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ABSTRACT 
 

In present paper, it is proved that if a random Mann iteration scheme defined 
by two operators is convergent under a rational inequality the limit point is a 
common fixed point of each of two random operators in a Banach space. 
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1. Introduction and preliminaries 
In paper [8], Kasahara had shown that if an iterated sequence defined by using a 
continuous linear mapping is convergent under certain assumptions, then the limit 
point is a common fixed point of each of two non-linear mappings. Ganguly [6] 
arrived at the same conclusion under the same contractive definition by taking the 
sequence of Mann iterates [10]. In paper [9] R. Parsai, M.S. Rathore and R. S. 
Chandel have proved the random version of Ganguly’s result. In present paper, we 
extend the result of R. Parsai, M.S. Rathore and R. S. Chandel for rational expression. 
The study of random fixed points has been an active area of contemporary research in 
Mathematics. Random iteration scheme has been elaborately discussed by Choudhury 
([1], [2], [3], [4]). Looking to the immense applications of iterative algorithms in 
signal processing and image reconstruction, it is essential to venture upon random 
iteration. 
 We first review the following concepts, which are essential for our study in this 
paper.  
 Throughout this paper, ሺߗ, ∑ሻ denotes a measurable space consisting of a set Ω 
and sigma algebra ∑ of subsets of Ω, ܺ stands for a separable Banach space and ܥ is a 



46  S. S. Pagey and Sandhya Shukla 
 

 

nonempty subset of ܺ. 
 A mapping ݂: ߗ ՜ ܤis said to be measurable if ݂ିଵሺ ܥ ת ሻܥ א ∑ for every 
Boral subset ܤ of ܺ.  
 A mapping ߗ :ܨ ൈ ܥ ՜ .ሺܨ is said to be a random operator, if ܥ , ߗ :ሻݔ ՜  is ܥ
measurable for every ݔ א  .ܥ
 A measurable mapping ݃ ׷ ߗ ՜  is said to be a random fixed point of random ܥ
operator ܨ: Ωൈ ܥ ՜ ,ݐ൫ܨ if ,ܥ ݃ሺݐሻ൯ ൌ ݃ሺݐሻ for all א  .ߗ
 A random operator ܨ ׷ ߗ  ൈ ܥ ՜ ݐ is said to be continuous if, for fixed ܥ ,ߗא ,ݐሺܨ . ሻ: ܥ ՜  .is continuous ܥ
 
Definition 1 (Random Mann iteration Scheme). Let ܵ, ܶ: ߗ ൈ ܥ ՜  be two ܥ
operators on a non-empty convex subset ܥ of a separable Banach Space ܺ. Then the 
sequence ሼݔ௡ሽ of random Mann iterates associated with ܵ or ܶ is defined as follows:  
(1)  Let ݔ଴ ׷ ߗ  ՜  .be any given measurable mapping ܥ
ሻݐ௡ାଵሺݔ  (2) ൌ ሺ1 െ ܿ௡ሻ ݔ௡ሺݐሻ ൅ ܿ௡ ܵሺݐ, ݊ ሻሻ forݐ௡ሺݔ ൐ 0, ݐ א  ߗ
 or 
ሻݐ௡ାଵሺݔ  (3) ൌ ሺ1 െ ܿ௡ሻ ݔ௡ሺݐሻ ൅ ܿ௡ ܶሺݐ, ݊ ሻሻ forݐ௡ሺݔ ൐ 0, ݐ א  ߗ
where ܿ௡ satisfies: 
(4)  ܿ଴ ൌ 1 for ݊ ൌ 0,  
(5)  0 ൏ ܿ௡ ൑ 1 for ݊ ൐ 0,  
(6)  lim௡ ܿ௡ ൌ ݄ ൐ 0. 
 Since ܥ is convex it follows from the above construction that ݔ௡ is a mapping 
from ߗ to ܥ for all n=0, 1, 2, …. 
 
