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Abstract

In this paper, we introduce the notion of extended relaxed a-monotonicity. We
obtain existence solution of the generalized mixed equilibrium problems in
reflexive Banach spaces with extended relaxed a-monotonicity by using the
KKM technique. Our results extend and improve the corresponding results in
the existing literature.
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INTRODUCTION
Let K be a nonempty subset of a real reflexive Banach space X. Let Let ¢ : K — R be
a real-valued function and f:K <K — R be an equilibrium bi-function, i.e.,
f(x,x) =0,V x € K. Then the mixed equilibrium problem (for short, MEP) is to find
X € K such that
fGy)+o@y)—e(X)=0,VyeK

In particular, if ¢ = 0, this problem reduces to the classical equilibrium problem

(for short, EP) which is to find x € K such that
f(x,y)=0,Vvy€ekK

Equilibrium problems and mixed equilibrium problems play an important role in
many fields, such as economics, physics, mechanics and engineering sciences. Also,
the equilibrium problems and mixed equilibrium problems include many
mathematical problems as particular cases for example, mathematical programming
problems, complementary problems, variational inequality problems, Nash
equilibrium problems in noncooperative games, minimax inequality problems, and
fixed point problems. Because of their wide applicability, equilibrium problems and
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mixed equilibrium problems have been generalized in various directions for the past
several years.

The monotonicity and generalized monotonicity play an important role in the
study of equilibrium problems and mixed equilibrium problems. In recent years, a
substantial number of papers on existence results for solving equilibrium problems
and mixed equilibrium problems based on different generalization of monotonicity
such as pseudomonotonicity, quasimonotonicity, relaxed  monotonicity,
semimonotonicity, see, [1-17].

In 1990, Karamardian and Schaible [14] introduced various kinds of generalized
monotone mappings. Afterward, several researcher in [2-4] extended the idea of
Karamardian and Schaible [14] for bi-functions to study equilibrium problems.

In 2003, Fang and Huang [10] considered two classes of the variational-like
inequalities with the relaxed n-a monotone and relaxed n-a semimonotone mappings.
They obtained the existence solutions of variational-like inequalities with relaxed n-a
monotone and relaxed n-a semimonotone mappings in Banach spaces using the KKM
technique. Later Bai et al[l] introduced a new concept of relaxed 7n-a
pseudomonotone mappings and obtained the solutions for the variational-like
inequalities. Afterward Mahato and Nahak [18] defined the weakly relaxed n-a
pseudomonotone bi-function to study the equilibrium problems.

Recently Mahato and Nahak [19] introduce the concept of the relaxed a-
monotonicity for bi-functions. They also obtained the existence of solutions for mixed
equilibrium problems with the relaxed a-monotone bi-function in reflexive Banach
spaces, by using the KKM technique.

Inspired and motivated by the recent research developed for mixed equilibrium
problems and variational inequalities, the purpose of this paper is to introduce the
class of extended relaxed a-monotone bi-functions. The existence of solutions for
generalized mixed equilibrium problems with bi-function in such class is given. Our
results in this paper extend and improve the results of Mahato and Nahak [19] and
many results in the literature.

PRELIMINARIES
Let K be a nonempty closed convex subset of a real reflexive Banach space X. Let
¢ : K = R be a real-valued function and f : K x K = R be a bi-function such that
fAx+ (@ —-2)z,x)=0, Vx,z€ K and A€ (0,1]. Then the generalized mixed
equilibrium problems (for short, GMEP) is to find X € K such that
fAx+ (1 - 2A)z,y) +o(y) —p(x) =0,Vy,ze Kand 1 € (0,1]. (2.2)
In particular, if 1 =1,¢ =0, this problem reduces to the classical equilibrium
problem (for short, EP), which is to find x € K such that
f(x,y) 20,Vvy€eK (2.2)
The motivation of studying the generalized mixed equilibrium problems is to
cover the mixed variational inequality problems, which has been studied in [10,20].
Throughout the paper, unless otherwise stated, K be a nonempty closed convex subset
of a reflexive Banach space X. We consider the mappings f: K x K - R and
a: XxX-R.
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Definition 2.1 A bi-function f: K x K — R is said to be extended relaxed a-
monotone if
fAx+ (1 =-Dz,y)+f(Ay+ (1 —-z,x) <a(y,x),Vx,y,z€ Kand 1 € (0,1] (2.3)

where lim,_, alty+@-0xx) _ g

Remark 2.1 (i) If A=1,a(y,x) =p(y—x), where B:X —> R with B(tu) =
tPB(u), for t > 0 and u € X; then the definition 2.1 reduces to relaxed a-monotone
mapping, i.e.

f,y)+ f(y,x) < By —x),Vx,y €K (2.4)
(i) If A = 1, a = 0 then from definition 2.1, it follows that f is monotone, i.e.,
fl,y)+ f(y,x) <0,Vx,y €K (2.5)

Definition 2.2 A real valued function f defined on a convex subset K of X is said to
be hemicontinuous if lim,_y+ f(tx + (1 —t)y) = f(y), foreach x,y € K.

