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Abstract

In the present paper, we investigate the existence of mild solutions of an impul-
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1. Introduction

Impulsive equations arise in many different real processes and phenomena which appears
in physics, population dynamics, medicine, economics etc. The study of impulsive
functional differential equations is linked to their utility in stimulating processes and
phenomena subject to short time perturbations during their evolution. The perturbations
are performed discretely and their duration is negligible in comparison with the total
duration of the processes and phenomena. That is the reason for the perturbations are
considered to take place instantaneously in the form of impulses. Impulsive differential
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equations in recent years have been an object of investigation with increasing interest. For
more information see the monographs, Lakshmikantham [10], Samoilenko and perestyuk
[15], the research papers [1], [16] and the references cited therein.

On the other hand, nonlocal condition has better effect on the solution and is more
precise for physical measurements than the classical condition. That is the reason why
initial value problems with nonlocal conditions have received much attention in recent
years, for more information see [1], [4]-[6], [8], [9], [11], [13], [16] and the references
cited therein.

In the present paper we consider semilinear functional impulsive integro-differential
equation of first order of the type:

x′(t) = Ax(t) + f (t , xt ,
∫ t

0
k(t , s)h(s, xs)ds), t ∈ (0, T ], t �= τk, k = 1, 2, . . . , m

(1)

x(t) + (g(xt1 , . . . , xtp ))(t) = φ(t), −r ≤ t ≤ 0, (2)

�x(τk) = Ikx(τk), k = 1, 2, . . . , m, (3)

where 0 < t1 < t2 < · · · < tp ≤ T , p ∈ N, A is the infinitesimal generator of strongly
continuous semigroup of bounded linear operators {T (t)}t≥0 and Ik(k = 1, 2, . . . , m)
are the linear operators acting in a Banach space X. The functions f , h, g, k and φ are
given functions satisfying some assumptions. The impulsive moments τk are such that
0 ≤ τ0 < τ1 < τ2 < · · · < τm < τm+1 ≤ T , m ∈ N, �x(τk) = x(τk + 0) − x(τk − 0),
where x(τk + 0) and x(τk − 0) are, respectively, the right and the left limits of x at τk.

Equations of the form (1)-(3) or their special forms arise in some physical applications
as a natural generalization of the classical initial value problems for eg. see [1], [2],
[7], [12], [14]. The results for semilinear functional differential nonlocal problem are
extended for the case of impulsive effect.

As usual, in the theory of impulsive differential equations at the points of discontinuity
τi of the solution t → x(t), we assume that x(τi) ≡ x(τi − 0). It is clear that, in general
the derivatives x′(τi) do not exist. On the other hand, according to (1) there exist the
limits x′(τi ± 0). According to the above convention, we assume x′(τi) = x′(τi − 0).

The aim of the present paper is to study the existence of mild solution of nonlocal
initial value problem for an impulsive functional integro-differential equation. We are
generalizing the results reported in [1], [8], [9] for the case of impulse effect. We use
semigroup theory and Krasnoselskii-Schaefer type fixed point theorem to obtain our
result.

This paper is organized as follows. Section 2 presents the preliminaries and hypothe-
ses. In Section 3, we prove existence of mild solutions and section 4, we give application
based on our result.

2. Preliminaries and Hypotheses

Let X be a Banach space with the norm ‖ · ‖. Let C = C([−r , 0], X), 0 < r < ∞, be the
Banach space of all continuous functions ψ : [−r , 0] → X endowed with supremum
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norm ‖ψ‖C = sup{‖ψ(t)‖ : −r ≤ t ≤ 0} and B denote the set {x : [−r , T ] → X|x(t) is
continuous at t �= τk,left continuous at t = τk, and the right limit x(τk +0) exists for k =
1, 2, . . . , m}. Clearly, B is a Banach space with the supremum norm ‖x‖B = sup{‖x(t)‖ :
t ∈ [−r , T ] \ {τ1, τ2, . . . , τm}}. For any x ∈ B and t ∈ [0, T ] \ {τ1, τ2, . . . , τm}, we
denote xt the element of C given by

xt (θ ) = x(t + θ ), for θ ∈ [−r , 0]
and φ is a given element of C.

