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Abstract

In this article majority independent set is introduced and majority
independence number g, (G) is defined with examples. We discuss the

relation between the majority domination number, independent majority
domination number and majority independence number of a graph G.
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I. Introduction.

By a graph, we mean a finite, simple graph which is undirected, nontrivial, without
isolates. We follow the notation and terminology given by Haynes et. al [3]. Let
G=(V,E) be a graph of order p and size g. For every vertexv eV (G), the open

neighborhood ~ N(v)={u eV (G)/uveE(G)} and the closed neighborhood
N[v]=N()U{v}. Let Sbe a set of vertices, and let u € S . The private neighbor set
of u withrespectto S is pnfu,S]={v/I N[v]NS={u}} .

A set S of vertices in a graph G=(V,E) is a dominating set if every vertex v

not in S is adjacent to at least one vertex in S. A dominating set S is called a minimal
dominating set if no proper subset of S is a dominating set. The domination number
y(G) of a graph G is the minimum cardinality of a minimal dominating set in G. The

upper domination number I_(G) of a graph G the maximum cardinality of a minimal
dominating set in G. A set D of vertices in a graph G is called an independent set if no
two vertices in D are adjacent. An independent set D is called a maximal independent
set if any vertex set properly containing D is not independent. The independence
number g (G)is the maximum cardinality of a maximal independent set in G. The
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lower independence number i(G)is the minimum cardinality of a maximal
independent set of G. It is also called independent domination number of G.

Definition 1.1 [6]:
A subset S < V(G)of vertices in a graph Gis called majority dominating set if at

least half of the vertices of ¥ (G)are either in S or adjacent to the vertices of S. i.e.,
‘N[S]‘ 2[%} . A majority dominating set S'is minimal if no proper subset of S is a

majority dominating set of G. The majority domination number y,,(G)of a graph G is
the minimum cardinality of a minimal majority dominating set in G. The upper
majority domination number |;(G) is the maximum cardinality of a minimal

majority dominating set of a graph G. This parameter has been studied by
Swaminathan V and Joseline Manora J.

Il . Majority Independent Set.
Definition 2.1: A set S of vertices of a graph G is said to be a majority independent

set (or Ml-set) if it induces a totally disconnected subgraph with | N[S] |2[§—l and

| pnlv, S1|>| N[S]|—[§w for every ve S . If any vertex set S’ properly containing S is

not majority independent then S is called maximal majority independent set. The
minimum cardinality of a maximal majority independent set is called lower majority
independence number of G and it is also called independent majority domination
number of G. It is denoted by i, (G). The maximum cardinality of a maximal

majority independent set of G is called majority independence number of G and it is
denoted by p,(G). A p,-set is a maximum cardinality of a maximal majority

independent set of G.

Observations 2.2:
1.  Every independent set of G need not be a majority independent set of G.
2. By definition, any majority independent set is a majority dominating set of a

graph G.

Remarks 2.3:

1.  There may be maximal independent sets which are not majority independent sets
of a graph G.

Example 2.3.1: Let G=C,,. S=(v,v,,;,v,)is a maximal independent set but it is
not a majority independent set for G, since every vertex of S satisfies the condition
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|pn[v,S]|<|N[S]|—[§—‘.

2. A maximal majority independent set need not be a maximal independent set of a
graph G.

Example 2.3.2: Let G =P, .S, ={v,,vs,v,} is not a majority independent set since

|pn [v,8,]| < |N[S1]|—[§—‘, forvves,. S, ={v,,v.} is a maximal majority independent

set but S, is not a maximal independent set of G.
3. The relationship between g (G)and g, (G)is g, (G)<p,(G), for any graph G.

Example 2.3.3: Let G=D;, be a double star with p=11. Suppose D={v,,v,,...v },
for each veD, | pn[v,D]|=1and |N[D]|—(§W=5. Disa f, -set of G but D is not a
B, -set. Hence, g -setis nota g, -set of G. Suppose S={v,v,,...; }. Then for each
ves, |pn[1,S]|=1and|N[S]|—%1=o. |pn[v,S]|>|N[S]|—%1 VveS. .. Sisa
majority independent set of G. Claim: S is maximal. LetS'=SU {v,}.
‘N[Sl]‘—[g—I:Z but ‘pn[v,Sl]‘:lol’ZS‘N[Sl]‘—[g—‘ VyeS'. . S' is not a

majority independent set of G. Hence S is a maximal majority independent set of G.
Hence g, (G)<p,(G).

Observations 2.4:
1. ForanygraphG, i, (G)< B, (G).

2. If G has a full degree vertex then that vertex constitutes a majority independent
set of G.

Examples 2.4.1:

1. InG=K4 Here g,(G)=3and i, (G) =1 .. i, (G)<p,(G)
2. LetG=K,.Theni, (G)=p5,(G)=1

3. LetG=T, andk=5,
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Proposition 2.5: For any graph G, y,,(G) <i,,(G) .

