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Abstract

In this paper some sufficient conditions for the oscillation of all solutions of
certain fourth order nonlinear difference equation of the form

Az(piAzyn]+qn f (yn_Tn )= 0,n=0,1,2.......,

are obtained. Examples are given to illustrate the results.
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Introduction
In this paper, we are concerned with the oscillatory behavior of all the solutions of

the nonlinear difference equation of the form

Az(piAzy”]-i_qnf(yn—Tn): 0,n=0,12,.... 1 (11)

n

where A is the forward difference operator defined by Ay =y, -y, and the

following conditions are assumed to hold.
(H1) {q,} is a sequence of real numbers and {p, } is a sequence of positive numbers.

H2) {r,} is a sequence of integers such that lim(n—z, )= o
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n-1
(H3) R, =Y p > » as h—>w,
k=0

(H4) f :R — R iscontinuous with yf (y)>0, for y=0.

By a solution of equation (1.1), we mean a real sequence {yn} which is defined
for n>min(i-r,) and satisfies equation (1.1) for all large n. A solution {y,} is said

to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise
it is called non-oscillatory.

In recent years, much research is going in the study of oscillatory behavior of
solutions of fourth order difference equations. For more details, on oscillatory
behavior of difference equations, one may refer[1-29].

2 Main results
In this section, we present some sufficient conditions for the oscillation of all
solutions of the equation (1.1).

Theorem 2.1 Suppose that

) g,>0and ) g, =o,
k=0

ii) liminf f(y)>0.

n—oo

Then every solution of equation (1.1) is oscillatory.

Proof: Suppose on the contrary that {y, } is non-oscillatory solution of equation (1.1).
We assume that {yn} is eventually positive. Then there exists a positive integer n,

such that
Yoo > 0 for nx=n,. (2.1)

From equation (1.1), we have

Az(piAzyn] = _qnf(yn _Tn)go’n 2 M-

n

1 . . .
Then A{—AZ yn} is an eventually non-increasing sequence.

n

We claim A(iAzynjzo for n>n,.
P

n

We assume the contradiction that there is an n, > n, such that
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A(piAzyn] <0, nxn.

n

That is,

A(iAzyn] <—k,k >0,n,>n,.

n

Summing the last inequality from n, to (n—1), we have

ZA( : ]g”f(_kl).

2
s:n2 psA ys s:n2

This implies
1, 1

—A Ya -—= (_ kl)(n _nz)-
P, Pn,

That is,

LRy, st (-k)n-n,),
P, Pn,

Therefore,

iAzyn — —00,

n

Therefore, there exists an integer n, > n, such that

iAzyn <—k,,k, >0,n>n.,.

Summing the last inequality from n, to (n—1), we obtain,

n-1
Ayn _Ayn3 < (_ kZ)z ps’
$=ng

which implies
n-1
AY, <A, ~ k, z p,.
S=I’13
That is

Ay, — —c0 as N — .

n
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Hence there is an integer n, > n, such that
A’y < —k;,k; >0, n>n,.

Summing the last inequality from n, to (n—1), we have

n-1
yn - yn4 < 2(_ k3)

S:I’14

This implies
Yo < Yn, _ks(n_n4)-

Therefore
Y, —>—© as N — xo.

which is a contradiction to the fact that y, >0 for n>n.,.
Hence

A(iAzynjzo,n >n,.

n

Therefore we have,

n n n

y.. >0, Ay, >0, iAZynzo, A(piAzyn]zo and Az(iAzyn]so for

n>n,.
Let
L=1limy,.

Then L > 0 is finite or infinite.

Case(i): L>0 is finite.
Since f is a continuous function, we have

lim fly, . )= f(L)>0.
Then there exists a positive integer n, > n, such that

f(yn_fn)zéf(L), n>n,. (2.2)

By substituting inequality (2.2) in equation (1.1), we obtain
Az(piAzyn]+%f(L)qnso, n>n;. (2.3)

n
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Summing the last inequality from n, to n, we have

1, 1, 1 "
A(_lA yn+1]_A(p_A yn5}+5 f(L)zqs < 0’

n+ I’\S S:ns
which implies

1 s 1
Zf (L) g < A(Io—Azyn5 } n>n,.