In this paper, we assume that, there exist positive constant K ≥ 1 such that ‖T (t)‖ ≤
K , for every t ∈ [0, T ]. Also k : [0, T ] × [0, T ] → R is continuous function and as the
set [0, T ] × [0, T ], is compact, there exists a constant L > 0 such that |k(t , s)| ≤ L, for
0 ≤ s ≤ t ≤ T .

Definition 2.1. A function x ∈ B satisfying the equations:

x(t) = T (t)φ(0) − T (t)(g(xt1 , . . . , xtp ))(0)

+
∫ t

0
T (t − s)f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ )ds

+
∑

0<τk<t

T (t − τk)Ikx(τk), t ∈ (0, T ],

x(t) + (g(xt1 , . . . , xtp ))(t) = φ(t), −r ≤ t ≤ 0,

is said to be the mild solution of the initial value problem (1)-(3).

Remark 2.2. A mild solution of equations (1)-(3) satisfies (2) and (3). However, a mild
solution may not be differentiable at zero.

The following inequality will be useful while proving our result.

Lemma 2.3. ([15, p.12] Let a nonnegative piecewise continuous function u(t) satisfy
for t ≥ t0, the inequality

u(t) ≤ C +
∫ t

t0

v(s)u(s)ds +
∑

t0<τi<t

βiu(τi)

where C ≥ 0, βi ≥ 0, v(t) > 0, τi are the first kind discontinuity points of the function
u(t). Then the following estimate holds for the function u(t),

u(t) ≤ C
∏

t0<τi<t

(1 + βi)exp(
∫ t

to

v(s)ds).

The following theorem is known as Krasnoselskii-Schaefer type fixed point theorem.

Theorem 2.4. [3] Let X be a Banach space and let A, B : X → X be two operators
satisfying:
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i) A is a contraction, and

ii) B is completely continuous continuous.

Then, either,

a) the operator equation Ax + Bx = x has a solution, or

b) the set � = {u ∈ X : λA
(u

λ

)
+ λBu = u, 0 < λ < 1} is unbounded.

We list the following hypotheses for our convenience.

(H1) Let f : [0, T ] × C × X → X such that for every w ∈ B, x ∈ X and t ∈ [0, T ],
f (., wt , x) ∈ B and there exists a continuous function p : [0, T ] → R+ = [0, ∞)
such that

‖f (t , ψ , x)‖ ≤ p(t)(‖ψ‖C + ‖x‖),

for every t ∈ [0, T ], ψ ∈ C and x ∈ X

(H2) Let h : [0, T ] × C → X such that for every w ∈ B and t ∈ [0, T ], h(., wt ) ∈ B

and There exists a continuous function q : [0, T ] → R+ such that

‖h(t , ψ)‖ ≤ q(t)(‖ψ‖C),

(H3) Let g : Cp → C such that there exists positive constants G and G1 satisfying

‖(g(xt1 , xt2 , . . . , xtp ))(t) − (g(yt1 , yt2 , . . . , ytp ))(t)‖ ≤ G‖x − y‖B , t ∈ [−r , 0].
max ‖ g(xt1 , xt2 , . . . , xtp ) ‖≤ G1

(H4) Let Ik : X → X are functions such that there exists constants Lk satisfying

‖Ik(v)‖ ≤ Lk‖v‖, v ∈ X, k = 1, 2, . . . , m.

(H5) For every positive integer k there exists αm ∈ L1(0, T ) such that

sup
‖ψ‖C ,‖x‖≤m

‖f (t , ψ , x)‖ ≤ αm(t), f or t ∈ [0, T ] a.e.

(H6) For each t ∈ [0, T ] the function f (t , ., .) : C ×X → X is continuous and for each
(ψ , x) ∈ C × X the function f (., ψ , x) : [0, T ] → X is strongly measurable.

