v2 f(u)p(x,u))<0 (14)

Now, since gj,i=1,2,...m are second order strongly F-pseudoconvex at ue X

with respect to p(x,u), q(x,u) , r(x,u) and ¢(x,u) and y>0 and by lemma 3.1., ylg is
also second order strongly F-pseudoconvex at ueX with respect to
p(x,u), q(x,u), r(x,u) and ¢(x,u).

Now, since x is feasible for (P) and (u, y, w, p, q, r) is feasible for the problem (D),
we have

yla()- ytg(u)%q(x,u)v2 (v g(U) r(x,u)<0.

Since y'g is also second order strongly F-pseudoconvex at u e X with respect to
p(x,u), q(x,u),r(x,u) and ¢(x,u) and ¢(x,u) >0, it follows that

FOxu; VYt gu) + V2 (vt g(u))piu)) <0 (15)

Now, from (14) and (15) and by sublinearity of F, we can conclude that
F(x,u; V(f(u) + y g(u)) + Bywy + Bows +as + V2 (f(u) + v g(u))p(x,u)) < 0 (16)

Now, from (3) and by the sublinearity of F, we have
F(x,u; V(f(u) + ytg(u))+ Biwy + Bowy +as+ Vz(f(u) + ytg(u))p(x,u)) =0

which contradicts (16).
Thus, f()+x'By)Y2 > f(u)+utBywy ).
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Hence the theorem.

THEOREM 5.2: (Strong Duality) Let x, be optimal for the problem (P) and the set

z, be empty. Then, there exist a scalar « >0 and vectors ueR", wy,wy eR", y, eR™
such that (xq,Yo.W1,W2,a,p=0, q=0,7=0) is feasible for (D) where p(x,,y,)=p,
a(x.,Y,)=q and r(x,,y,)=rand the objective value of (P) at X, and the objective
value of (D) at (xg,Yo.,Wy.Wp,a,p=0,g=0,r=0) are the same. If

f(-)+-! (Bywy + Bowy +as) is second order F-pseudoconvex at x, e X with respect to
pP(X, Xg), (X, %) and r(x, xy) and each component of g;,i=1,2,....m is second
order strongly F- pseudoconvex at x, € X with respect to p(x, Xg), 4(X, %) and r(x,
Xo)  and #(x,Xy), for all  feasible (x,u,y,wq1,Ws,, p,q,r),  then
(X0 Yo W1,Wo,a, p=0, §=0,F =0) is optimal for (D).

Proof: Since x, is optimal for (P) and z, is empty, there exists « >0,

ueR"™ wy,wy eR", y, eR™ such that (1) to ( 10) are satisfied.

Thus, (xg,Yo.Wq,Wp,a,Pp=0,q=0,r=0) where p(x.,¥,)=p, d(X,Y,)=q and
r(X,,y.)=r Iis feasible for (D).

From (11), we conclude that the objective value of (P) at x,and the objective
value of (D) at (Xq,Yq,W1,Wp,c,p=0, §=0,F =0) are the same.

Suppose that (xq,yq,W1,Wo,a, p=0, §=0,F =0) is not optimal for (D).

Then there exists a feasible (u,y, w3, w3, a, p,q,r) of (D) such that
f(u)+ u' Byt > (o )+ (X6 Brwg)

From (11), it follows that
f(u)+ "By > (o) + (x6Byxo )M 2
which is a contradiction to theorem 5.1.
Thus, (Xg,Ygq,Wy,Wo,a, p=0, §=0,F =0) is optimal for (D).
Hence the theorem.
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