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Abstract 
 

In this paper some sufficient conditions for the oscillation of all solutions of 
certain fourth order nonlinear difference equation of the form  

   ..,0,1,2.....=0,=1 22 nyfqy
p nnnn

n









  

 
are obtained. Examples are given to illustrate the results.  
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Introduction 
 In this paper, we are concerned with the oscillatory behavior of all the solutions of 
the nonlinear difference equation of the form  

   ...,0,1,2,....=0,=1 22 nyfqy
p nnnn

n









   (1.1) 

 
where   is the forward difference operator defined by nnn yyy  1=  and the 
following conditions are assumed to hold.  
(H1)  nq  is a sequence of real numbers and  np  is a sequence of positive numbers.  
H2)  n  is a sequence of integers such that  lim = .nn

n 
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(H3) 
1

0
=

n

n k
k

R p




  as .n   

(H4) RRf :  is continuous with 0,>)(yyf  for 0.y   
 
 By a solution of equation (1.1), we mean a real sequence  ny  which is defined 
for  

0
min ii

n i 


   and satisfies equation (1.1) for all large n . A solution  ny  is said 

to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise 
it is called non-oscillatory. 
 In recent years, much research is going in the study of oscillatory behavior of 
solutions of fourth order difference equations. For more details, on oscillatory 
behavior of difference equations, one may refer[1-29].  
 
 
2 Main results 
In this section, we present some sufficient conditions for the oscillation of all 
solutions of the equation (1.1). 
 
Theorem 2.1 Suppose that 

i) 0nq  and 
0

= ,k
k

q




  

ii) lim inf ( ) > 0.
n

f y


 

 
 Then every solution of equation (1.1) is oscillatory.  
  
Proof: Suppose on the contrary that  ny  is non-oscillatory solution of equation (1.1). 
We assume that  ny  is eventually positive. Then there exists a positive integer 0n  
such that  
 > 0n n

y   for 0.n n  (2.1) 

 
 From equation (1.1), we have  

   .0,=1
0

22 nnyfqy
p nnnn

n









   

 

 Then 








 n
n

y
p

21  is an eventually non-increasing sequence. 

 We claim 01 2 







 n

n

y
p

 for 0nn  .  

 We assume the contradiction that there is an 01 nn   such that  
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 2
1

1 < 0, .n
n

y n n
p

 
   
 

 

 
 That is,  

 .0,>,<1
1211

2 nnkky
p n

n









  

 
 Summing the last inequality from 2n  to  1n , we have 

  .1
1

1

2=
2

1

2=
k

yp

n

nsss

n

ns











 


 

 
 This implies  

   .11
21

2

2 nnk
p

y
p n

n
n

  

 
 That is,  

   ,11
21

2

2 nnk
p

y
p n

n
n

  

 
 Therefore,  

 .1 2  n
n

y
p

 

 
 Therefore, there exists an integer 23 nn   such that  

 2
2 2 3

1 < , > 0, .n
n

y k k n n
p
    

 
 Summing the last inequality from 3n  to  1n , we obtain,  

   ,
1

3=
23 s

n

ns
nn pkyy 



  

 
which implies  

 .
1

3=
23 s

n

ns
nn pkyy 



  

 
 That is  
 ny    as .n   
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 Hence there is an integer 34 nn   such that 
 2

3 3 4< , > 0, .ny k k n n    
 
 Summing the last inequality from 4n  to  1n , we have  

  .3

1

4=
4

kyy
n

ns
nn  



 

 
 This implies  
  .434

nnkyy nn   

 
 Therefore  
 ny   as .n    
 
which is a contradiction to the fact that 0>ny  for .1nn   
 Hence  

 2
0

1 0, .n
n

y n n
p

 
    
 

 

 
 Therefore we have,  

 0>
nny  , 0 ny , 01 2  n

n

y
p

, 01 2 







 n

n

y
p

 and 01 22 







 n

n

y
p

 for 

.0nn   
 Let  
 .lim= n

n
yL


 

 
 Then 0>L  is finite or infinite. 
 
Case(i): 0>L  is finite. 
Since f  is a continuous function, we have  
     0.>=lim Lfyf

nn
n




 

 
 Then there exists a positive integer 05 nn   such that  

     5
1 , .
2n n

f y f L n n     (2.2) 

 
 By substituting inequality (2.2) in equation (1.1), we obtain  

  2 2
5

1 1 0, .
2n n

n

y f L q n n
p

 
     

 
  (2.3) 
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 Summing the last inequality from 5n  to n , we have  

   0,
2
111

5=
5

2

5

1
2

1
























 


s

n

ns
n

n
n

n

qLfy
p

y
p

 

 
which implies  

   .,1
2
1

55

2

55=

nny
p

qLf n
n

s

n

ns















  

 
which contradicts (i). 
 
