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Abstract

In this paper, the steady rotary flow of a second-order thermo-viscous fluid
between two concentric spheres is examined. The viscous dissipation term in
the energy equation is neglected. The velocity and temperature fields are
obtained analytically from the momentum and energy equations using
appropriate boundary conditions. The drag force, viscous couple and the
Nussult number on the inner and outer boundaries of the spheres are
calculated. The pressure and the stress components are calculated and these
are influenced by the thermo-viscous parameters e, a;,. It is noted that a force

IS generated in transverse direction due to the thermo-stress and thermo-stress-
viscous nature of the fluid. The existence of pF,is a remarkable feature of

thermo-viscous fluid. Such a force is not needed in sustaining the motion
when the fluid is classical Newtonian Fourier heat conducting fluid Lamb
[15].
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INTRODUCTION:
A Thermo-viscous fluid (i.e. a viscous fluid in a thermal state) is characterized by two
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sets of constitutive equations, one for the stress and the other for the heat. The stress

tensor S and the heat flux bi-vector h are polynomial functions of the kinematic

tensors, the deformation rate tensor d and the thermal bi-gradient vector b; where
S=85(d,b;p,0), h=h(d,b;p,0), d =(u;; +u;;)/2

b =|| bij | = ”eijk O, h=] hij | = ”eijk q

where u, is the velocity in the i" - direction, @ the temperature, p the density and
q, heat flux in the k™ - direction. These equations can be seen in agreement with the
principles of determinism, material objectivity and equipresence. Further, these
functions are hemitropic polynomial functions of tensors d, andb,, .

The thermo-viscous fluids are classified by the combined degrees N&P of d and b
respectively in the constitutive relations.

ZERO ORDER THEORY:
In this case N = P =0. Therefore all the constitutive coefficients with the exception
of a, are equal to zero. The constitutive equations reduce to
S=al 1)
h=0 )

where ¢, is independent of dand band is simply a function of pand 6.The
materials characterized by these equations are nothing but so called ideal (non-
Viscous) fluids with «a, (<0) representing the hydrostatic pressure.

FIRST ORDER THEORY
In this case, Max|N + P|=1. Therefore the constitutive equations for this case

become
S=a,l +ayd 3)

h=pb (4)

where the constitutive coefficientsa,,cr, and S, are scalar polynomials in trd with
coefficients which are functions of p and 6.

The equations (3) may be recognized as the constitutive equations of the first
order simple fluid of Noll’s type or that of the classical Newtonian —viscous fluids.
The equation (4) is the same as the linear law of heat conduction i.e. Fourier law. For
this reason the fluids characterized by these equations (3) and (4) have been referred
to as classical Newtonian-viscous and Fourier heat conducting fluids in the foregoing
chapters.

It may be noticed that from the theory of zeroth and first order theories, the
constitutive relations are decoupled in deformation rate tensor d and thermal bi-
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gradient vector b and therefore both these theories do not truly describe the interaction
between the viscous and thermal characteristics of the medium. It is therefore
necessary to consider higher order theories which exhibit such interactions.

SECOND-ORDER THERMO-VISCOUS FLUIDS
In this case, we have Max| N + P |=2.The second order thermo-viscous fluids are

characterized by the constitutive equations
S =a,l +a,d +a,d* +a,b” +a,(db—bd) (5)
h=p,b+ B,(db+bd) (6)

Where the constitutive coefficients ¢, and ,° are scalar polynomials in the
traces of respective arguments.

*

a,=—p°: p°isthe fluid pressure

o, =2u ¢ p isthe coefficient of classical (Newtonian) viscosity
as =4u,: u,is the coefficient of (Reiner-Rivlin) cross-viscosity
a - Thermo-stress coefficient

2a, : coefficient of Kho-Eringen thermo-stress-viscous

— B, =k : k= (Fourier) thermal conductivity coefficient.

B, - strain thermal conductivity coefficient.

This is the simplest model for a thermo-viscous fluid which could contain the
interaction between mechanical and thermal phenomena in both constitutive
equations.

FORMU(LATION AND SOLUTION OF THE PROBLEM
Introducing the spherical polar coordinate system (r,8,¢)with 6 = 0coinciding with

the axis of rotation in which the common centre is situated. Further ris the radial
distance from the centre. The fluid flow is represented by the velocity (0,0,w,(r,6))

and the temperature distributionn(r,8). This choice of velocity evidently satisfies the
continuity equation. r = b
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Fig 1. Flow configuration

The rate of deformation tensor d:
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Thermal bi-gradient matrix:
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b=| 0 0 oan ®)
or
1on _on 0
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The thermo-viscous fluid is characterized by the following stress- tensor S and
heat-flux wvector h and these are given by The stress tensor