(H7) For each t ∈ [0, T ] the functions h(t , .) : C → X are continuous and for each
ψ ∈ C the function h(., ψ) : [0, T ] → X is strongly measurable.
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3. Existence of mild solution

Theorem 3.1. Suppose that the hypotheses (H1) - (H7) are satisfied and � < 1, where,

� = KG + K
∑

0<τk<t

Lk.

Then the initial-value problem (1)-(3) has a mild solution x on [−r , T ].
Proof. We introduce an operator F on a Banach space B as follows,

(Fx)(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

φ(t) − (g(xt1 , . . . , xtp ))(t) if −r ≤ t ≤ 0

T (t)[φ(0) − g(xt1 , . . . , xtp )(0)] +
∫ t

0
T (t − s)f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , sτ )dτ

)
ds

+
∑

0<τk<t

T (t − τk)Ikx(τk) if t ∈ (0, T ]

(4)

Let F = F1 + F2, where,

(F1x)(t) =
⎧⎨
⎩

φ(t) − (g(xt1 , . . . , xtp ))(t) if −r ≤ t ≤ 0

T (t)[φ(0) − g(xt1 , . . . , xtp )(0)] +
∑

0<τk<t

T (t − τk)Ikx(τk) if t ∈ (0, T ]

(5)

and

(F2x)(t) =
⎧⎨
⎩

0 if −r ≤ t ≤ 0∫ t

0
T (t − s)f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , sτ )dτ

)
ds if t ∈ (0, T ] (6)

It is easy to see that F1, F2 : B → B.

Now we will show that F1 is a contraction on B. Let x, y ∈ B. Then for t ∈ [−r , 0],

‖(F1x)(t) − (F1y)(t)‖ = ‖g(xt1 , . . . , xtp )(t) − g(yt1 , . . . , ytp )(t)‖ ≤ G‖x − y‖B (7)
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and for t ∈ (0, T ],

‖(F1x)(t) − (F1y)(t)‖ ≤ ‖T (t)
[
g(xt1 , . . . , xtp )(0) − g(yt1 , . . . , ytp )(0)

]
+

∑
0<τk<t

T (t − τk)[Ikx(τk) − Iky(τk)]‖

≤ ‖T (t)‖‖g(xt1 , . . . , xtp )(0) − g(yt1 , . . . , ytp )(0)‖
+

∑
0<τk<t

‖T (t − τk)‖‖[Ikx(τk) − Iky(τk)]‖

≤ KG‖x − y‖B + K
∑

0<τk<t

Lk‖x(τk) − y(τk)‖

≤ KG‖x − y‖B + K
∑

0<τk<t

Lk‖x − y‖B (8)

As k ≥ 1, in view of inequality (7) and (8), we can say that inequality (8) holds good
for t ∈ [−r , T ]. Therefore, for t ∈ [−r , T ],

‖(F1x)(t) − (F1y)(t)‖ ≤
(
KG + K

∑
0<τk<t

Lk

)
‖x − y‖B

which implies

‖F1x − F2y‖B ≤ �‖x − y‖B ,

where

� =KG + K
∑

0<τk<t

Lk

Since � < 1, the operator F1 is a contraction on B.
First we prove that F2 : B → B is continuous. Let {xn} be a sequence of elements

of B converging to x in B. Then there exists an integer N such that ‖xn(t)‖ ≤ N for all
n and t ∈ (0, T ]. So xn ∈ {x ∈ B : ‖x‖B ≤ N} and x ∈ {x ∈ B : ‖x‖B ≤ N}. Then by
using hypothesis (H5) - (H7), we have

f (t , xnt
,
∫ t

0
k(t , s)h(s, xns

)ds) → f (t , xt ,
∫ t

0
k(t , s)h(s, xs)ds)

for each t ∈ (0, T ] . Since

‖f (t , xnt
,
∫ t

0
k(t , s)h(s, xns

)ds) − f (t , xt ,
∫ t

0
k(t , s)h(s, xs)ds)‖ ≤ 2α(N1)′(t)
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where (N1)′ = max{N , NLM∗T }. Then by dominated convergence theorem, we have