Example 2.5.1:

ru(G)=2, i,,(G)=3.
Theorem 2.6: Every graph G has a majority independent set.

Proof: By induction on order of G. If p=1 then G=K,and clearly G has a majority
independent (M1) set namelyV(G). If p=2, then G=K, or K,. Let S={u,},
N[S]:g. ‘pn[ul,SJ‘>|N[S]|—[§—‘ . Therefore S is a MI-set of G. Induction
hypothesis: Suppose for every graph G of order (p—-1), p >2, then G has a majority
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independent set. Let G be a graph of order p. Let veV(G). G{v}is of order (p-1)
.. G{v} has a majority independent set say S. i.e., ‘N[S]‘z[pT_lw and

Case (i): pis even. Now (1) becomes|N[S]|2[pT_l—‘ =§=[§—‘_
‘P"l [V,S”>|N[S]|—[—p2_l—‘ :|N[S]|—(§—‘. . S'is a majority independent set of G.
Case (ii): pis odd then (p-1) is even. By (1) \NG{V}[S]\z[—pZ_ﬂ and

1 -1
| Prig [u,s]\>\NHV}[S]\—V71 YV ues. |NG[S]|ZFTW and

‘pnG [u,S]‘>|NG[S]|—(§—l YueSs.

Subcase (i): Suppose v is adjacent to S. Then |N, [S]|2p2_1+1=p;1:(§].
Also, ‘pnG [u,S]‘>|NG[S]|—[§W , Y ueS. . Sisamajority independent set of G.

Subcase (ii): Suppose v is independent of S .
Sub subcase (i): ‘NG{V}[S]‘>pT_l. Then ‘NG[S]‘:‘NG_{V}[S]‘>[)T_1.

: r+l_Ip r-1 P
| N [S]\ZT{E] \P”G[“’S]MNHV}[S]\—[T] >|NG[S]|{51
YueS. .. Sisamajority independent set of G.

Sub subcase (ii): ‘NG{V} [S]‘:pT_l. Let S,=SU{v}. S, is an independent set of G.

et 22 =2 3] prsal gl

Since ‘pnc[u,Sl]‘zl .'.‘pnG[u,Sl]‘>‘NG[S1]‘—[§—‘ YueS,. .. S, isa

majority independent set of G. By induction, the proof is completed.

i1 . B (G) for some standard graphs:

Computed values of g, (G) for some special classes graphs are stated without proof.
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1. LetG=P,,p>2.Then B,(G)=

2. Let G=K,,,.Then f,(G)= V’TlJ

p
3. LetG=F,.Thenpg, (G):[E—‘.

4. Let G=W,.Then f, (G):[pT_ﬂ.

lf r——S,p——l’+S+2-
5. Let G——DH. Then ﬂM(G)—_ ’7}7—‘ 1 f <
X Z1-1 if r<s.

6. Let G=mK,. Then 3, (G) =[ﬂ.
7. Let G=K,. Then g, (G) =[§W.

8. Let G=H oK, where H is a connected graph. Then g, (G)=[§1.
9. LetG=5(K,,,) Thengp, (G):{fl.

10. Let G=K,. Then B, (G)=1.

Proposition 3.1: Let G be a cycle of p vertices, p>3. Then g, (G)= {%w

Proof: Let {v,,v,,..cccecunu. ,v,} be a set of vertices of G. d(v,)=2,vv,eV(G). Let

S={v, vy, Vet be a p,-set of G. Then |N[S]|z(§—‘ and
|pn[v,S]|>|N[S]|—[§—| for every veS. Then |N[S]|Sﬂg)d(v[)+ﬂM(G).
%} <3p,(G). Then 3, (G)Z[%—‘.

Let D={u,,uy,..ccc....., uk]“
6

- |NID] = (d(u,.)+1)U§}+1J =3[%—‘+3 >[§—‘. Then for YueD,

Fwith N[uJNN[u, 1=, Vi#j.
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|pn[u,D]|S|N[D]|—[§—‘:>D is not a majority independent set of G.

,BM(G)s|D|=[%1+1=[§—‘.Hence ,BM(G)=[£—l.

6
Proposition 3.2: Let G=K,, m<n. Then
1 ifm=n, n+1, n+2.
G)=
Pu(6) [g—l—m if m<n.

Proof: Let G be a complete bipartite graph with V,(G)={v,v,,.....v,} and
Vo (G)={,v,,.....v, } . Such that (m+n)=p.

