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Abstract

In the present paper, we investigate the existence of mild solutions of an impul-
sive integro-differential equations with nonlocal condition in Banach spaces. Our
analysis is based on semigroup theory and Krasnoselskii-Schaefer type fixed point
theorem.
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1. Introduction

Impulsive equations arise in many different real processes and phenomena which appears
in physics, population dynamics, medicine, economics etc. The study of impulsive
functional differential equations is linked to their utility in stimulating processes and
phenomena subject to short time perturbations during their evolution. The perturbations
are performed discretely and their duration is negligible in comparison with the total
duration of the processes and phenomena. That is the reason for the perturbations are
considered to take place instantaneously in the form of impulses. Impulsive differential
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equations in recent years have been an object of investigation with increasing interest. For
more information see the monographs, Lakshmikantham [10], Samoilenko and perestyuk
[15], the research papers [1], [16] and the references cited therein.

On the other hand, nonlocal condition has better effect on the solution and is more
precise for physical measurements than the classical condition. That is the reason why
initial value problems with nonlocal conditions have received much attention in recent
years, for more information see [1], [4]-[6], [8], [9], [11], [13], [16] and the references
cited therein.

In the present paper we consider semilinear functional impulsive integro-differential
equation of first order of the type:

t
x'(t) = Ax(t) + f(t,x,,f k(t,s)h(s,x5)ds), te 0, T], t#twu,k=12,...,m
0

(1)

x(1) + (ks .o, x I)) = P(2), —r <t =0, (2)

Ax(tp) = Ix(), k=1,2,...,m, 3)
where 0 <t < <--- <t <T, p €N, Ais the infinitesimal generator of strongly
continuous semigroup of bounded linear operators {7'(¢)};>0 and Ix(k = 1,2,... ,m)

are the linear operators acting in a Banach space X. The functions f, 4, g,k and ¢ are
given functions satisfying some assumptions. The impulsive moments t; are such that
O<p<t<n<- <ty <th+1 <T,meN, Ax(ty) = x(tx + 0) — x(7x — 0),
where x(tx 4+ 0) and x(7x — 0) are, respectively, the right and the left limits of x at .

Equations of the form (1)-(3) or their special forms arise in some physical applications
as a natural generalization of the classical initial value problems for eg. see [1], [2],
[7], [12], [14]. The results for semilinear functional differential nonlocal problem are
extended for the case of impulsive effect.

Asusual, in the theory of impulsive differential equations at the points of discontinuity
7; of the solution t — x(¢), we assume that x(t;) = x(t; — 0). It is clear that, in general
the derivatives x'(t;) do not exist. On the other hand, according to (1) there exist the
limits x'(z; & 0). According to the above convention, we assume x'(z;) = x'(z; — 0).

The aim of the present paper is to study the existence of mild solution of nonlocal
initial value problem for an impulsive functional integro-differential equation. We are
generalizing the results reported in [1], [8], [9] for the case of impulse effect. We use
semigroup theory and Krasnoselskii-Schaefer type fixed point theorem to obtain our
result.

This paper is organized as follows. Section 2 presents the preliminaries and hypothe-
ses. In Section 3, we prove existence of mild solutions and section 4, we give application
based on our result.

2. Preliminaries and Hypotheses

Let X be a Banach space with the norm || - ||. Let C = C([—r,0], X),0 < r < 00, be the
Banach space of all continuous functions ¢ : [—r,0] — X endowed with supremum
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norm |||l c = sup{||[¥ ()] : —r <t < 0} and B denote the set {x : [—r,T] — X|x(¢)is
continuous at ¢ # tx,left continuous at r = 1%, and the right limit x(7x + 0) exists for k =
1,2,...,m}. Clearly, B is a Banach space with the supremum norm ||x || g = sup{||x(?)|| :
t € [—r, T\ {r1,72,...,T}}. Foranyx € Bandt € [0,T]\ {t1,72,..., T}, We
denote x; the element of C given by

x;(0)=x@{+6), for 6 ¢e[—r,0]

and ¢ is a given element of C.

