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Abstract

A graph ¢ = (V, E) with p vertices and g edges is called a Root Square Mean
graph if it is possible to label the vertices x € V with distinct labels f(x) from
12,..,q+1in such a way that when each edge e = uv is labeled with

fle=uv) = [ f@l or { /f(”)zz;’c(v)z| , then the edge labels are

distinct. In this case f is called Root Square Mean Labeling of G. In this paper
we prove that subdivision of some graphs are Root Square Mean graphs.

Key Words: Graph, Root Square Mean graph, Triangular Snake,
Quadrilateral Snake, Alternate Triangular Snake, Alternate Quadrilateral
Snake.

1. Introduction

All graphs in this paper are finite, simple, and undirected graph ¢ = (V,E) with p
vertices and q edges. For all detailed survey of graph labeling we refer to Gallian [1].
For all other standard terminology and notations we follow Harary [2]. Root Square
Mean labeling was introduced by S.S.Sandhya, S.Somasundaram, and S.Anusa in [3]
and studied their behavior in[4], [5], [6], [7], [8], [9], [10].In this paper we prove that
subdivision of some graphs are Root Square Mean graphs. The following definitions
and theorems are necessary for our present study.
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Definition1.1: A graph G = (V,E) with p vertices and g edges is called a Root
Square Mean graph if it is possible to label the vertices x € V with distinct labels
f(x)from1,.2,..,q+ 1in such a way that when each edge e = uv is labeled with

fle=uv) = [ f@] or { /m‘)zzﬂ| then the edge labels are distinct. In

this case f is called Root Square Mean Labeling of G.

Definition1.2: A Triangular Snake T, is obtained from a path u,u, - u,, by joining
u; and u;,q toanew vertex v;,1 <i <n-—1.

Definition1.3: An Alternate Triangular Snake A(T,) is obtained from a path
U Uy -+ Uy, by joining u; and u;,, (Alternatively) to a new vertex v;.

Definition1.4: A Quadrilateral Snake Q,, is obtained from a path u,u,--u, by
joining u; and u;,4 to two new vertices v; and w;,1 < i < n — 1 respectively and
then joining v; and w; .

Definition1.5: An Alternate Quadrilateral Snake A(Q,,) is obtained from a path
UiU, - U, by joining u; and u;., (Alternatively) to new vertices v; and w;
respectively and then joining v; and w; .

Theorem1.6: A Triangular snake T,, is a Root Square Mean graph.
Theorem1.7: Alternate Triangular Snake A(T},) is a Root Square Mean graph.
Theorem1.8: A Quadrilateral Snake Q,, is a Root Square Mean graph.

Theorem1.9: Alternate Quadrilateral Snake A(Q,,) is a Root Square Mean graph.

2.Main Results
Theorem?2.1: S(T;,) is a Root Square Mean graph.

Proof: Let u u,---u, be a path of length n. Let T,, be the triangular snake obtained
by joining u; and u;,, to a new vertex v;,1 <i <n—1 .Let us subdivide the edges
of T,,. Here we consider the following cases.

Case(1): G is obtained by subdividing each edge of the path.

Let t;,t,, -+, t,,_1 be the vertices which subdivide the edge u;u;,; -
Define a function f:V(G) - {1,2,...,q + 1} by
f(u)=4i—-3,1<i<n

fv))=4i—-2,1<i<n-1

f(t)=4i,1<i<n-1
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Then the edges are labeled as
f(ulvl):4l—3,lSlS'n—1
f(ultl)=4l—2,1SLSn—1
f(tl-qu) =4i,1<i<n-1
f(vl-ul-_,_l) =4i-11<i<n-1

Then we get distinct edge labels. Hence f is a Root Square Mean labeling of G.
The labeling pattern of S(Ts) is shown below.

Figurel

Case(2): G is obtained by subdividing the edges u;v; and u;,,v; .

Let x; and y; be the two vertices which subdivide the edges wu;v; and
u; 10,1 < i < n— 1respectively. Define a function f:V(G) - {1,2,...,q + 1} by
f(u;))=5i—4,1<i<n

fw)=5i-21<i<n-1

f(x;)=5i—-3,1<i<n-1

fy)=5i—-11<i<n-1

Then the edges are labeled as
f(uix))=5i—4,1<i<n-1
f(xlvl):51—3,1SlSTl—1
fyiuip)=5i,1<i<n-1
f(ulul+1):51—l,lSlSn—l

Then we get distinct edge labels. Hence f is a Root Square Mean labeling of G.
The labeling pattern of S(Ts) is shown below.

Figure2
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Case(3): G is obtained by subdividing all the edges of T,,.