‖(F2xn)(t) − (F2x)(t)‖ ≤
∫ t

0
‖T (t − s)[f (s, xns

,
∫ s

0
k(s, τ )h(τ , xnτ

)dτ )

− f (s, xs ,
∫ s

0
k(s, τ )h(τ , xτ )dτ )]‖ds

→ 0 as n → ∞ , ∀ t ∈ (0, T ].

Since,

‖F2xn − F2x‖B = sup
t∈[−r ,T ]

‖(F2xn)(t) − (F2x)(t)‖,

it follows that

‖F2xn − F2x‖B → 0

as n → ∞ which implies F2xn → F2x in B as xn → x in B. Therefore, F2 is
continuous.

Next we prove that F2 is completely continuous, that is it maps a bounded set of B

into a relatively compact set of B. Let Bm = {x ∈ B : ‖x‖B ≤ m} for m ≥ 1. We
employ Ascoli-Arzela theorem to show that F2(Bm) is relatively compact. For this we
prove that F2(Bm) is uniformly bounded. From equation (6) and using hypotheses (H5)
- (H7) and the fact that ‖x‖B ≤ m, x ∈ Bm implies ‖xt‖C ≤ m, t ∈ (0, T ]. We obtain

‖(F2x)(t)‖ ≤
∫ t

0
‖T (t − s)f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ )‖ds

≤ K

∫ t

0

[
‖f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ )‖

]
ds

≤ K

∫ t

0
αN ′(s)ds

where N ′ = max{m, mLM∗T }. This implies that the set {(F2x)(t) : ‖x‖B ≤ m, − r ≤
t ≤ T } is uniformly bounded in X and hence F2(Bm) is uniformly bounded.

Now we show that F2 maps Bm into an equicontinuous family of functions with
values in X. Let x ∈ Bm and t1, t2 ∈ [−r , T ]. Then from the equation (6) and using the
hypothesis (H5) we have
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Case 1: Suppose 0 ≤ t1 ≤ t2 ≤ T

(F2x)(t2) − (F2x)(t1)

=
∫ t2

0
T (t2 − s)f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
ds

−
∫ t1

0
T (t1 − s)f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
ds

=
∫ t1

0
[T (t2 − s) − T (t1 − s)]f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
ds

+
∫ t2

t1

T (t2 − s)f
(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
ds

‖(F2x)(t2) − (F2x)(t1)‖
≤

∫ t1

0
‖T (t2 − s) − T (t1 − s)‖‖f

(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
‖ds

+
∫ t2

t1

‖T (t2 − s)‖‖f
(
s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ

)
‖ds

≤
∫ t1

0
‖T (t2 − s) − T (t1 − s)‖αN ′(s)ds

+
∫ t2

t1

‖T (t2 − s)‖αN ′(s)ds

Case 2: Suppose −r ≤ t1 ≤ 0 ≤ t2 ≤ T

Then (F2x)(t1) = 0 and therefore proceeding as in Case 1,we get

‖(F2x)(t2) − (F2x)(t1)‖
≤

∫ t2

0
‖T (t2 − s)‖‖f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ‖ds

≤
∫ t2

0
‖T (t2 − s)‖αN ′(s)ds

As t2 − t1 → 0 implies t2 → t1 and t1 ≤ 0, t2 ≥ 0 implies t2 → 0.
Case 3: Suppose −r ≤ t1 ≤ t2 ≤ 0.Then