In this paper, we assume that, there exist positive constant K > 1 such that ||7(z)| <
K, foreveryt € [0,T]. Also k : [0,T] x [0, T] — R is continuous function and as the
set [0, T'] x [0, T'], is compact, there exists a constant L > O such that |k(z,s)| < L, for
O0<s<r<T.

Definition 2.1. A function x € B satisfying the equations:

x(t) = T@)¢0) — T)(g(xsys .- -, x,))0)

\)

t S
—i—/ Tt — s)f(s,xs,/ k(s,T)h(t,x;)dt)ds
0 0

+ Y Tt -whx(w), te(T]

O<tr <t

x(0) +(8Cxsys .o s x )N) = P(2), —r <t =0,
is said to be the mild solution of the initial value problem (1)-(3).

Remark 2.2. A mild solution of equations (1)-(3) satisfies (2) and (3). However, a mild
solution may not be differentiable at zero.

The following inequality will be useful while proving our result.

Lemma 2.3. ([15, p.12] Let a nonnegative piecewise continuous function u(z) satisfy
for t > 19, the inequality

t
wt) < C + / v(suls)ds + Y Biulw)
1o to<ti <t

where C > 0, B; > 0, v(¢) > 0, 7; are the first kind discontinuity points of the function
u(t). Then the following estimate holds for the function u(t),

t
ut) <C [ A+ Biexp( / v(s)ds).
fo<ti <t lo

The following theorem is known as Krasnoselskii-Schaefer type fixed point theorem.

Theorem 2.4. [3] Let X be a Banach space and let A, B : X — X be two operators
satisfying:
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1) A is a contraction, and
i1) B is completely continuous continuous.
Then, either,

a) the operator equation Ax + Bx = x has a solution, or

b) theset Q ={ue X :AA (%) + ABu =u,0 < A < 1} is unbounded.
We list the following hypotheses for our convenience.

(Hy) Let f :[0,T] x C x X — X such that foreveryw € B, x € X andt € [0, T],
f(.,ws, x) € B and there exists a continuous function p : [0,T] — Ry = [0, c0)
such that

I f@ v, 0l < p@)U¥lc + lIxl),
foreveryr € [0,T],y e Candx € X

(Hy) Leth : [0,T] x C — X such that foreveryw € Bandt € [0,T], h(.,w;) € B
and There exists a continuous function ¢ : [0, T] — R such that

A, YOIl = q@)l¥llc),

(H3) Let g : C? — C such that there exists positive constants G and G satisfying

”(g(xl‘]’xl‘z’ .o ’xlp))(t) - (g()’tp)’tz, oo ,}’t,,))(f)” E G“x - )’”B, l e [_r’O]'
max || g(xy, Xy, - .. ,xzp) < Gy
(Hy) Let I : X — X are functions such that there exists constants Ly satisfying

1L < Lelvll, veX, k=12,...,m.

(Hs) For every positive integer k there exists o, € LI(O, T) such that

sup  [Lf(, ¥, 0|l < an(0), for 1 €[0,T] ae.

I llclxll<m

(Hg) Foreacht € [0, T] the function f(z,.,.) : C x X — X is continuous and for each
(¥, x) € C x X the function f(.,v¥, x):[0,T] — X is strongly measurable.

(H7) For each t € [0, T'] the functions A(¢,.) : C — X are continuous and for each
Y € C the function h(.,¥):[0,T] — X is strongly measurable.
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3. Existence of mild solution

Theorem 3.1. Suppose that the hypotheses (H1) - (H7) are satisfied and I' < 1, where,

r=KG+K Y L

O<t <t

Then the initial-value problem (1)-(3) has a mild solution x on [—r, T].