Let x;,y; and t; be the vertices which subdivide the edges w;v; v;u;,; and
u;u;,4 respectively. Define a function f:V(G) - {1,2,...,q + 1} by
f(u))=6i—51<i<n

f(v)=6i—-3,1<i<n-1

f(x;)=6i—4,1<i<n-1

fy)=6i—-11<i<n-1

ft)=6i—-21<i<n-1

Then the edges are labeled as
fluix;))=6i—51<i<n-1
fxiv)=6i—-41<i<n-1
f(tl-uH_l) :61,—1,1 <is<n-1
fviy)=6i—2,1<i<n-1
fiuip)=6i,1<i<n-1

Then we get distinct edge labels. Hence f is a Root Square Mean labeling of G.
The labeling pattern of S(T5) is shown below.

Figure3

From case(1) case(2), case(3), it can be seen that S(T},) is a Root Square Mean graph.
Theorem?2.2: S(Q,,) is a Root Square Mean graph.

Proof: Let w,u,---u, be a path P, Join u; and u;,; to new vertices v; and
w;,1 <i <n-—1respectively and then joining v; and w; . The resulting graph is a
Quadrilateral snake Q,, . Let G be the graph obtained by subdividing the edges of Q,, .
Here we consider the following cases.

Case(1): G is obtained by subdividing the edges of the path.

Let t;, ty, -+, t,,—1 be the vertices which subdivide the edge u;u; ;1,1 <i<n-1.
Define a function f:V(G) — {1,2,...,q + 1} by

f(u)=5i—-41<i<n

f(wv;)=5i—-3,1<i<n-1

fw;))=5i—-21<i<n-1

f(t)=5,1<i<n-1

Then the edges are labeled as
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fuv;))=5i—4,1<i<n-1
f(lel)ZSl—s,].SlSn—l
fwju;;.1) =5i—-1,1<i<n-1
f(ultl)=5l—2,1SLSn—l
f(tlu,H_l):Sl,lS i<n-1

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(Qs) is shown below.

Figure4

Case(2): G is obtained by subdividing all the edges of Q,,.

Let ¢t;,x;,s;,y; be the vertices which subdivide the edges w;u;.q,u;v;, v;w; and
w;u,;,, respectively. Define a function f:V(G) -» {1,2,...,q + 1} by
f(u)=8i—7,1<i<n

f(x)=8i—-6,1<i<n-1

f(v)=8i—-51<i<n-1

f(s)=8i—41<i<n-1

fw)=8i—-3,1<i<n-1

fly)=8i—-2,1<i<n-1

f(t)=8i,1<i<n-1

Then the edges are labeled as
flujx;)) =8i—7,1<i<n-1
f(xlvl):81—6,1SlSTl—1
f(UiSi):8i—5,1SiSn—1
f(siw;)) =8i—4,1<i<n-1
fyiuiz)=8i—1,1<i<n-1
f(ui+1ti)=8i,lSiSn—l

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(Q,) is shown below.
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12 13 19 20 21
14 18 22
16 17 24 25
Figure5

From case(1), case(2), it is clear that, S(Q,,) is a Root Square Mean graph.
Theorem2.3: S(A(T,,)) is a Root Square Mean graph.

Proof: Let u,u,--u, be the path. Let A(T,) be the alternate triangular snake
obtained by joining u; and u;,, (Alternatively) to a new vertex v;,1 <i <n — 1. Let
G be the graph obtained by subdividing the edges of A(T,) . Here we consider two
cases

Case(1): If the triangle starts from u, .

Let t;, x;,y; be the vertices which subdivide the edges w;u;,q,u;iv;, vitjsq
respectively.

Here we have to consider two sub cases

Sub case(1.a): If nis odd

Define a function f:V(G) - {1 2,..,q +1}by
(u )_{ -3,i=135,.

f 4i—-1,i=246,..,n—-1

n—
f(vi)=8i—5,1£iST
f(xi)=8i—6,1§is%

n—
f)=8i-41<i<—=

(4i+2,i=135 . n-2
f(ti)‘{ 4i i =246 . .n—1

Then the edges are labeled as
_ 4i, i =135,. -2
fuits) = {41 1,i=246..,n—1
4i + 2, 1—135 n—2
f(ti”i“):{ 4i, i=246,..n—1

n_
fluyo1x) =8i—7,1<i< ——

f(xlvl):8l—6,1SlSnT
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Flyu,) =8i—3,1<i s”T

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(Ts)) is shown below.
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Figure6

Sub Case(1.b): If n is even

Define a function f: V(G) - {1 2,...,q +1}by
(u;) = { -3,i=135,. -1

f 4i—-1,i =24, 6

f(v)=8i— ,1SLS—
f(x)=8i—-6,1<i<

fy)=8i-41<i<

r@ = e 2

I\JISNISI\)

Then the edges are labeled as
_ 4i,i=135,..,n—-1
fluity) = {41 1,i=246,.,n—2
4l+2 L—135 ,n—1
flea) ={* 70 {=246,...n~2

f(ugi_qx;) =8i— 71<l<—

n 2
f(xlvl):8l—6,1SlS§

n

n
fuy) =8i-31<i<y

Then the edge labels are distinct. Hence G is a Root Square Mean graph.

