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Abstract 
 

This paper establishes the characterization ofWiener process by constant 
regression. 
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1. Introduction Abstract 
Several characterization theorems for Wiener Process are now known by means of 
conditions on either independence or identical distribution of stochastic integrals or 
through regression properties of them. Some of these results can be found in Lukacs 
(1968), Ramachandran and Rao (1970) and Prakasa Rao (1970). Our aim in this paper 
is to obtain another characterization of Wiener process paralleling the following 
theorem of Hyede (1970). Some preliminaries on stochastic processes are explained in 
section 2 and section 3 contains the main characterization theorem. 
 
 
2.Characterization of Wiener Process by Symmetry 
Theorem 1.1 (Hyede) 
Let , , … … . . … … . . ,  be independent random variables and                        , , 1   be non – zero constants with  for all . If the 

conditional distribution of 
k

j j
j 1

a X
=
∑  given 

k

j j
j 1

b X
=
∑ is symmetric , then each  has a 

normal (or degenerate) distribution. these distributions are constrained in such a way 
that if exp  , 1 , ,  real, 0, then 
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 Some preliminaries on stochastic processes are explained in section 2 and section 
3 contains the main characterization theorem.  
 Let  , . Let us consider Stochastic Processes , . Let ·  be a 
continuous function on  , . It can be shown that the integral 

 

 
exists as the limit in the sense of convergence in probability of the corresponding 
Riemann – Stieltjes sums if the process is continuous and homogeneous with 
independent increments as defined below. 
 A Stochastic Process ,  is said to be homogeneous process with 
independent increments if the distribution of the increments  depends 
on  but not  and if the increments over non – overlapping intervals are stochastically 
independent. the process is said to be continuous if converges in probability to 

 as  tends to  for every . let ,  denote the characteristic function of 
. it is well known that ;  is infinitely divisible and ;; 1  . a homogeneous process                ,  with independent 

increments is called a Wiener process if the increments  are normally 
distributed with variance proportional to . 
 
Lemma 1.1 
Let ,  be a continuous homogeneous process with independent increments 
on , . Let ·  and ·  be continuous functions on , . Let  

 and . Let ;  and ,  be the characteristic 
functions of  and ,  respectively. Then ,  is different from 
zero for all  and  and                         log ,                                                1.1  

 
where log ; 1 . 
 
Lemma 1.2 
If  is absolutely integrable with respect to a measure P and 0 
for all , then 0 . . P. 
 
Theorem 1.2 
let , , ,  be a continuous homogeneous process with independent 
increments and suppose that the increments have non – degenerate distributions. let ·  and b ·  be continuous functions defined on ,  with the property that  
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             | | ∞ 0                       1.2  

 
 Let                               ;                                          1.3  

 
be defined in the sense of convergence in probability. Then the conditional 
distribution of Y given Z is symmetric if and only if ,   is a Wiener 
Process with mean function  and ·  and ·  satisfy the relations                   0   0                                              1.4  

 
Proof 
“If part”. Let Y and Z be as defined in (1.3). Let ·  denote the logarithm of the 
characteristic function 1 . Suppose that the conditional distribution of Y 
given Z is symmetric. Hence the characteristic function of the conditional distribution 
of  given  is real i.e. 
 | |              (1.5) 
 
 for all real . this in turn implies that 
               (1.6) 
 
for all real numbers  and . therefore, by lemma (1.1) it follows that                                            1.7  

 
for all  and . 
 Now, Let us obtain the relation    0                                       1.8  

 
for all  and . Multiplying on the left hand side of (1.8) by  and integrating 
from 0 to , we have    0 

 
for all  and . Changing the order of integration, let us get    0       1.9  

 
for all  and .Let us now make the substitution  and                     
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. In this way let us obtain                

             0                       1.10  

 
it can be seen from this relation, that the left hand side of (1.5) can be differentiated, 
twice under the integral sign with respect to .In particular, it follows that  is 
differentiable twice everywhere. Differentiating twice with respect to  under the 
integral sign, it can be shown that     

 2     (1.11) 
 
for all  and . Again, by arguments similar to those given above Laha, it can be 
shown that the left hand side of (1.11) can be differentiated with respect to  under the 
integral sign and let us get     

 2     (1.12) 
 
for all  and . Substituting 0 in (1.12), one obtains the relation    2 0  

 
for all . Let . Then it is clear that                      0                                  1.13  

 
for all .         .        0                                  1.14  

                        1  0  0                                                  1.15  

 
for all . Here 0 0 since the distribution of  is non – degenerate. It can be 
seen, by arguments similar to those given that  0⁄  is the characteristic 
function of a symmetric distribution function L. Hence 
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                                  0 cos                                                         1.16  

 
 This relation, together with (1.15), implies that   cos   . 
 
