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Abstract 
 

In this note, we have obtained a novel extension of a bilateral generating 
relationsinvolvingbiorthogonal polynomials ܻఈሺݔ; ݇ሻ from the existence of 
quasi-bilinear generating relation by group theoretic method. As particular 
cases, we obtain the corresponding results on generalised Laguerre 
polynomials.  
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1. Introduction 
The Konhauser biorthogonal polynomials ܻఈሺݔ; ݇ሻ[1] suggested by Laguerre 
polynomials[3] are defined byCarlitz[2] as follows: 

ܻఈሺݔ; ݇ሻ ൌ 1݊ !  ݅ !ݔ
ୀ ሺെ1ሻ ൬݆݅൰ ൬݆  ߙ  1݇ ൰


ୀ , 

whereሺܽሻ is the pochhammer symbol [4], ߙ  െ1, ݇is a non-zero positive integer. 
In [ 5 ], the quasi bilateral generating function is defined by ܩሺݔ, ,ݑ ሻݓ ൌ   ܽ ሺఈሻሺݔሻஶ

ୀ  ,ݓሻݑሺሻሺݍ
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whereܽthe coefficients are quite arbitrary and   ሺఈሻሺݔሻ,  ሻ are two specialݑሺሻሺݍ
functions of orders ݊ , ݉ and of parameters  ߙ and ݊respectively. If ݍሺሻሺݑሻ  .ሻ, the generating relation is known as quasi bilinearݑሺሻሺ ؠ

The aim at presenting this note is to prove the existence of a more general 
generating relation from the existence of a quasi-bilinear generating relation involving 
biorthogonal polynomials ܻఈሺݔ; ݇ሻ. In [ 6 ], Samanta and Chongdar have proved the 
following theorem on bilateral generating functions involving ܻఈሺݔ; ݇ሻ by group-
theoretic method. 
 
Theorem 1 If there exists a unilateral generating relation of the form ܩሺݔ, ሻݓ ൌ  ܽ ܻఈሺx; kሻ ݓஶ

ୀ                                              ሺ1.1ሻ 

then              ሺ1  ሻሺభశഀషೖሻೖݓ݇  exp ቀݔ െ ሺ1ݔ  ሻభೖቁݓ݇ ܩ ቀݔሺ1  ,ሻభೖݓ݇ ቁ  ൌݒݓ     ஶݓ
ୀ ,ݔሺߪ  ሻ,                                                                                                     ሺ1.2ሻݒ

where ߪሺݔ, ሻݒ ൌ  ܽ
ୀ ݇ି ቀ݊ቁ ܻఈାିሺx; kሻ ݒ. 

The importance of the above theorem lies in the fact that whenever one knows 
a  generating relation of the form (1.1) then the corresponding bilateral generating 
relation can at once be written down from ( 1.2). So one can get a large number of 
bilateral generating relations by attributing different suitable values to ܽ in (1.1). 

In the present paper, we have obtained the following extension (Theorem 2) of 
the theorem1 from the existence of quasi bilinear generating relation. 
 
Theorem 2 If there exists a quasi-bilinear generating function of the following 
form ܩሺݔ, ,ݑ ሻݓ ൌ  ܽ ܻఈሺݔ; ݇ሻ ܻሺݑ; ݇ሻݓஶ

ୀ  

then ሺ1  ሻሺଵାఈିሻݓ݇  exp ൬ݔ െ ݓ െ ሺ1ݔ  ሻଵ൰ݓ݇ ܩ ൬ݔሺ1  ,ሻଵݓ݇ ݑ   ,ݓ ൰ ൌݖݓ      ܽ !ାାݓ !ݍ ሺെ1ሻሺ݊  1ሻ ݇ ܻାఈିሺݔ; ݇ሻ ܻାሺݑ; ݇ሻ ݖ.ஶ
ୀ

ஶ
ୀ

ஶ
ୀ  

 
 

2. Proof of the theorem 
For the biorthogonal polynomials, we consider the following operators: 
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ܴଵ ൌ ݖିݕ ݔ ݔ߲߲  ݖሺିଵሻିݕ  ݕ߲߲ െ ሺݔ  ݇ െ 1ሻିݕݖ,                                         ܴଶ ൌ ݒ ݑ߲߲ െ  ݒ
such that ܴଵሺ ܻఈሺx; kሻݕఈݖሻ ൌ ݇ሺ݊  1ሻ ܻାଵఈିሺx; kሻݕఈିݖାଵ,                   ሺ2.1ሻ 
 ܴଶሺ ܻሺu; kሻݒሻ ൌ െ ܻାଵሺx; kሻݒାଵ                                           ሺ2.2ሻ 
And                         ݁௪ோభ ݂ሺݔ, ,ݕ ሻݖ ൌ  ሺ1  ሻଵିݖିݕݓ݇ exp ൬ݔ െ ሺ1ݔ  ሻଵ൰                ൈݖିݕݓ݇ ݂ ൬ݔሺ1  ,ሻଵݖିݕݓ݇ ሺ1ݕ   ,ሻଵݖିݕݓ݇ ൰ݖ  ሺ2.3ሻ                 ݁௪ோమ ݂ሺݑ, ሻݒ ൌ expሺെݒݓሻ݂ሺݑ  ,ݓݒ  ሻ                                                        ሺ2.4ሻݒ
 
 Let us now consider the generating relation of the form: ܩሺݔ, ,ݑ ሻݓ ൌ  ܽ ܻఈሺݔ; ݇ሻ ܻሺݑ; ݇ሻݓஶ