 
2. Main Result 
Theorem 2.1. Let ܵ, ܶ ׷ ߗ ൈ ܥ ՜  is a nonempty closed convex subset of a ܥ where ,ܥ
separable Banach Space ܺ, be two continuous random operators which satisfy the 
following inequality : for all ݔ, ݕ א ݐ and ܥ א  ߗ
(7)  ‖ܵሺݐ, ሻݔ െ ܶሺݐ, ‖ሻݕ ൑ ௔ ‖௫ି்ሺ௧,௬ሻ‖మା௕ ‖௫ିௌሺ௧,௫ሻ‖మ‖௫ି்ሺ௧,௬ሻ‖ା‖௫ିௌሺ௧,௫ሻ‖  + ௖ ‖௬ି்ሺ௧,௬ሻ‖మାௗ ‖௬ିௌሺ௧,௫ሻ‖మ‖௬ି்ሺ௧,௬ሻ‖ା‖௬ିௌሺ௧,௫ሻ‖  
  
where ܽ, ܾ, ܿ, ݀ ൐ 0, ܽ ൅ ܿ ൏ 1, ܾ ൅ ݀ ൏ 1. 
 If the sequence ሼݔ௡ሽ of random Mann iterates associated with ܵ or ܶ satisfying 
(1)-(6) converges, then it converges to a common random fixed point of both ܵ and ܶ. 
 
Proof. We may assume that the sequence ሼݔ௡ሽ defined by (2) is pointwise convergent, 
that is,  
 for all ݐ א   ,ߗ
ሻݐሺݔ  (8) ൌ lim௡՜∞   ሻݐ௡ሺݔ
 Since ܺ is a separable Banach Space, for any continuous random operator ܣ ׷ ߗ ൈ ܥ ՜ ݂ and any measurable mapping ܥ ׷ ߗ ՜ ሻݐሺݔ the mapping ,ܥ ൌܣ൫ݐ, ݂ሺݐሻ൯ is a measurable mapping [7]. 
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 Since ݔሺݐሻ is measurable and ܥ is convex, it follows that ሼݔ௡ሽ constructed in the 
random iteration from (2)-(6) is a sequence of measurable mappings. Hence, ݔ ׷ ߗ ՜ܥ being limit of measurable mapping sequence is also measurable. For fixed ݐ   from (2) it follows that ,ߗא
ሻݐሺݔ ‖  (9) െ ܶሺݐ, ሻݐሺݔ ‖ ሻሻ‖ ൑ݐሺݔ െ ሻݐ௡ାଵሺݔ ‖ + ‖ሻݐ௡ାଵሺݔ െ ܶሺݐ,   ‖ሻሻݐሺݔ
  ൑ ‖ ݔሺݐሻ െ ሻݐ௡ሺݔ ‖ ሻ‖ + (1െܿ௡ሻݐ௡ାଵሺݔ െ ܶሺݐ, ,ݐሻሻ‖ +ܿ௡ ‖ ܵሺݐሺݔ ሻሻݐ௡ሺݔ െܶሺݐ,   ‖ሻሻݐሺݔ
  ൑ ‖ ݔሺݐሻ െ ሻݐ௡ሺݔ ‖ ሻ‖ + (1െܿ௡ሻݐ௡ାଵሺݔ െ ܶሺݐ,   ‖ሻሻݐሺݔ
  ൅ܿ௡ ቄ௔‖௫೙ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖మା௕ ‖௫೙ሺ௧ሻିௌሺ௧,௫೙ሺ௧ሻሻ‖మ‖௫೙ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖ା‖௫೙ሺ௧ሻିௌሺ௧,௫೙ሺ௧ሻሻ‖  ൅  ௖ ‖௫ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖మାௗ ‖௫ሺ௧ሻିௌሺ௧,௫೙ሺ௧ሻሻ‖మ‖௫ሺ௧ሻି்ሺ௧,௑ሺ௧ሻሻ‖ା‖௫ሺ௧ሻିௌሺ௧,௫೙ሺ௧ሻሻ‖ ቅ 
  