2 S=I’15 n5

which contradicts (i).

Case(2): L=
From the condition (ii), we have
liminf £y, . )>0.

n—oo

So we may choose a positive constant ¢ and a positive integer n, such that
f (yn_T )2 c,n>n. (2.4)

Substituting inequality (2.4) in equation (1.1), we have

A’ (piAzyn]+cqn <0,n>n,.

n

Summing the last inequality from ng to n, we get

: 1
¢ d, <A(p—A2yn6},n >n,.

S=I’16 n6

which contradicts (i).
This completes the proof.

(k-N)
Rk
Then every bounded solution of equation (1.1) is oscillatory.

Theorem 2.2 Assume that g, >0 and Zfzo

gy =©

Proof: Proceeding as in the proof of Theorem 2.1 with assumption that equation (1.1)
has a non-oscillatory bounded solution {y_}, we get the inequality (2.3),

Az(iAzyn]+% f(L)g, <0, n=n,.
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Dividing tha last inequality by R, we obtain

iAz(iAzyn]+i f(L)q, <O.

R, ) 2R,
Consider
IS 1 1
N —Azys] = A(—Azyn]—A(—Azy ]
2%[55 P, Pv
which implies

(n- N)Az(pi&yn] = A(piAzyn]—A(piAzyN ]
n n N

That is,

(n- N)Az(pi&yn] < A(pi&yn].

n n

Then inequality (2.5) becomes,

A(lAzyn]
P oLty <o

R,(n—N) 2R,

That is,

1 (1, n—N
—Al —A f(L <0.
5 (p w]+ = (L)a,

n

n

We know that

A iiAzyn SN iAzyn +—A2ynAi
Rn n Rn+1 pn n Rn
siA(iAzyn] —AzynAi,

Rn pn n Rn

which implies

1 1 2 1 1 2 1 2 1
— A —AYy, [2A ——A yn]——A y.A—.
R (p ] ( p

n n

(2.5)

(2.6)

(2.7)
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Substituting (2.7) in (2.6), we have

n—N 1 1
f(L <—— A —A
(L)a, 5 (p w]

2RI’1 n n
<-A ii&yn +iA2ynAi
Rn pn pn Rn
11, ) 1
<A ——Ay |+Ay |-
Rn n y” y”( Rr?+1]
<-A ii&yn +Ay
R, P,
That is,
1 1 2 2 n_N
A ——Ny |-Ay + f(L)g, <O.
(Rn n w] T (L)a,

Summing the last inequality from n, to n, we get

n 11 n 1 ns—N
A=Ay |- YAy +=f(L
s=ng (Rs ps ys] S:Zn5 ys+2 ( )szzns Rs

q, <0.

This implies

1 1 , 1 1 , 1 5 s—N
A ———Ay. —Ay ., +Ay. +=T(L <0.
Rn+1 pn+1 yn+1 p yn5 yn+1 yn5 2 ( )z R qs

ng ng $=ng S

That is,

1 -~ S—N 1 1

— f(L —_— <— ANy +Ay. ., —A
2 ( )s:ns R qs R p yn5 yn+1 yn5

S I’ls I’ls

11,
< R_p_A yn5 VY2 = Yna _Ayns'

N5 Thg

Since {y, } is bounded, we may choose a positive constant ¢ such that

ZS;{Nqssc,nzns, (2.8)

s=n5 S

which is a contradiction to the assumption of the theorem.
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Theorem 2.3 Assume that