‖(F2x)(t2) − (F2x)(t1)‖ = 0

Therefore, as t2 − t1 → 0,the R.H.S. in the cases 1-3, tends to zero. Thus F2 maps Bm

into an equicontinuous family of functions with values in X.
We have already shown that F2(Bm) is an equicontinuous and uniformly bounded

collection. To prove the set F2(Bm) is relatively compact in B, it is sufficient, by Arzela-
Ascoli’s argument, to show that F2 maps Bm into a relatively compact set in X.
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Let 0 < t ≤ T be fixed and ε a real number satisfying 0 < ε < t . Moreover for
x ∈ Bm, we define

(F2εx)(t) =
∫ t−ε

0
T (t − s)f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ )ds

= T (ε)
∫ t−ε

0
T (t − ε − s)f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ )ds

Since T (t) is the compact operator ,the set Xε(t) = {(F2εx)(t) : x ∈ Bm} is relatively
compact in X for every ε, 0 < ε < t . Moreover for every x ∈ Bm, we have

(F2x)(t) − (F2εx)(t)

≤
∫ t

t−ε

‖T (t − s)f (s, xs ,
∫ s

0
k(s, τ )h(τ , xτ )dτ‖ds

≤ K

∫ t

t−ε

‖f (s, xs ,
∫ s

0
k(s, τ )h(τ , xτ )dτ‖ds

≤ K

∫ t

t−ε

αN ′(s)ds

This shows that there exist relatively compact sets arbitrarily close to the set {(F2x)(t) :
x ∈ Bm}. Hence the set {(F2x)(t) : x ∈ Bm} is relatively compact in X. This proves
that F2 is completely continuous.

To apply the Krasnoselskii-Schaefer theorem, it remains to show that the set �(F) ={
x(.) : λF1

(x

λ

)
+ λF2(x) = x

}
is bounded for λ ∈ (0, 1).

We denote M(t) = sup{p(t), Lq(t)}, t ∈ [0, T ] and M∗ = sup{M(t) : t ∈ [0, T ]}.

1 = K(‖φ‖C + G1) and Lk

∗ = Lk

|λ| .

To this end let x(.) ∈ �(F ). Then λF1

(x

λ

)
+ λF2(x) = x for some λ ∈ (0, 1) and

‖x(t)‖ = |λ|‖
(
F1

(x

λ

) )
(t) + (F2x)(t)‖

≤ ‖F1

(x

λ

)
+ F2x(t)‖

For t ∈ [−r , 0], we have

‖x(t)‖ = ‖φ(t) − g

((x

λ

)
t1

, . . . ,
(x

λ

)
tp

)
(t)‖ ≤ ‖φ‖C + G1 (9)
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and for t ∈ (0, T ],

‖x(t)‖ ≤ ‖T (t)‖‖φ(0) − g

((x

λ

)
t1

, . . . ,
(x

λ

)
tp

)
(0)‖ +

∑
0<τk<t

‖T (t − τk)‖‖Ik

(x

λ

)
(τk)‖

+
∫ t

0
‖T (t − s)f (s, xs ,

∫ s

0
k(s, τ )h(τ , xτ )dτ‖ds

≤ K(‖φ‖C + G1) + K
∑

0<τk<t

Lk
∗‖x(τk)‖ + K

∫ t

0
p(s)[‖xs‖C

+ L

∫ s

0
q(τ )‖xτ‖Cdτ ]ds

≤ K(‖φ‖C + G1) + K
∑

0<τk<t

Lk
∗‖x(τk)‖ + K(M∗)2T 2‖x‖B

+
∫ t

0
KM(s)‖xs‖Cds

≤ [
1 + 
2‖x‖B] +
∫ t

0
KM(s)‖xs‖Cds +

∑
0<τk<t

KLk
∗‖x(τk)‖ (10)

In view of inequality (9) and (10), we have, for t ∈ [−r , T ],

‖x(t)‖ ≤ [
1 + 
2‖x‖B] +
∫ t

0
KM(s)‖xs‖Cds +

∑
0<τk<t

KLk
∗‖x(τk)‖

Now applying lemma 2.3, we get

‖x(t)‖ ≤ [
1 + 
2‖x‖B]
∏

0<τk<t

(1 + KLk
∗)exp(KM∗T )