Case(2): =L  
From the condition (ii), we have  
   0.>inflim nn

n
yf 


 

 
 So we may choose a positive constant c  and a positive integer 6n  such that  
   ., 6nncyf

nn    (2.4) 

 
 Substituting inequality (2.4) in equation (1.1), we have  

 2 2
6

1 0, .n n
n

y cq n n
p

 
     

 
 

 
 Summing the last inequality from 6n  to n , we get  

 .,1
66

2

66=

nny
p

qc n
n

s

n

ns















  

 
which contradicts (i). 
 This completes the proof.  
 

Theorem 2.2 Assume that 0nq  and  


 =
0= k

k
k

q
R

Nk  

 Then every bounded solution of equation (1.1) is oscillatory.  
 
Proof: Proceeding as in the proof of Theorem 2.1 with assumption that equation (1.1) 
has a non-oscillatory bounded solution  ny , we get the inequality (2.3),  

  2 2
5

1 1 0, .
2n n

n

y f L q n n
p
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 Dividing tha last inequality by nR , we obtain  

   0.
2

111 22 







 n

n
n
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qLf
R

y
pR

  (2.5) 

 
 Consider  

 ,11=1 2222
1

=






























N
N

n
n

s
s

n

Ns
y

p
y

p
y

p
 

 
which implies  
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 That is,  

   .11 222
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Nn  

 
 Then inequality (2.5) becomes,  

     0.
2

1
1 2














n
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n qLf

RNnR
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 That is,  
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2
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n
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 (2.6) 

 
 We know that  
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which implies  

 .111111 222
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  (2.7) 
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 Substituting (2.7) in (2.6), we have  
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 Summing the last inequality from 5n  to n , we get  
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 This implies  
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 That is,  
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 Since  ny  is bounded, we may choose a positive constant c such that  

 5
= 5

, ,
n

s
s n s

s N q c n n
R


    (2.8) 

 
which is a contradiction to the assumption of the theorem.  
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Theorem 2.3 Assume that  

)( nn   is nondecreasing, where  0,1,2,....n  and .=
0=




n
n

q  

 

 Then the difference 







 n

n

y
p

21  of every solution  ny  of equation (1.1) 

oscillates.  
  
Proof: Assume the contradiction that equation (1.1) has a solution  ny  such that its 

difference )1( 2
n

n

y
p

  is non-oscillatory. Assume first that the sequence 







 n

n

y
p

21  

is eventually negative. Then we may choose a positive integer 0n  such that 

0.<1 2
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n
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 That is,  
 .nn qv    (2.11) 
 
 Summing up (2.11) from 1n  to n , we have  

 .
1=

11 s

n

ns
nn qvv   

 
 By assumption, we have  
 ,=lim 


n

n
v   (2.12) 

 
which implies,  
   > 0n n

f y   and hence > 0.n n
y    (2.13) 
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 By equation (2.12), there exists a positive integer 12 nn   such that  
 21, > 0, .nv M M n n     
 
 That is,  

   1.=

1 2
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 This implies  

    21 1 0,n n n
n

y M f y
p 

 
     
 

 for 2.n n   (2.14) 

 
 Let 
 .=lim Lyn

n 
 

 
 Then 0L . 
 
Case(i): 0>L  
If 0>L , by the continuity of f , we have  
     0.>=lim Lfyf

nn
n




 

 
 So we can choose 3n  such that  

     3
1> , .
2n n

f y f L n n    (2.15) 

 
 Substituting (2.15) in (2.14), we get  
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 Summing the last inequality from 3n  to 1n , we have  

  .11
33

2

3

2 nnky
p

y
p n

n
n

n

  

 
 This implies  

 21
n

n

y
p
    as .n   

 
 Proceeding in this way, finally we get  
 ny   as .n   
 
which contradicts (2.13). 
 
Case(ii): 0=L  
If 0=L , then 0.=lim n

n
y


 

 That is 0ny  as n ,  
 
which contradicts (2.13). 
 The proof of the Theorem is now complete.  
 
 
3 Examples 
Example 3.1 Consider the difference equation  
     0.=116 1

22
 nn ynyn  

 

 Here 
n

pn
1= , 1)16(= nqn  and  =

0= nn
q . 

 All the conditions of Theorem 2.1 are satisfied. Hence all the solutions of the 
equation (3.1)are oscillatory. 
 One of the solutions is .1)(= n

ny    
 
Example 3.2 Consider the difference equation  

      0.=
3

7216163 1
22




 nn ynyn  

 

 Here 
3

1=
n

pn ,  
3

721616= nqn  and  

       .=
3

7216316=
0=0=


 

 kkNkq
R

Nk
k

k
kk
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 All the conditions of Theorem 2.2 are satisfied. Hence all the solutions of the 
equation (3.2)are oscillatory. 
 One of the solutions is .3)(= n

ny    
  
Example 3.3 Consider the difference equation  

   0.=
44

1812441
3234

23
22










  nn y

nnnn
nnny

n
 

 

 Here npn = , 
nnnn

nnnqn 
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0= nn
q . 

 All the conditions of Theorem 2.3 are satisfied. Hence the difference  

   


















 

nnnn
nnny

p
n

n
n
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1812412=1  

 

of the solution  
2
1=

n

ny   of the equation (3.3) oscillates.  
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