(n—7,) is nondecreasing, where 7, €1{0,1,2,...} and > g, = .
n=0

Then the difference A(iAzyn] of every solution {y } of equation (1.1)

n

oscillates.
Proof: Assume the contradiction that equation (1.1) has a solution {yn} such that its

difference A(iAzyn) is non-oscillatory. Assume first that the sequence A(iAzyn]
p

n n

is eventually negative. Then we may choose a positive integer n, such that

1
Al —A%y, |<0.
(pn ]

Set
A(l A’ yn]
vnzp“—, n>n n,. (2.9)
(v, )
Then
f (yn — Ty )Az (1 Az yn] - A(l AZ Yn ]Af (yn—rn )
AV = Py J, AP, | (2.10)
f (yn—rn )f (yn+1—rn+1)
Now,
AZ( 1 Azyn] :A( 1 Az n+1] A( Azyn]
pn pn+1 n
1 1
= Az yn+2 AZ yn+1 AZ yn+1 +_A2 yn
pn+2 pn+1 n+1 n
1
= Az yn+2 AZ yn+1 + AZ yn
pn+2 n+1 n

and
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A(piAzyn]Af(yn_Tn) =( ! Azym—iAzyn](f(ym_rm)—f(yn_fn))

n pn+1 pn
Az yn+1 f (yn+1—rnJrl )_pi Az yn f (yn+1—rn+1 )
n+l n
- 1 AZ yn+1 f (yn—rn )+£A2 ynAf (yn—r )
pn+1 pn "
Therefore (2.10) becomes

1 A yn+2 i AZ yn+1 i AZ yn+1 i AZ yn

— n,+2 \ pm—l N pn+1 N pl’) \

” n+l-r Thna yn+1 T 1) f (yn—rn) f (yn—rn)

A( A yn+1] ( 1 Azyn]
n+1 \ _ p/n \

p
Vo) fl, )

n

A( L Aym] {A L Azynﬂ]—A{lAzynﬂ
n+1 pn+1 \ pn

f yn+1_rn+1) f (yn_rn )

Yn 7, Pnia f(yn T )f (y”‘fl Tn+1)
A iAzy ]
P
< =—
*(—)*f Vo a,
That is
AV, <. (2.11)

Summing up (2.11) from n, to n, we have

_qu.

s=n1

By assumption, we have
lim v, = <, (2.12)

n—oo

which implies,
f (yn_,n ) >0 and hence y, . >0. (2.13)
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By equation (2.12), there exists a positive integer n, > n, such that
v.<-M+1,M >0,n2n,.

That is,

This implies

A(iAzyn]+(M +1)f(yn_fn)30, for n>n,. (2.14)

n

Let
limy, = L.

n—oo

Then L>0.

Case(i):L>0
If L>0, by the continuity of f , we have

tim £y, )= f(L)>0.
So we can choose n, such that

f(wwj>%f(q,nzm. (2.15)

Substituting (2.15) in (2.14), we get
A(piAzyn]+% (LM +1)<0,

which implies

A(pin&yn] <L 1(m -

That is,

A(iAzyHJS—kl, where k1=%f(L)(M +1)>0.

n
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Summing the last inequality from n, to n—1, we have
iAzyn siAzyn —k(n-n,).

Py g :
This implies

1
— A%’y — -0 as n—> o,

n

Proceeding in this way, finally we get
y, —>—0 as N — oo,

which contradicts (2.13).

Case(ii):L=0
If L=0,then limy, =0.

n—oo

Thatis y, >0 as n—»> o,

which contradicts (2.13).
The proof of the Theorem is now complete.

3 Examples
Example 3.1 Consider the difference equation

A (nAy, }+16(n+1)y,,, =O.

Here p, =%, g, =16(n+1) and >~ g, = oo.

All the conditions of Theorem 2.1 are satisfied. Hence all the solutions of the
equation (3.1)are oscillatory.

One of the solutions is y, = (-1)".

Example 3.2 Consider the difference equation

AZ((n+3)A2yn)+M . =0.
Here p, = 1 0 _16(16n+72) and
n+3 3

k=0 Rk k=0 3

i(k—N)qk _ ilG(k—N)(k—3)(16k+72)
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All the conditions of Theorem 2.2 are satisfied. Hence all the solutions of the
equation (3.2)are oscillatory.