ୀ ,                                              ሺ2.5ሻ 

 
Replacing ݓby  ݖݒݓand  multiplying both sides of (2.5) by ݕఈand then 

operating  ݁௪ோభ ݁௪ோమ  on both sides, we get  ݁௪ோభ ݁௪ோమሾݕఈ ܩሺݔ, ,ݑ  ሻሿൌݖݒݓ  ݁௪ோభ ݁௪ோమ  ܽሺ ܻఈሺݔ; ݇ሻݕఈݖሻሺ ܻሺݑ; ݇ሻݒሻ ݓஶ
ୀ ൩ ሺ2.6ሻ 

 
Now the left member of (2.6), with the help of (2.3) and (2.4), becomes ሺ1  ሻଵାఈିݖିݕݓ݇ exp ൬ݔ െ ݒݓ െ ሺ1ݔ  ሻଵ൰ݖିݕݓ݇ ఈ ൈݕ ܩ ൬ݔሺ1  ,ሻଵݖିݕݓ݇ ݑ  ,ݓݒ  ൰.     ሺ2.7ሻݖݒݓ
The right member of (2.6), with the help of (2.1) and (2.2), becomes    ܽ !ାାݓ !ݍ ሺെ1ሻሺ݊ஶ

ୀ
ஶ

ୀ
ஶ

ୀ 1ሻ݇ ܻାఈିሺݔ; ݇ሻ ܻାሺݑ; ݇ሻݕఈିݖାݒା .   ሺ2.8ሻ 
Now equating both members, and the substituting  ௭௬ೖ ൌ ݒ   ,1 ൌ 1, we get ሺ1  ሻଵାఈିݓ݇ exp ൬ݔ െ ݓ െ ሺ1ݔ  ሻଵ൰ݓ݇ ܩ ൬ݔሺ1  ,ሻଵݓ݇ ݑ  ,ݓ ൰ ൌݖݓ    ܽ !ାାݓ !ݍ ሺെ1ሻሺ݊  1ሻ݇ ܻାఈିሺݔ; ݇ሻ ܻାሺݑ; ݇ሻݖஶ

ୀ
ஶ

ୀ
ஶ

ୀ .            ሺ2.9ሻ 

 
This completes the proof of theorem 2. 
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Corollary: If we put ݉ ൌ 0, we notice that ܩሺݔ, ,ݑ ,ݔሺܩ ሻ becomesݓ ;ݑሻ since  ܻାሺݓ ݇ሻ ൌ 1. Hence from (2.9), we get ሺ1  ሻଵାఈିݓ݇ exp ൬ݔ െ ሺ1ݔ  ሻଵ൰ݓ݇ ܩ ൬ݔሺ1  ,ሻଵݓ݇ ൰ ൌݖݓ    ܽି !ݓ ሺ݊ െ   1ሻ ݇ ܻఈିሺݔ; ݇ሻݖି
ୀ

ஶ
ୀ . 

Therefore we have ሺ1  ሻଵାఈିݓ݇ exp ൬ݔ െ ሺ1ݔ  ሻଵ൰ݓ݇ ܩ ൬ݔሺ1  ,ሻଵݓ݇ ൰ݖݓ  ൌ  ஶݓ
ୀ ,ݔሺߪ  ሻݖ

where ߪሺݔ, ሻݖ ൌ  ܽ ቀ݊ቁ  ݇ି ܻఈିାሺݔ; ݇ሻ ݖ,
ୀ  

which is theorem 1. 
 
 

3. Special cases 
We now proceed to find some special cases of our theorem 2. 
 
Case 1 If we put ݇ ൌ 1, then ܻఈሺݔ; ݇ሻ reduces to generalised Laguerre polynomials ܮఈ ሺݔሻ. Thus putting ݇ ൌ 1 in our theorem, we get the following theorem on quasi-
bilinear generating function involving modified Laguerre polynomials. 
 
Theorem 3 If there exists a quasi-bilinear generating function of the following 
form ܩሺݔ, ,ݑ ሻݓ ൌ  ܽ ܮሺఈሻሺݔሻܮሺሻሺݑሻ ݓஶ

ୀ                                      ሺ3.1ሻ 

then ሺ1  ሺ1ݓሻఈ expሼെݓ  ሺ1ݔሺܩ ሻሽݓ  ,ሻݓ ݑ   ,ݓ ሻ ൌݖݓ      ܽ !ାାݓ !ݍ ሺെ1ሻሺ݊  1ሻ ܮାఈିሺݔሻܮାሺݑሻ ݖஶ
ୀ

ஶ
ୀ

ஶ
ୀ ,   ሺ3.2ሻ 

which is found derived in [7] 
 
Case 2 putting  ݉ ൌ 0 in theorem 3 and then simplifying, we get the following 
theorem on bilateral generating functions involving the polynomials under 
consideration. 
 
Theorem 4 If                          ܩሺݔ, ሻݓ ൌ  ܽ ܮሺఈሻሺݔሻ ݓஶ

ୀ                                               ሺ3.3ሻ 
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Then ሺ1  ሺ1ݔሺܩ ሻݔݓሻఈ expሺെݓ  ,ሻݓ ሻݖݓ   ൌ  ஶݓ
ୀ ,ݔሺߪ  ሻ,                  ሺ3.4ሻݖ

 
where ߪሺݔ, ሻݖ ൌ  ܽ

ୀ ቀ݊ቁ  ,ݖ ሺఈିାሻሺxሻܮ
which is found derived in [7,8,9,10] 
 
Note:  Here we would like to mention that the way, the authors of [8] used, to obtain 
the above result is incorrect. In fact, they multiplying both sides of the relation (3.1) 
of [8] by ݎ to obtain the said result, which is inadmissible as ݊ runs from 0to ∞. 
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