S = —pl +2ud +4u.d? + o b? + 2a, (db — bd) 9)
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‘Heat flux vector

h=—kb + 28, (db+bd) (10)
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THE EQUATIONS OF MOTION:
In the radial direction:
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In the transverse direction
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In ¢ direction:

oF, :{ 10 (rz (@_ﬂ]}ﬁ(@_ﬂﬂ
r or o r rior r
(13)
Jlo(um @_wcotej +2—fcot9(@—wcot9]
roo\ rlog r o0

Equation of motion in ¢ direction reduced to

w
V2w = —-cosec’6
r

(14)
The energy equation reduces to
0> 206 1 0* cotd 0
V’n=0 where V?= +— — + — 15
= Tor? ror r2o0: r? o6 (19

Consider the slow steady flow of a second order thermo-viscous fluid between
two spheres of radiia, b(b > a). When the spheres are rotating with constant angular
velocities Q, Q, respectively and rotating about a common diameter and kept at
temperatures n,,n, respectively

The boundary conditions

w(a,d) =aQ, sin 6

w(a,d) =bQ, sin 6 (16)

U(aag) = 77a, 77(b,9) = nb

Introducing the non-dimensional quantities.
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r=aR, w(r,0) =aQ ,W(R,0)
- 17
EZG,}/:&’ TI na :T(R’Q) ( )
a Qa My — N4
The boundary conditions (16) reduce to
W (1,0) =sin 0
W(o,0)=cysind (18)
T(@L6O)=0,T(c,0)=1
Now the equations in the Non-dimensional form
i.e. the momentum and energy equations (14) and (15) with(17) reduce to
VAW —ﬂzcosecze =0 (19)
R
and
VT =0 (20)
where
, 0° 20 1 9* cotd 0
Vis—t——+———+——
oR° ROR R* 00 R 060
Let W(R,0) = F(R)sin @ (21)
Substituting (21) in (19), we get
1
(F“+2F —z—fjsinezo (22)
R R
1
sin@ =0, F* + 25 —+R22F =0 (23)
Hence
F(R) = AR +% (24)
B ).
W(R,0)=| AR +? sin@ (25)
Using the boundary conditions, the equation (25) reduces to the form
1-yo?® (y-Do®) 1 |.
W(R,0) = R+ — |sin@ 26
( )((1_3] (1_03 = (26)

Let
T(R,0) = G(R) + H(R)sin? 6 27)
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substituting (27) in (20), we get

1 1
G“+2G +$+sin29 Hu 28 —4|_2|—2|_2| =0 (28)
R R R R R
consider
1
G“+ZG +$:0, (29)
R R
2H' 6H
HY -—-=0 30
A (30)
The boundary conditions for G and H are
G(1)=0,G(0)=1
(1)=0,6(0) @
H@)=0,H(o)=0
using the boundary conditions (31) we get
G(R) :L[l—lj and H(R)=0 (32)
o-1 R
Hence the temperature distribution (the solution of (27))
1) o
T(R)=G(R)=|1-= |— 33
(R)=G(R) [ R]g_l (33)

The pressure distribution is obtained from the momentum equation in radial
direction (11).

] ] A’R? B2 2AB
ie.p’(p-p.)=(-paQ.*sin?0 - -

2

2 .
+15uCBZQa sin? 0 +oc60'2(77b —1,)

2R° 2a’(c -1)°R*
6 BQ.o
—ay| ——2—(n, —n. )cosé 34
8|:5aR5(U_1)(77b 77a) j| ( )
where
_ 3 _ 3
Al o g 1)c3;
l1-o l1-o

Stress components are obtained as follows

2 2 a2
S :—P+9u°B QaG sin“ @ (35)
R
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The force component in the transverse direction
2AB) 39 1, B?Q. % sin 20
R? 2 ar’
+4_2 g BQa(nb —T1a )GSin 0

pF, = —g paQ,” sin 29(A2R -

5 a’(c-1)R’

The drag force on the inner sphere

:2_”0531 r2{S, lo, COSOSINO-S,, |o, sin?0}do

0

B -1287 , OCBB(Qab(nb _77a)
5 47 pe-))

The drag force on the outer sphere

:Zlaszj r2{S, |, sin@cosd-S, |, sin?0}de
P

_-1287 , aazBQ, (n, —n,)
5 (o -1 po?

The viscous couple on the inner sphere
=[271° |5, sin”odo
0

T 877'.:ua'SQa63 (7 _1)
- 1-o°)

The viscous couple on the outer sphere

331

(36)

(37)

(38)
(39)

(40)

(41)

(42)

(43)

(44)
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=[27r°s,, |5, sin®6do
0

_ —877;/1&396163(7/ _1)
1-0%)
= the viscous couple on the inner sphere.

(45)

Nussult number on the inner sphere

_an,
or

:(nb—na)( o ] (46)

a o-1

Nussult number on the outer sphere

on,
or P

_ (ny,—1n.)
"~ b(o-1) (47)

The dissipation of energy is given by >.d;S
9B u Q. *sin’ g

ij

(48)
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