By taking supremum over t ∈ [−r , T ], we get,

‖x‖B ≤

1

∏
0<τk<t

(1 + KLk
∗)exp(KM∗T )

[
1 − 
2

∏
0<τk<t

(1 + KLk
∗)exp(KM∗T )

] = Q, constant

This implies the set

�(F) =
{
x( · ) : λF1

(x

λ

)
+ λF2(x) = x

}

is bounded for λ ∈ (0, 1). hence by Krasnoselskii-Schaefer fixed point theorem, F has
a fixed point and which is the required mild solution of equations (1)-(3). �
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4. Application

To illustrate the application of our result proved in section 3, consider the following
semilinear partial functional differential equation of the form

∂

∂t
w(u, t) = ∂2

∂u2
w(u, t)

+ H

(
t , w(u, t − r),

∫ t

0
k(t , s)P (s, w(s − r))ds

)
, 0 ≤ u ≤ π , t ∈ [0, T ]

(11)

w(0, t) = w(π , t) = 0, 0 ≤ t ≤ T , (12)

w(u, t) +
p∑

i=1

w(u, ti + t) = φ(u, t), 0 ≤ u ≤ π , −r ≤ t ≤ 0, (13)

�w(u, τk) = Ik(w(u, τk)), k = 1, 2, . . . , m. (14)

where 0 < t1 ≤ t2 ≤ tp ≤ T , the functionsH : [0, T ]×R×R → R, P : [0, T ]×R → R,
Ik : R → R are continuous . We assume that the functions H , P and Ik satisfy the
following conditions:
For every t ∈ [0, T ] and u, x ∈ R, there exists nondecreasing continuous functions p, q,
ck and d constants such that

|H (t , u, x)| ≤ p(t)(|u| + |x|)
|P (t , u)| ≤ q(t)(|u|)

|Ik(x)| ≤ ck|x|, k = 1, 2, . . . , m
p∑

i=1

|w(u, ti + t)| ≤ d

and Kd + K
∑

0<τk<t

ck < 1.

Let us take X = L2[0, π ]. Define the operator A : X → X by Az = z
′′

with domain
D(A) = {z ∈ X : z, z

′
are absolutely continuous, z

′′ ∈ X and z(0) = z(π ) = 0}. Then
the operator A can be written as

Az =
∞∑

n=1

−n2(z, zn)zn, z ∈ D(A)

where zn(u) = (
√

2/π ) sin nu, n = 1, 2, . . . is the orthogonal set of eigenvectors of A

and A is the infinitesimal generator of an analytic semigroup T (t), t ≥ 0 and is given
by

T (t)z =
∞∑

n=1

exp( − n2t)(z, zn)zn, z ∈ X.
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Now, the analytic semigroup T (t) being compact, there exists constant K such that

|T (t)| ≤ K , for each t ∈ [0, T ].
Define the functions f : [0, T ] × C × X → X,h : [0, T ] × C → X, Ik : X → X as
follows

f (t , ψ , x)(u) = H (t , ψ( − r)u, x(u)),

h(t , φ)(u) = P (t , φ( − r)u)

for t ∈ [0, T ], ψ , φ ∈ C, x ∈ X and 0 ≤ u ≤ π . With these choices of the functions
the equations (11)-(14) can be formulated as an abstract integro-differential equation in
Banach space X:

x′(t) = Ax(t) + f
(
t , xt ,

∫ t

0
k(t , s)h(s, xs)ds

)
, t ∈ [0, T ]

x(t) + (g(xt1 , . . . , xtp ))(t) = φ(t), t ∈ [−r , 0]
�x(τk) = Ikx(τk), k = 1, 2, . . . , m,

Since all the hypotheses of the theorem 3.1 are satisfied, the Theorem 3.1, can be applied
to guarantee the existence of mild solution w(u, t) = x(t)u, t ∈ [0, T ], u ∈ [0, π ], of
the semilinear partial integro-differential equation (11)-(14).
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