One of the solutions is y, = (=3)".

Example 3.3 Consider the difference equation

AZ(EAZ ]+ 4(an’ +12n2 +8n+1)
n n

Here p,=n, q

Y, 5 =0.
n*+4n*+4n+n °"°

_4n®+12n° +8n+1
n*+4n®+4n°+n

and Y " g, =oo.

n

All the conditions of Theorem 2.3 are satisfied. Hence the difference

3 2
A(piAzyn]ﬂ(—l)””Fn +12n +8n+1}

n*+4n®+4n%+n

n

(-1’

of the solution y, = - of the equation (3.3) oscillates.

References

[1]
[2]
[3]

[4]

[5]

[6]

[7]

[8]

R.P.Agarwal, ’Difference Equations and Inequalities - Theory, Methods and
Applications’, 2nd edition.

R.P.Agarwal, Martin Bohner, Said R. Grace, Donal O’Regan, ’Discrete
Oscillation Theory’, CMIA Book Series, Volume 1, ISBN: 977-5945-19-4,
B.Selvaraj, M.Mallika Arjunan and V.Kavitha, ’Existence of Solutions for
Impulsive Nonlinear Differential Equations with Nonlocal Conditions’, J
KSIAM, Vol. 13, No. 3, September, 2009, pp. 203-215.

B.Selvaraj and J.Daphy Louis Lovenia, *Oscillation Behavior of Fourth Order
Neutral Difference Equations with Variable Coefficients’, Far East Journal of
Mathematical Sciences (FIMS), Vol. 35, Issue 2, 2009, pp. 225-231.
B.Selvaraj and G.Gomathi Jawahar, ’Oscillation of Neutral Delay Difference
Equations with Positive and Negative Coeffients’, Far East Journal of
Mathematical Sciences (FIMS), Vol. 1, Number 2, 217-223 (2010).

B.Selvaraj and J.Daphy Louis Lovenia, *Oscillation Behavior of Certain Fourth
Order Neutral Difference Equations’, J. Comp. and Math. Sci., Vol. 1 (4), 443-
447, 2010.

B.Selvaraj and G.Gomathi Jawahar, *NonOscillation of Second Order Neutral
Delay Difference Equations’, J. Comp. and Math. Sci., Vol. 1(5), 566-571
(2010).

B.Selvaraj and G.Gomathi Jawahar, ’Asymptotic Behavior Of Fourth Order
Non-linear Delay Difference Equations’, Far East Journal of Mathematical
Science(FIMS), Vol. 1 (7), 877-886 (2010).



Oscillation Theorems for Certain Fourth Order Non-Linear Difference Equations 311

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

B.Selvaraj and I. Mohammed Ali Jaffer, *Oscillation Behavior of Certain Third
Order Linear Difference Equations’, Far East Journal of Mathematical
Sciences(FIMS), Vol. 40, Issue2, 2010, pp. 169-178.

B.Selvaraj and 1. Mohammed Ali Jaffer, *Oscillatory Properties of Fourth
Order Neutral Delay Difference Equations’, J. Comp. and Math. Sci., Vol. 1
(3), 364-373 (2010).

B.Selvaraj and I.Mohammed Ali Jaffer, *Oscillation Behavior of Certain Third
Order Non-linear Difference Equations’, International Journal of Nonlinear
Science, Vol. 10 (2010), No.3, pp. 349-358.

B.Selvaraj and I. Mohammed Ali Jaffer, *Oscillation Theorems of Solutions for
Certain Third Order Functional Difference Equations with Delay’, Bulletin of
Pure and Applied Sciences, Volume 29E, Issue 2 (2010), P. 207-216.
B.Selvaraj and I.Mohammed Ali Jaffer, *Solutions on the Oscillation of Third
Order Difference Equations’, J.Comp. and Maths. Sci., Vol. 1(7), 873 - 876
(2010).