Definition 2.3 Let f : K — 2% be a set-valued mapping. Then f is said to be KKM

mapping if for any {y;,y,,...,y.} of K we have co{y,,y,,....yvn} € UL, f(3),
where co{y;,y,,...,V,} denotes the convex hull of {y;,v,,..., y.}.

Lemma 2.1 [21] Let M be a nonempty subset of a Hausdroff topological vector space
X and let f : M - 2% be a KKM mapping. If f(y) is closed in X for all y € M and

compact for some y € M, then
ﬂ fO)+0

YEM

Definition 2.4 Let X be a Banach space. A function f:X —> R is lower
semicontinuous at x, € X if
f(xo) < liminf f(x,,)
n

for any sequence {x,,} € X such that x,, converges to x,.

Definition 2.5 Let X be a Banach space. A function f : X - R is weakly upper
semicontinuous at x, € X if
f(xo) = limsup f(x,)

for any sequence {x,,} € X such that x,, converges to x, weakly.

EXISTENCE RESULTS

Now we discuss the existence solution of the generalized mixed equilibrium problem
(2.1), using the concept of the extended relaxed a-monotonicity of the bi-function f.
These existence results generalize the corresponding results of variational-like
inequality problems [10] to equilibrium problems.

Theorem 3.1 Suppose f: K xK - R with f(Ax + (1 —1)z,x) =0, Vx,z€ K ,
A € (0,1] be extended relaxed a-monotone which is hemicontinuous in the first



152 Khushbu and Zubair Khan

argument, and convex in the second argument ; let ¢ : K = R be a convex function.
Then, the (GMEP) and the following problem (3.1) are equivalent:
Find X € K such that

fAQy+@Q =2z, x)+ o) — @) < aly,x),Vy,ze K ,21€ (01]. (3.1)

Proof Suppose that GMEP (2.1) has a solution, i.e., there exists X € K such that
fAx+(1—-2A)z,y)+ () —ep(x)=0,Vy,z€eK, e (01].
Since f is extended relaxed a-monotone, we have
fAy+ 1 =Nz,x) + () — o) <ay,x) — f(Ax+ (1 -z,y) + o(x) — o(y)

=a(y,x) - [fAx + (1 - Dz,y) + o(y) — p(x)]

<a(y,x),Vyz€eK (3.2)

Hence x € K is a solution of (3.1).

Conversely, suppose x € K is a solution of (3.1) and y € K be any point. Letting
x, =ty+ (1 —t)x, t € (01],as K is convex, x, € K. Therefore from (3.1) we have

fAx;+ (1 =Mz, x)+px) —o(x) <al(x.,%),VzeK, 1€ (01] (3.3)

It follows from the convexity of £ in the second argument that,

O0=f(x,+ (1 -z, x) <tf(Ax, + 1=z, y) + L - t)f(Ax; + (1 — 1)z X)

Stlf(Ax, + QA —-Dz,x)— fAx; + (1 —=2)z,y)] < f(Ax;+ (1 — 1)z %) (3.4)
and the convexity of ¢ implies that,

0= o(x)—p(x) <to(y) + (1 -t)ex) — ¢(x.)

= tlp(x) — (V)] < o(x) — p(x,) (3.5)

From (3.3), (3.4) and (3.5), we have

tlf(Ax, + (L =Dz, %) — fAx, + (L = Dz,y) + (X)) — p(M)] < a(x;, %)

S flx+ (L= D20 — fx + (1= Dz y) + o) — ply) < L2

Since f is hemicontinuous in the first argument and taking t — 0, we get
fAx+ (1 —-2)z,%) - f(Ax + (1 =Nz,y) +o(x) —p(y) <0
> fAx+ A -Dz,y)+ o(y)—p(x)=>0,Vy,z€K.
Hence X is a solution of GMEP.

Theorem 3.2 Let K be a nonempty bounded closed convex subset of a real reflexive
Banach space X. Suppose f: K xK —» R with f(Ax + (1 —1)z,x) =0, Vx,z €
K, A € (0,1].be extended relaxed a-monotone and hemicontinuous in the first
argument ; let ¢ : K = R be a convex and lower semicontinuous function. Assume
that For fixed z € K, the mapping x — f(z,x) is convex and lower semicontinuous;
a: X x X - Ris weakly upper semicontinuous in the second argument.

Then the (GMEP) has a solution.