by equations (6) and (7). 
 Now,  
  ܿ௡ ቀܵ൫ݐ, ሻ൯ݐ௡ሺݔ െ ሻቁݐ௡ሺݔ ൌ ܿ௡ܵ൫ݐ, ሻ൯ݐ௡ሺݔ െ ܿ௡ݔ௡ሺݐሻ ൌ ሻݐ௡ାଵሺݔ െ   ሻݐ௡ሺݔ
by (2), so that 
  ‖ܵ൫ݐ, ሻ൯ݐ௡ሺݔ െ ሻ‖ ൑ݐ௡ሺݔ ଵ௖೙ ‖ݔ௡ାଵሺݐሻ െ  .‖ ሻݐ௡ሺݔ

 This shows that for ݐ א ,ߗ ܵ൫ݐ, ሻ൯ݐ௡ሺݔ െ ሻݐ௡ሺݔ ՜ 0 and so ܵ൫ݐ, ሻ൯ݐ௡ሺݔ ՜  ሻݐሺݔ
as ݊ ՜ ∞, as ܵ is a continuous random operator and ݔ is a measurable mapping. 
Consequently from (9) on taking the limit as ݊ ՜ ∞, we obtain  
ሻݐሺݔ ‖   െ ܶሺݐ, ሻሻ‖ ൑ݐሺݔ ሺ1 െ ݄ሻ‖ ݔሺݐሻ െ ܶሺݐ, ሻሻ‖ +݄ሺܽݐሺݔ ൅ ܿሻ‖ݔሺݐሻ െܶሺݐ,  ‖ሻሻݐሺݔ
  ⟹ ݄ [1െሺܽ ൅ ܿሻሿ ‖ ݔሺݐሻ െ ܶሺݐ, ሻሻ‖ ൑ݐሺݔ 0 
  ⟹ ܶሺݐ, ሻሻݐሺݔ ൌ ݄ ሻ (asݐሺݔ  ൐ 0, ܽ ൅ ܿ ൏ 1ሻ, for all ݐ א  ߗ
 As ܶ is a continuous random operator and ݔ is measurable. Therefore,   ‖ ܵሺݐ, ሻሻݐሺݔ െ ‖ሻݐሺݔ ൌ ‖ ܵሺݐ, ሻሻݐሺݔ െ ܶሺݐ,  ‖ሻሻݐሺݔ
 ൑ ௔ ‖௫ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖మା௕ ‖௫ሺ௧ሻିௌሺ௧,௫ሺ௧ሻሻ‖మ‖௫ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖ା‖௫ሺ௧ሻିௌሺ௧,௫ሺ௧ሻሻ‖  + ௖ ‖௫ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖మାௗ ‖௫ሺ௧ሻିௌሺ௧,௫ሺ௧ሻሻ‖మ‖௫ሺ௧ሻି்ሺ௧,௫ሺ௧ሻሻ‖ା‖௫ሺ௧ሻିௌሺ௧,௫ሺ௧ሻሻ‖  
  ⟹ ‖ ܵሺݐ, ሻሻݐሺݔ െ ሻ‖ ൑ݐሺݔ ሺܾ ൅ ݀ሻ ‖ ݔሺݐሻ െ ܵሺݐ,  ‖ሻሻݐሺݔ
 ⟹ [1െሺܾ ൅ ݀ሻሿ ‖ ݔሺݐሻ െ ܵሺݐ, ‖ሻሻݐሺݔ ൑ 0 
 Since ሺܾ ൅ ݀ሻ ൏ 1, it follows that for all ݐ א ,ݐis measurable, ܵሺ ݔ and ,ߗ ሻሻݐሺݔ ൌ  .ሻݐሺݔ 
 This completes the proof of the theorem 2.1.  
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