Proof. We introduce an operator F on a Banach space B as follows,

d() — (8(xpys o xp ))E) i —r<t=<0
(Fa)(1) = T)[$0) — glxsys ... 5 x2,)(0)] +f0 T(t—s)f (s,xs,/o k(s,f)h(f,sr)df> ds
+ Z Tt — v)hx(ty)  ift €(0,T]
O<t <t

“4)
Let F = F| + F», where,

¢(t) — (§(xpys. . )@) i —r <1 <0
(P10 =1 TO[$0) — g(xry. ... . x, )OO+ Y Tt —w)hx(e)  ift €(0,T]

O<t <t

(5)
and
0 if —r<t<0

(F2x)(0) = / T(t—s)f (s,xs, / S k(s,t)h(f,sr)df) as itreor)
O 0

It is easy to see that 1, > : B — B.

Now we will show that 7 is a contractionon B. Let x,y € B. Thenfort € [—r,0],

I(F1x)(0) = (Fiy)Ol = llg(xeys -5 x,)(0) = 8ty -+ 5 Y, )OI = Gllx = ylip (7)
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and fort € (0, T1],

I(F1)(@) = (Fayp) Ol < IT@)[geys -+ 5 %1,)O0) = &y - 5 31,)0)]
+ Y Tt = wlhx(n) — Lyl

O<tp <t

< ITONECs- - x0,)0) = 8- -+ 31, O]
+ Y N7 =l Urx(te) = ey (@]l

O<tp <t
<KGllx—ylls+K Y Lillx(to) — y(w)l
O<t <t
<KGllx—ylls+K > Lilx—yls ®)
O<t <t

As k > 1, in view of inequality (7) and (8), we can say that inequality (8) holds good
fort € [—r, T]. Therefore, fort € [—r, T],

IF00 = FENOI < (KG+K Y Li)lx = yls

O<t <t
which implies
IFix — Fayllg = Tllx — ylis,
where

I =KG + K Z L

O<t <t

Since I' < 1, the operator F is a contraction on B.

First we prove that /> : B — B is continuous. Let {x,} be a sequence of elements
of B converging to x in B. Then there exists an integer N such that || x,(7)|| < N for all
nandt € (0,T]. Sox, e {x e B:|x|lp <N}andx € {x € B: ||x||p < N}. Then by
using hypothesis (Hs) - (H7), we have

t t
f(t,xn,,f k(t,s)h(s,x, )ds) — f(t,x,,f k(t,s)h(s, xg)ds)
0 0

foreacht € (0,T] . Since

t t
1t / Kt $Yh(s, 50, )ds) — £t 31, f K(t, $)h(s, x,)ds) ]| < 2any(0)
0 0
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where (N1) = max{N, NLM*T}. Then by dominated convergence theorem, we have

[(F220)(1) — (F2x) @) S/O ”T(t_s)[f(S,xnx,/o k(s, T)h(z,xp,)dT)

— f(s,xs,fs k(s,T)h(t,x;)d1)]|ds
0

-0 as n—>o00,Y te(0,T].

Since,

[Faxn — Faxllg = sup |[[(Faxn)(@) — (F2x)@)|,
te[—r,T]

it follows that

1F2xn — Foxllp = 0

as n — oo which implies F>x, — Fx in B as x, — x in B. Therefore, F> is
continuous.

Next we prove that F; is completely continuous, that is it maps a bounded set of B
into a relatively compact set of B. Let B, = {x € B : ||x||lp < m}form > 1. We
employ Ascoli-Arzela theorem to show that F>(B,,) is relatively compact. For this we
prove that F,(B,,) is uniformly bounded. From equation (6) and using hypotheses ( Hs)
- (H7) and the fact that || x||p < m, x € B,, implies || x;||c < m,t € (0, T]. We obtain

t s
BN < /0 IT = ) f (s, x5, /0 K(s, Dh(z, x0)d o) s
<k [ [iseos [ ks omxodon Jas
0 0

t
< K/ apn(s)ds
0

where N = max{m,mLM™*T}. This implies that the set {(F>x)(t) : || x|lg <m, —r <
t < T} is uniformly bounded in X and hence F>(B,,) is uniformly bounded.