Case (i): When n=m,m+1,m+2. Since all vertices are of degree d(u)z[g—‘—l,

D={u} is a maximal majority independent set of G. Hence g, (K, ,)=1.

m,n

Case (ii): When m<nand n>m+3. Let S=| v,,v,....... v v, (G).
12 P}m 2

Then | N[S]|=d(u)+|S| for any uel,(G)
=|N[u]|+|S], N[u] < V,(G)

=m+|S| , Where |S|:[§W—m

2]

|N[S]|=[§—‘ . Then S is an independent set of G.
Next, since | pn[v,S]|=|N[S]|~|[N[S 03|, [N[S -0} |=|NIST|-| pn[v.S]]
|N[S]|—‘pn[v,S]‘<[§—‘ :‘pn[v,S]‘>|N[S]|—’V§—|. By definition S is a

majority independent set of G.

Claim: S is maximal. Let S*=SH{u}, ueV —S and ScV,(G).

Subcase (i): Let uel’—S =V, (G). ‘N[Sl]‘:|N[S]|+|N[u]|=(§—|+1z{£—‘ .

2
Next, since ‘pn[u,Sl] :‘N[Sl]H N[Sl—{u}]‘
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" ‘pn [u,Slj‘:‘N[Sl]‘—[gw, Y uel,(G). . S* is not a majority independent
set of G.

zlz‘pn[u,Sl]‘

Subcase (ii): Let ueV-S cV,(G). Let S'=SH{u} =S is not an independent set of
G. .. S"is not a majority independent set of G. Hence, S is a maximal majority

independent set of G. .. 3, (G)2|S|:[§W—m :

[ 2]
and |S|= 5| . Now, |N[S]|= [ —‘+m>l72—‘ For VuesS,
| [ ST|=[ NIST | M54
:[ §W+mJ—(m+|S|—l) :[§W—|S|+lzl.
Next, |N[S]|—(§—|:(§—‘+m—[§—l=m,le. .'.‘pn[u,SHS|N[S]|—[§—‘,

YueScV,(G). .. S is not a majority independent set of G. Since ScV,(G), any
vertex in 7,(G) is not an element in S. Otherwise, S is not an independent set of G.

Since [N [S]|= [ —|+m in order to decrease the order of | S|, now take |S|= [2—‘—m.

Then, |N[S]|{ WandforVueS | pn[u,S1|>|N[S1|- [ W ,BM(G)S[g}m

. Combining these we get, ,BM(G):[J it G=K, ,, m<n.

IV. Some results on majority independent sets.
Theorem 4.1: For any graph G, g, (G)=1if and only if G has all vertices with

d@oz[gw—lforvMeG.

Theorem 4.2: A majority independent set S of a graph G is maximal majority
independent if and only if it is majority independent and majority dominating set of
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G.
Proof: Let S be a maximal majority independent set of G. Then S is majority
independent set and |N[S]| [ }=> S is a majority dominating set of G. Conversely,
S is both majority independent and majority dominating set. Then |N[S]| [ Wand
|pn [v, S1|>| N[ST|- [ —lfor every ve S. Then there Ju eV —Ssuch that S U {u} =
St with |N[S> ( —lthen |pn [v, S|<| NIST|- [ —IVueS' It implies that S* is
not a majority independent set. Hence S is a maximal majority independent set of G.

Theorem 4.3: Every maximal majority independent set of G is a minimal majority
dominating set of G.

Proof: Let S be a maximal majority independent set of G. Then S is a majority
dominating set. Suppose S is not minimal, there exists at least one v e S such that S-

{v} is a majority dominating set of G. = |N[S {v}]|>{ 1S|nce S is maximal
majority independent set of G, |N[S]|>[ —‘and pn v, S]>|N[S]|—[ —‘ ............. @
, for YveSsS, and‘pn v,S ‘21. We know that, pn[v,S]=N[S]-N[S-{}]. =

\N[S—{v}]\=|N[S]|—pn[v,S] < ‘N[SH—|N[S]|+(§1 by (1). .-.\N[S{v}]\{ﬂ

=(S—{v}) is not a majority dominating set, a contradiction. Hence S is minimal
majority dominating set of G.

Proposition 4.4: For any graph G, ¥u(G) = fiy (G).

Proof: Let S be a g, - set of G. By theorem 4.3, then S is a minimal majority
dominating set of G. Therefore y,, (G) <|S|= 8, (G).

Proposition 4.5: For any graph G, ¥y (G) = iy (&) = Ay (G).

Proof: From Proposition 2.5 and Theorem 4.2.

Example 4.5.1:
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7M(G):iM(G):IBM(G):1lf G:Kp .

For G=C,, 7,(G)=i,(G)=B,(G)=2.

Proposition 4.6: For any graph G, y,,(G) <i,,(G) < 8,,(G) < [ (G).

Proof: Since every minimal majority dominating set with maximum cardinality of G
is a majority dominating set of G, we get this result.

Example 4.6.1:

(@) =i,(G)=1 B,(G)=2 [,(G)=3.
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