B.Selvaraj and G. Gomathi Jawahar, Oscillation of Neutral Delay Difference
Equations with Positive and Negative Coefficients’, Far East Journal of
Mathematical Sciences (FIMS), Vol.41, Number 2, 217-231 (2010).

B.Selvaraj and G.Gomathi Jawahar, *Certain Oscillation Criteria for Second
Order Delay Difference Equations’, Advances in Theoretical and Applied
Mathematics, Volume 6, Number 2 (2011), pp. 147-151.

B.Selvaraj and I. Mohammed Ali Jaffer, ’Oscillation Behavior of Certain
Fourth Order Linear and Nonlinear Difference Equations’, Advances in
Theoretical and Applied Mathematics, Volume 6, Number 2 (2011), pp. 191-
201.

B.Selvaraj and G. Gomathi Jawahar, New Oscillation Criteria for First Order
Neutral Delay Difference Equations’, Bulletin of Pure and Applied Sciences,
Volume 30E, (Math. and Stat.) Issue 1 (2011), P. 103-108.

B.Selvaraj and J. Daphy Louis Lovenia, *Third-Order Neutral Difference
Equations with Positive and Negative Coefficients’, J. Comp. and Math. Sci.,
Vol. 2(3), 531-536 (2011).

B.Selvaraj and J. Daphy Louis Lovenia, *Oscillatory Properties of Certain First
and Second Order Difference Equations’, J. Comp. and Math. Sci., Vol. 2(3),
567-571 (2011).

B.Selvaraj, P.Mohankumar and V.Ananthan, ’Oscillatory and Nonoscillatory
Behavior of Neutral Delay Difference Equations’, International Journal of
Nonlinear Science, Vol. 13 (2012), No.4, pp. 472-474.

B.Selvaraj, P.Mohankumar and A.Balasubramanian, ’Oscillatory Solutions of
Certain Third Order Non-linear Difference Equations’, International Journal of
Nonlinear Science, Vol. 14 (2012), No.2, pp. 216-219.

B.Selvaraj, S.Kaleeswari, ’Oscillation of Solutions of Certain Fifth Order
Difference Equations’, J.Comp. and Math. Sci., Vol.3 (6), 653-663 (2012).
E.Thandapani and K.Ravi, ’Oscillation of Second-Order Half-Linear
Difference Equations’, Applied Mathematics Letters, 13 (2000), 43-49.



312

[24]

[25]

[26]

[27]

[28]

[29]

B. Selvaraj and S. Kaleeswari

E.Thandapani and B.Selvaraj, ’Existence and Asymptotic Behavior of Non
Oscillatory Solutions of Certain Nonlinear Difference Equations’, Far East
Journal of Mathematical Sciences (FIMS), 14 (1) (2004), 9 - 25.

E.Thandapani and B.Selvaraj, ’Oscillatory Behavior of Solutions of Three
Dimensional Delay Difference Systems’, Radovi MateMaticki, VVol. 13 (2004),
39-52.

E.Thandapani and B.Selvaraj, *Oscillatory and Non Oscillatory Behavior of
Fourth Order Quasilinear Difference Equations’, Fast East Journal of
Mathematical Sciences (FIMS), 17 (3) (2004), 287-307.

E.Thandapani and B.Selvaraj, *Behavior of Oscillatory and Non Oscillatory
Solutions of Certain Fourth Order Quasilinear Difference Equations’, The
Mathematics Education, Vol. XXXIX (4) (2005), 214-232.

E.Thandapani and B.Selvaraj, ’Oscillation of Fourth Order Quasilinear
Difference Equations’, Fasciculi Mathematici, Nr. 37 (2007), 109-119.
Yu-Ping Zhao and Xi-Lan Liu, *Asymptotic Behavior for Nonoscillatory
Solutions of Nonlinear Delay DifferenceEquations’, International Journal of
Difference Equations, ISSN 0973-6069, Volume 5, Number 2, pp. 266-271
(2010).