Now we show that F, maps B,, into an equicontinuous family of functions with
values in X. Letx € B, and t,t, € [—r, T]. Then from the equation (6) and using the
hypothesis (Hs) we have
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Case 1: Suppose 0 <t <trp <T
(F2x)(t2) — (F2x)(t1)

_ /ZT(tz —s)f(s,xs,/Sk(s,t)h(t,xf)dt)ds
0 0
—/1T(t1 —s)f(s,xs,/ k(s,r)h(t,xﬁdr)ds
0 0
11 K
_ f [T — )~ T = 917 (.50 / ks, (. x)dr )ds
0 0
+/2T(t2—s)f(s,xs,/ k(s,r)h(r,xf)dr>ds
t 0

I(Fre)a) — (Faan)
< [17@ == =9 (5.5 [ ks O x0d) s
0 0

15 s
+ f 172 = )l (5% f k(s, Dh(z, x)d7 ) |ds
131 0
< /0 IT(t2 — ) = T(11 — s)llan(s)ds
15}
+/ 1T (12 — s)lleenr(s)ds

Case 2: Suppose —r <t1 <0< <T
Then (F2x)(t;) = 0 and therefore proceeding as in Case 1,we get

[(Fax)(12) — (F2x)(@1)]

< fo 1Tt = ILf 55 x5, /0 k(s Oz, x)d7 | ds
15}
< fo 1T (12 = $)lleen(s)ds

Ast, —t; — Oimplies t, — t; and t; < 0,1, > 0 implies t, — 0.
Case 3: Suppose —r < t] < tp < 0.Then

[(F2x)(t2) — (F2x)(t)|| = O

Therefore, as t, — t; — 0,the R.H.S. in the cases 1-3, tends to zero. Thus JF, maps B,
into an equicontinuous family of functions with values in X.

We have already shown that F>(B,,) is an equicontinuous and uniformly bounded
collection. To prove the set F»(B,,) is relatively compact in B, it is sufficient, by Arzela-
Ascoli’s argument, to show that F, maps B,, into a relatively compact set in X.
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Let 0 <t < T be fixed and € a real number satisfying 0 < € < t. Moreover for
x € By, we define

t—e

(F2ex)(t) = /

T —s)f(s,xs, /s k(s,T)h(t,x;)dt)ds
0 0

1—¢ s
= T(e)/ T(t —e€— s)f(s,xs,/ k(s,t)h(t,x;)dt)ds
0 0

Since T'(t) is the compact operator ,the set X((t) = {(Faex)(¢) : x € By} is relatively
compact in X for every €, 0 < € < t. Moreover for every x € B,,, we have

(F2x)(t) — (F2ex)(2)
t s

5/ ||T(t—s)f(s,xs,/ k(s,T)h(t,x;)dt||ds
t—e 0

t s
<K / 1G5, xs, / k(s, D), x0)d|ds
t—e 0

t
§K/ apn(s)ds
1—e€

This shows that there exist relatively compact sets arbitrarily close to the set {(F2x)(t) :
x € B, }. Hence the set {(F>x)(t) : x € By} is relatively compact in X. This proves
that F, is completely continuous.

To apply the Krasnoselskii-Schaefer theorem, it remains to show that the set Q(F) =

{x(.) LA (j\—“) +AF(x) = x} is bounded for & € (0, 1).
We denote M(t) = sup{p(t), Lq(t)},t € [0,T] and M* = sup{M(¢) : ¢t € [0,T]}.
Ly

A =K(|¢llc +Gr)and Li* = o

To this end let x(.) € (F). Then A (;) + AFy(x) = x for some A € (0, 1) and

ol = 1211 (71 (3) )0 + FEool
= 171 (3) + Pl

For ¢t € [—r, 0], we have

Il = llg(r) — g ((;) (),

) Ol = ll¢llc + G €))

p
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and fort € (0, T1],
X1 = ITO1$0) - g ((;) e (3) ) O+ Y 1T =l (5) @l
! y O<t <t

t S
+ f \T( = ) f (s, s, / ks, Dz, x)dx || ds
0 0

p

= K(l¢llc +G)+K Z Li*lx (o)l +K/0 plllxslic

O<tr <t

A
+ L / q(D)llxcllcdzlds
0

<K(ollc+GD+K Y L*lx@ll + K(M*T?||x|| 5

O<t <t

t
n / K M(s)|lxs lleds
0

t
< [Ai +A2||x||B]+/O KM(s)llxsllcds + Z KL |x(zo)l (10)

