International Journal of Mathematics Research.

|SSN 0976-5840 Volume 6, Number 1 (2014), pp. 1-5
© International Research Publication House
http://www.irphouse.com

An Extension of Bilateral Generating Functions of the
Biorthogonal Polynomials Suggestedby Laguerre
Polynomials

K .P. Samanta’ and A.K. Chongdar?

Department of Mathematics,

Bengal Engineering and Science University,Shibpur,
P.O.-Botanic Garden, Howrah, Pin-711103, W.B., India.
Corresponding author E-mail: kalipadasamanta2010@gmail.com
?E-mail: Chongdarmath@yahoo.co.in

Abstract

In this note, we have obtained a novel extension of a bilateral generating
relationsinvolvingbiorthogonal polynomials Y,%(x; k) from the existence of
guasi-bilinear generating relation by group theoretic method. As particular
cases, we obtain the corresponding results on generalised Laguerre
polynomials.
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1. Introduction
The Konhauser biorthogonal polynomials Y#(x;k)[1] suggested by Laguerre
polynomialg 3] are defined byCarIitz[Z] asfollows

o =55 oy () (157

where(a),, is the pochhammer symbol [4] a > —1, kisanon-zero positive integer.
In[ 5], the quasi bilateral generating function is defined by

G(x,u,w) = z an PSP () ¢ (wyw™,

n=0
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wherea, the coefficients are quite arbitrary and p,(l“) (x), q,(,’f) (u) are two special

functions of orders n,m and of parameters a and nrespectively. If ¢ (u) =
p,(,’ll) (u), the generating relation is known as quasi bilinear.

The aim at presenting this note is to prove the existence of a more general
generating relation from the existence of a quasi-bilinear generating relation involving
biorthogonal polynomials Y,%(x; k). In[ 6 ], Samanta and Chongdar have proved the
following theorem on bilateral generating functions involving Y,%(x; k) by group-
theoretic method.

Theorem 1  If there existsa unilateral generating relation of the form

Glx,w) = z a, Y% (%K) wh (1.1)
(1+a-k) n=0 1 1
then (A +kw) © exp(x —x(1+kw)k) G (x(1 + kw), w)
= Z w" o, (x,v), (1.2)

n=0

n

_ n— n a+pk-nk .
o,(x,v) = ;) a, k"7P (p) Y, (x; k) vP.

The importance of the above theorem lies in the fact that whenever one knows
a generating relation of the form (1.1) then the corresponding bilateral generating
relation can at once be written down from ( 1.2). So one can get a large number of
bilateral generating relations by attributing different suitable valuesto a,, in (1.1).

In the present paper, we have obtained the following extension (Theorem 2) of
the theoreml from the existence of quasi bilinear generating relation.

Theorem 2 If there exists a quasi-bilinear generating function of the following
form

0]

Glx,u,w) = Z a, Y% (e k) Y2 (s w™
n=0
then
(1+a—k) 1 1
(1+kw) &  exp (x —w—-x(1+ kw)k) G (x(l + kw)k, u + w, WZ)

_ Wn+p+q a—kp /.. n+q .. . n
= an—=— DI+ 1), kP Yoip (o k)Y, (w k) 2™
n=0p=0q=0 P-4

2. Proof of the theorem
For the biorthogonal polynomials, we consider the following operators:
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d d
R, =x y"‘za + y‘("‘l)za —(x+k—1y*z

R — 0
2= Voo~V

such that
R,(YE(x;K)y%z") = k(n + Y& (x k)y¥*zntt, (2.1)
R, (YR (5 1)v™) = —YI+ (x; )yt 2.2)

And
1k 1
eWR f(x,y,z) = (1+ kwy *z)& exp (x —x(1+ kwy"‘z)k)
1 1

x f (x(1 + kwy 2k, y(1 + kwy k2)F, z) (2.3)
eV®z f(u,v) = exp(—wv)f(u + vw, v) (2.4)

Let us now consider the generating relation of the form:

Glx,uw) = z @, Yo (e k)Y (u; k)w™, (2.5)

n=0

Replacing wby wvzand multiplying both sides of (2.5) by y*and then
operating e"* e"Rz on both sides, we get
eWR eWR2[y® G(x, u,wvz)]

= Wi Wi [Z @ (% G )y 2 (4 (s K)v™) w | (2.6)

Now the left member of (2.6), with the help of (2.3) and (2.4), becomes
1+a—-k

1
(1+kwy™2z) "k exp (x —wv —x(1+ kwy"‘z)E) y*
1
X G (x(l + kwy *2)k, u + vw, wvz). 2.7)
The right member of (2.6), with the help of (2.1) and (2.2), becomes

0 e

n=0p=0qg=0

+ kP Yy P G k)Y T (u; K)y @ Pzt Pypnta . (2.8)

Now equating both members, and the substituting ﬁ =1, v=1,wege

1+a—-k

1 1
(1+kw) & exp (x —w—-—x(1+ kw)E) G (x(l + kw)k, u +w, WZ)

oo 0o

_ whPT a—-kp,_. n+q.. . n
= an——— (=D + DpkPY,, " O )Yy (w k)z™. (2.9)
n=0p=0q=0 -4

p

This completes the proof of theorem 2.
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Corollary:  If we put m = 0, we notice that G(x,u,w) becomes G (x,w) since
Yy (u; k) = 1. Hence from (2.9), we get

1+a—k 1 1
(1+kw) & exp (x —x(1+ kw)k) G (x(l + kw)k, WZ)

ZZ (n p + 1), kP Y5 (o k) 2P

n=0p=
Therefore we have

1+a—k 1 1
(1+kw) & exp (x —x(1+ kw)k) G (x(l + kw)k, WZ) = Z wm g, (x,z)
where
n
n _
on(x,2) = z ap (p) kP Yy PR (g k) 22,
=0

which is theorem 1.

3. Special cases
We now proceed to find some special cases of our theorem 2.

Case 1 If we put k = 1, then Y,¥(x; k) reduces to generalised Laguerre polynomials
L%(x). Thus putting k = 1 in our theorem, we get the following theorem on quasi-
bilinear generating function involving modified Laguerre polynomials.

Theorem 3 If there exists a quasi-bilinear generating function of the following
form
GOouw) = ) ay LPCOLY @) w 3.1)
n=0
then
1+w)e exp{—w(l + W)} Gx(1+w), u+w, wz)

ZZZ nw( 1)(n + 1), LD OLY (W) 27, (3.2)

n=0p=0q=

which is found derived in [7]

Case 2 putting m = 0 in theorem 3 and then simplifying, we get the following
theorem on bilateral generating functions involving the polynomials under
consideration.

Theorem4 |If

0]

Glx,w) = Z a, L9 (x) wn (3.3)

n=0



An Extension of Bilateral Generating Functions 5

Then

where

1+ w)*exp(—wx) G(x(1 +w), wz) = z w" g, (x, z), (3.4)

n
n —
O-n(x, z) = Z a, (p) Lgla n+p) (x) zP,
=0

p
which is found derived in [7,8,9,10]

Note: Here we would like to mention that the way, the authors of [8] used, to obtain
the above result is incorrect. In fact, they multiplying both sides of the relation (3.1)
of [8] by r™ to obtain the said result, which is inadmissible as n runs from 0to co.
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