 Let | |. Clearly  cos   ,                                                    cos                                                    1.17  

 
where          . 
 
 Repeated integration is justified by Fubini’s theorem in view of assumption. Let 
            (1.18) 
 
 Where                     .                                                                            1.19  

 
 Then, let us obtain ,                           cos  1                                                                       1.20  

 
for all  from (1.16). We shall first prove that the function  (i) is symmetric in 
the sense that 1 0 , (ii) is of bounded variation and (iii) is right 
continuous. Let  as ∞. Then                            1 0   

 
since L is symmetric distribution function.                    1 lim   lim 1   
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by the dominated convergence theorem. Hence                          lim 1  
                                    1 0  
 
by definition. This proves that  is symmetric in the sense that                        1 0 . Now let ,   be any bounded interval and                       … …  
 
be any subdivision of , . Then               | |   

                                                  | |   

                                        | |   

 
since L is a distribution function, which in turn proves that | | | |   

 
for any subdivision                      … …  
 
of  , . Hence  is of bounded variation on , . This also shows that the total 
variation of  on ∞, ∞  is finite. Right continuity of  follows from the right 
continuity of L and dominated convergence theorem. In fact  is continuous at all 
points at which L is continuous. (1.20) together with the fact that  is symmetric 
gives                           1                                                                           1.21  

 
for all  where  is a function of bounded variation whose total variation on ∞, ∞  finite. Let                0              0                             1              0 
 
 Clearly,                           1                                                                           1.22  

 
for all . (1.21) and (1.22) together show that for all , 
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where G and H are functions of bounded variation with total variation finite. Hence 
by remarks in Wintner it follows that  
  
 
is a constant  on the set of continuity points . From the definition of , let 
us obtain ∞ 1. Clearly ∞ 1. Taking limits through continuity points 
of , let us obtain that the constant  is zero. Hence  
  
at all continuity points of . Since H is continuous at all points except zero, it 
follows that                             0              0                                         1              0 
 
where  is any continuity point of . From the right continuity of and the fact that 
the set of continuity points of is dense, let us obtain that  
                        0              0                                        1              0                                                        (1.23) 
 
for every . (1.22) and (1.17) together show that                             0 | | 0  0  

 
therefore 0  is equal to 1. Hence 1 for 0. From the asymmetry of L, let 
us obtain that 0 for 0.(1.16) shows that                                    0                                                      
 
 For all . It can be shown that  is a quadratic polynomial in  and let us 
conclude from cramer’s theorem that the increments of the process are normally 
distributed. Since  is differentiable twice under the integral sign, let us obtain from 
(1.7) that                 1.24  

 
and      (1.25) 
 
 Substituting 0, it follows that 0 0                                                                                                    1.26  

 



468  Dr. T. Vasanthi  and Mrs. M.Geetha 
 

 

and 0 0                                                                                          1.27  

 
 Since  and  0 0, let us obtain that the functions ·  
and ·  satisfy (1.4). This completes the proof of the “If part”. 
 “Only If part”. 
 Suppose ,  is a Wiener process with mean  and covariance 
function , min ,  where  ∞ ∞, 0. 
 Let ·  and ·  be continuous functions defined on ,  and let  and  be 
defined as in (1.3). Further suppose that     0   0                                                      1.28  

 
 Let ·  be the logarithm of the characteristic function 1 . Then 

. In view of (1.27), it follows that for all  and ,      

 
which in turn implies that  

 
 
by Lemma (1.1). Hence 
    | |           (1.29) 
 
for all  and . This in turn proves that  
       | |  
 
almost everywhere with respect to the distribution of  by lemma 1.2. Hence the 
conditional distribution of   given in  is symmetric. This completes the proof of the 
“Only if part”. 
 
 
2. Characterization of Wiener process by constant Regression 
Let  , . Let us consider Stochastic Processes ,  which have finite 
moments of all orders. In particular, ,  will be a stochastic process of the 
second order. Let ·  be a function which is continuous on , , and suppose that 
the mean function  and the covariance function ,

 are of bounded variation in , . It can be shown 
that the integral                                                                                                                     2.1  
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exists as the limit in the mean (lim) of the corresponding Riemann – Stieltjes sums. 
 
Definition 2.1 
A stochastic process ,  Is said to be a homogeneous process with 
independent increments if the distribution of the increments  depends 
only on  but is independent of , and if the increments over non – overlapping 
intervals are stochastically independent. The process is said to be continuous if  
converges in probability to  as t tends to  for every . Let ,  be a 
continuous homogeneous process with independent increments. Let ;  denote 
the characteristic function of . 
 