O<t <t

In view of inequality (9) and (10), we have, for t € [—r, T],

t
X < [Ar +1\2||x||3]-i-f0 KM(s)llxsllcds + Z KL |x(zo)ll

O<t <t

Now applying lemma 2.3, we get

el < A1+ Azllxlls]l ] (14 KLi*exp(KM*T)

O<t <t
By taking supremum over ¢t € [—r, T], we get,

A1 [] (+ KL®exp(KM*T)

O<tr <t
Ixllp < ~= = Q, constant

[1—1\2 I (1—|—KLk*)exp(KM*T)]

O<t <t

This implies the set
X
QF) = {x() 271 (5 ) + A Fat) = x|

is bounded for A € (0, 1). hence by Krasnoselskii-Schaefer fixed point theorem, F has
a fixed point and which is the required mild solution of equations (1)-(3). |
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4. Application

To illustrate the application of our result proved in section 3, consider the following
semilinear partial functional differential equation of the form

2

EW(M, t) = WW(L{’ t)

1t
+ H (t,w(u,t — r),/ k(t,s)P(s,w(s — r))ds) ,0<u<mtel0T]
0

(11)

w(0,1) =w(m,t)=0, 0<r<T, (12)
p

w, 1)+ Y wuti +1)=¢u,t), 0<u<m, —r=<t=0, (13)
i=1

Aw(u, ) = (w(u, ), k=12,...,m. (14)

where0 <1y <1, <1, < T,thefunctions H : [0,T|xRxR — R, P : [0,T]xR — R,
Ir : R — R are continuous . We assume that the functions H, P and I satisfy the
following conditions:

Foreveryt € [0, T] and u, x € R, there exists nondecreasing continuous functions p, ¢,
¢ and d constants such that

|H(t,u,x)| < p()(lu] + [x])

|P(t,u)| < q(¢)(|ul)
()| <cilx], k=1,2,...,m

p

> wuti+1) <d

i=1
and Kd +K Y e < 1.

O<t <t
Let us take X = L2[0,n]. Define the operator A : X — X by Az = z// with domain
DA)={ze X :z z/ are absolutely continuous, zﬁ € X and z(0) = z(;r) = 0}. Then
the operator A can be written as
o

Az=) —n*(z,z)%, 7€ D(A)

n=1

where z,(1) = (\/2/_71) sinnu, n = 1,2, ... is the orthogonal set of eigenvectors of A
and A is the infinitesimal generator of an analytic semigroup 7'(¢), t > 0 and is given
by
o
T(t)z = Zexp( — %)z, 20)zn, Z € X.

n=1
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Now, the analytic semigroup 7'(¢) being compact, there exists constant K such that
|T(t)| < K, foreach r € [0,T].

Define the functions f : [0,T] x C x X — X,h : [0,T] xC — X, I; : X — X as
follows

F@ v, x)w) = H, y(— ru, x(u)),
h(t,)(w) = P(t,p( — r)u)
fort € [0,T],Y¥,¢ € C,x € X and 0 < u < . With these choices of the functions

the equations (11)-(14) can be formulated as an abstract integro-differential equation in
Banach space X:

t
X(t) = Ax(t) + £t / k(. )h(s.x)ds). 1 € [0,T]
0

x(t)+(g(-xt19'-' 9-xl‘p))(t):¢(t)’ tE[—r,O]
Ax(rk) = Ikx(‘fk), k = 1,2, e ,m,
Since all the hypotheses of the theorem 3.1 are satisfied, the Theorem 3.1, can be applied

to guarantee the existence of mild solution w(u,t) = x(t)u, t € [0,T],u € [0, 7], of
the semilinear partial integro-differential equation (11)-(14).
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