Proof Consider the set valued mapping F : K — 2%¥ such that F(y) ={x €K :
fAx+ (1 =Mz, y) +o(y) —(x) =0}, Vy,ze K, 1€ (01].

It is easy to see that ¥ € K solves the (GMEP) f(1x + (1 — A)z,y) + ¢(y) —
p(x)=0,Vy,zeK,2€(01], if and only if X € Nyex F(y). Thus it suffices to
prove Nyex F(y) # @.

First we claim that F is a KKM mapping.

If F is not a KKM mapping, then there exists {x;,x5,...,x,} € K such that
cofxy, %z, ..., X} € UL, F(xp), that means there exists
Xo € cofxy,Xo, ., X}, Xo = X tix; , Where t;>0,i=12,.....m, X", t; =1,
but X9 $ U{il F(xi).
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From the construction of F, we have
fQxog+ @A =Dz, x) + o(x;) —p(xy) <0;fori=12,....,m (3.6)
From (3.6), and the convexity of f in second variable and ¢, it follows that

o:f(/1x0+(1—/1)z,x0)=f(/1x0+(1—/1)2,ztixi>

< Z t f(xg + (1= 1)z, x;)

i=1
m

<> tilpG) - 9]

= plx0) = )t 0(x)

iz
< @(x0) — ¢(xo)
=0
which is a contradiction. Hence F is a KKM mapping.
Define another set valued mapping G : K — 2% such that
G)={xeK:fQy+ @A —-Dz,x) + ¢p(x) —py) < aly,x)} Vy,zeK,2€ (01]
Now we will prove that F(y) c G(y)
Foranygiveny,z € K,A € (0,1], let x € F(y) then
fOx+ (1 =Dzy)+ o) —elx) =0
From the extended relaxed a-monotonicity of f, it follows that
fAy+ @ =Dz,x) + ) —p(y) < aly,x) — [f(Ax + (1 = Dz,y) + p(y) — ()]
< a(y,x)

Therefore x € G(y), i.e.,, F(y) c G(y) ,Vy,z€ K, 2 € (0/1].

This implies that G is also a KKM mapping.

Since x — f(z,x) and ¢ are convex lower semicontinuous functions, we know
that they are both weakly lower semicontinuous. From the definition of G and the
weakly upper semicontinuity of a in the second argument, it is easy to see that G(y)
is weakly closed for all y ,z € K, 1 € (0,1]. Since K is closed bounded and convex, it
is weakly compact, and so G(y) is weakly compact in K for eachy,z € K, 2 € (0,1].
Therefore from Lemma 2.1 and Theorem 3.1, it follows that

ﬂF(y)= ﬂG(y) + 0

YEK YEK
So there exists x € K, such that f(Ax + (1 —A)z,y) + ¢(y) — (x) =0 ,
Vy,z€K,A€ (0,1],ie., (GMEP) has a solution.

Theorem 3.3 Let K be a nonempty unbounded closed convex subset of a real
reflexive Banach space X. Suppose f : K x K - R with f(Ax + (1 —1)z,x) =0,
Vx,z € K, A € (0,1] be extended relaxed a-monotone which is hemicontinuous in the
first argument ; let ¢ : K - R be a convex and lower semicontinuous function.
Assume that For fixed z € K, the mapping x — f(z,x) is convex and lower
semicontinuous; a : X x X - R is weakly upper semicontinuous in the second
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argument; f satisfied the weakly coercivity condition : i.e. there exists x, € K such
that f(Ax + (1 — 1)z, x,) + @(xy) — @(x) < 0, whenever ||x|| > + and x ,z € K

Then the (GMEP) has a solution.

Proof For r > 0, assume K, ={y e K : |ly|l <r}.

Consider the problem: find x,, € K N K, such that

fOx, +(1=2Dz,y) + () —p(x,)=0,Vy,z€EKNK, (3.7)

By Theorem 3.2, we know that problem (3.7) has at least one solution x,, € K n
K,

Choose r > ||x,|| with x, as in the coercivity condition (iii). Then x, € K N K,
and

fx, + (1 — 2)z,xy) + p(x,) — p(x,) = 0. (3.8)

If ||lx,|| = for all », we may choose r large enough so that by the coercivity
condition (iii), we have f(Ax,+ (1 —2)z x,)+ @(xy) — @(x,) <0, which
contradicts (3.8).

Therefore there exists r such that |[x,|| <r. For any y € K, we can choose
0 < t < 1 small enough such that x,. + t(y — x,.) € K N K,

From (3.7), it follows that

0< f(lxr + (1 - A)Z, Xy + t(y - xr)) + q)(xr + t(y - xr)) - QD(XT)
<tf( +(1-Dzy) + L -)f(Ax, + (1 - Dz, %) +t o) + (1 - )ox,) — o(x,)
=tlf(Ax, + (L = Dz, y) + o(y) — o(x)]
Hence f(Ax, + (1 — )z, y) + o(y) —p(x,) =0,Vy €K
Therefore, the (GMEP) has a solution. This completes the proof.