Definition 2.2 
A homogeneous process ,  with independent increments is called a wiener 
process if the increments  are normally distributed with variance 
proportional to . 
 
Lemma 2.1 
A random variable y, with finite expectation, has constant regression on a random 
variable , i.e., |  a.e. if and only if 
      (2.2) 
 
Lemma 2.2 
Let , be a continuous homogeneous stochastic process with independent 
increments on ,  . Further, suppose that the process is a second order process 
and its mean function and covariance function are of bounded variation in , . Let                               ;                                           
 
for continuous functions ·  and ·  on , . Denote by ;  and ,  the 
characteristic functions of  and , respectively. Then ,  is 
different from zero for all   and  and  log ,   

 
where log ; 1  . 
 
Lemma 2.3 
Let ,  be a continuous homogeneous stochastic process with independent 
increments on ,  . Further, suppose that the process is a second order process 
and its mean function and covariance function are of bounded variation on , . Let ·  and ·  be continuous functions on , . Denote         ;                                                         
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then for any real number ,         ·                 2.3  

 
where log ; 1  is the logarithm of the characteristic function                1 . 
 
Proof 
let ,  denote the characteristic function of the bivariate random variable , . 
By Lemma 2.2, log , is well – defined and  log ,  , 

i.e.,  . 
 
 Differentiating on both sides with respect to , let us get that for all  and ,                 ·       2.4  

 
where  denotes the derivative of ·  at . This differentiation is valid since the 
random vector ,  has moments of all orders. Take 0 in (2.4). then it follows 
that                    ·       
 
and hence                   ·  

 
which completes the proof of the lemma. 
 
Theorem 2.1 
Let , be a continuous homogeneous stochastic process with independent 
increments and suppose that the increments have non – degenerate distributions. 
Further suppose that the process has moments of all orders and its mean function well 
as its covariance function are of bounded variation in                  , . Let ·  
and ·  be continuous functions defined on ,  with the property that                                           0                                                                2.5  

 
implies that                                     0                                                                2.6  
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for all 1. Let                                        0                                                           2.7                                         0                                                           2.8  

 
 Then  has constant regression on , i.e.,                              |      .  
 
if and only if 
 ,  is a Wiener process with a linear mean function, 0 

 
Proof  
“Only If part”. Suppose ,  is a Wiener process with mean  and 
covariance function , min ,  where                            ∞∞, 0.Let ·  and ·  be continuous functions on ,  and define  and  as 
in the Theorem. Further suppose that ·  and ·  are such that                                                0                                                           2.9  

 
 Since ·  is the logarithm of the characteristic function 1 . It is 
well known that . In order to show that |  a.e. it is 
enough to prove that, 
       (2.10) 
 
by lemma (2.1). By Lemmas (2.3) and (2.2) and the condition (2.9), it follows that 
                                                                                    2.11                                                                                   

 
 It can be shown easily that   which proves that  
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in view of (2.13). This completes the proof of the “only if” part. 
 “If” part.  Let U and V be as defined in the theorem. Let .  denote the 
logarithm of the characteristic function 1 . Further suppose that U has 
constant regression on V, i.e.,  
 |  a.e           (2.12) 
 
 This implies that  
             
 
 By lemma 2.1. Hence by Lemma 2.1 and 2.3 it follows that      

       (2.13) 
                 
         
 
 The above equality gives the relation                                                                                      2.14  

 
 For any real number s. Since the process has moments of all orders by assumption, .  has derivatives of all orders and the differentiations with respect to s under 
integral sign in (2.14) are valid. Differentiating once with respect to s, we get that               0                                                                     2.15  

 
 Let s = 0. Then we have           0 0                                                                      
 
 0  is different from zero, since by assumption the increments of the process 
have non – degenerate distributions hence it follows from the above equality, that                                    0                                                                     2.16  

 
 Differentiating k times with respect to s under the integral sign in (2.15), we 
obtain that                                  0                                       2.17  

 
 For 3 where  denotes the kth derivative of .  at s. Take s = 0 in 
(2.17). Then we have, 
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                               0  0                                              2.18  

 
 For 3. Since the . , .  have the property that 0 implies 
that 0 for 1, (2.17) and (2.18) together imply that  
 0 0   3  (2.19) 
 
 Which shows that  where ∞ ∞, 0 for some λ 
and . Hence the process ,  is a Wiener process. This completes the proof 
of the “If” part. 
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