CONCLUSION

The present work has been aimed to theoretically study the existence of solutions for
generalized mixed equilibrium problem under extended relaxed a-monotonicity in
reflexive Banach spaces. Our results generalize the mixed equilibrium problems as
well as the notion of relaxed a-monotone mapping.

REFERENCES

[1] Bai, M.R., Zhou, S.Z, and Ni, G.Y., 2006 “Variational-like inequalities with
relaxed n-a pseudomonotone mappings in Banach spaces”, Applied
Mathematics Letters, 19(6) , pp. 547-554.

[2] Bianchi, M., and Schaible, S., 1996, “Generalized monotone bifunctions and
equilibrium problems”, Journal of Optimization Theory and Applications,
90(1) , pp.31-43.

[3] Bianchi, M., and Schaible, S., 2004, “Equilibrium problems under generalized
convexity and generalized monotonicity”, Journal of Global Optimization,
30(2-3), pp. 121-134.

[4] Bianchi, M., and Pini, R., 2001, “A note on equilibrium problems with properly
quasimonotone bifunctions”, Journal of Global Optimization, 20(1), pp. 67-76.



Generalized Mixed Equilibrium Problems 155

[5]

[6]
[7]

[8]

[9]
[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Ceng, L.C., and Yao, J.C., 2009, “On generalized variational-like inequalities
with generalized monotone multivalued mappings”, Applied Mathematics
Letters, 22(3), pp. 428-434.

Chen, Y.Q., 1999, “On the semi-monotone operator theory and applications”,
Journal of Mathematical Analysis and Applications, 231(1), pp. 177-192.
Cottle, RW., and Yao, J.C., 1992, “Pseudomonotone complementarity
problems in Hilbert spaces,” Journal of Optimization Theory and
Applications”, 75(2), pp.281-295.

Ding,X.P., 2000, “Existence and algorithm of solutions for generalized mixed
implicit quasi-variational inequalities,” Applied Mathematics and Computation,
113(1), pp. 67-80.

Fan, K., 1984, “Some properties of convex sets related to fixed point
theorems”, Mathematische Annalen, 226(4), pp. 519-537.

Fang, Y.P.,, and Huang, N.J.,, 2003, *“Variational-like inequalities with
generalized monotone mappings in Banach spaces”, Journal of Optimization
Theory and Applications, 118(2), pp. 327-338.

Giannessi, F., 2000, “Vector variational inequalities and vector equilibria”,
Kluwer Academic Publishers, Dordrecht, The Netherlands.

Glowinski, R., Lions, J.L., and Tremolieres, R., 1981 “Numerical Analysis of
Variational Inequalities”, North-Holland, Amsterdam, The Netherlands.
Goeleven, D., and Motreanu, D., 1996, “Eigen value and dynamic problems for
variational and hemivariational inequalities”, Communications on Applied
Nonlinear Analysis, 3(4), pp.1-21.

Karamardian, S., and Schaible, S., 1990, “Seven kinds of monotone maps”,
Journal of Optimization Theory and Applications, 66(1), pp. 37-46.

Verma, R.U., 1997, “On generalized variational inequalities involving relaxed
Lipschitz and relaxed monotone operators”, Journal of Mathematical Analysis
and Applications, 213(1), pp. 387-392.

Verma, R.U., 1998, “ On monotone nonlinear variational inequality problems”,
Commentationes Mathematicae Universitatis Carolinae, 39(1), pp.91-98.

Yang, X.Q. and Chen, G.Y., 1992, “ A class of nonconvex functions and pre-
variational inequalities”, Journal of Mathematical Analysis and Applications,
169(2), pp. 359-373.

Mahato, N.K., and Nahak, C., 2012 “Weakly relaxed a-pseudomonotonicity
and equilibrium problem in Banach spaces”, Journal of Applied Mathematics
and Computing, 40 (1-2), pp. 499-5009.

Mahato, N.K., and Nahak, C., 2013, “Mixed equilibrium problems with relaxed
a-monotone mapping in Banach spaces”, Rendiconti del Circolo Mathematico
di Palermo.

I. V. Konnov, E. O. Volotskaya, 2002, “Mixed variational inequalities and
economic equilibrium problems, J. Appl. Math. , pp. 289-314.

K. Fan, 1961, “A generalization of Tychonoff’s fixed point theorem”, Math.
Ann., pp. 305-310.



156 Khushbu and Zubair Khan