The labeling pattern of S(A(T,)) is shown below.
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Case(2) If the triangle starts from wu,.

Let ¢;,x;,y; be the wvertices which subdivide
respectively.

Here we have to consider two sub cases

Sub case(2.a): If n is odd
Define a function f:V(G) - {1.2,...,q + 1} by
Flu;) = {41’ -3,i=135,..,n
t 4i—-51i=246,.,n—1
n—1
f(vi):8i—3,1£iST
n_
f(xi):8i—4,1SiST
n—1
fy;)=8i—-21<i< 5
_(4i—-2,i=135..,n—-2
f&) ‘{ 4, i=246,..n—1

Then the edges are labeled as
_(4i—-3,i=135,.,n—2
fluty) = {41’ —2,i=246,.,n—1
_(4i—2,i=135..,n—-2
fltii) = { 4, i =246, ..,n—1

1

f(uzlxl):8l—5,1SlsnT
n_

f(xlvl):8l—4,1SlST
n_

n
fiuz1) =8i—1,1<i< ——

.
=
s
=
&)
M
M
w

the edgeS UiUjp1, UV, Viljpq

Then the edge labels are distinct. Hence G is a Root Square Mean graph.

The labeling pattern of S(A(Ts)) is shown below.



Root Square Mean Labeling of Subdivision of Some More Graphs

13

14

261

&1
[

3 8 g 10 11

e

Figure8

Sub case(2.b): If nis even
Define a function f:V(G) - {1,2,...,q + 1} by
Flu;) = { -3,i=135,..,n—-1
U -5 i=246,..,n
n
f(vi)=8i—3,1SiST
n_
fl)=8i-41<i<——

fO)=8i-21<is—~

(4i—-2,i=135 . n—-1
(&) ‘{ 4i i =246 . .1n—2

Then the edges are labeled as
_ 3,i=135,...n—1
fluty) = {41 2,i=246,..,n—2
. -2, l—135 ,n—1
f(ti“i“)‘{ 40, i =246, ...,n— 2

f(uZixi)ZSi—S,lgisn%
n_
flw)=8i-41<i<——

n—=2
fiugis) =8i—1,1<i< ——

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(T,)) is shown below.

13
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Figure9
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From case(1) and case(2), S(A(T,)) is a Root Square Mean graph.
Theorem2.4: S(A(Q,,)) is a Root Square Mean graph.

Proof: Let u,u,--u, be the path . A(Q,) is obtained by joining u; and u;,
(Alternatively) to two new vertices v;and w; respectively and then joining v;and w; .
Let G be the graph obtained by subdividing the edges of A(Q,,) . Here we consider
two cases.

Case(1): If the Quadrilateral snake starts from u, .

Let t;, x;,y;,s; be the vertices which subdivide the edges w;u; 1, u;v;, Wit1q, V;W;
respectively.

Here we have to consider two sub cases.

Sub case(1.a): If n is odd.

Define a function f: V(G) - {1 2,...,q +1}by
(u;) = { -4, i=135,.

f 5i—1,i=246,. -1

f(vi)=10i—7,lSiSn%
f(Wi)=1Oi—5,1SiS%
f(xi):loi—s,lsis"%
f(yi)=10i—4,1sl'g"%

f(si)=10i—6,1SiSnT

(5i+2, i=135 ... n—2
(&) _{ 5i i=246,. n—1

Then the edges are labeled as
_ 5i,i=135,..,.n—-2
fuits) = {51 L i=246.n-1
_(5i+3, 1—135 -2
ACLERY _{ 5L =246 m—1

Flugqx) =10i—9,1<i < %
Flxv) =10i—8,1< i s%
Fluis) =10i = 7,1 < i s"%
f(siw;)) =10i—6,1<i s%

n
fwiy) = 10i—4,1£i$—2
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ﬂ%%0=1m—&1ﬁi§£?_

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(Qs)) is shown below.
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FigurelO

Sub case(1.b) If n is even

Define a function f:V(G) - {1,2,...,q + 1} by
(u;) = {51’ -4, i=135..,n-1

fWd=15i -1 i=246,..n

f)=10i-71<i<~>

fw)=10i—-51<i

IA

flx)=10i—8,1<i

IA

IA
NI SN INI S| =N

f(s)=10i—6,1<i<

(5i+2 i=135..n—1
f“9_{ 5i (=246, n—2

Then the edges are labeled as
_ 5i,i=135..,n—-1
ﬂwm_{&—Li=Z¢&mm—2
_(5i+3,i=135..,n—-1
f(quﬁl)‘{ 5i, i =246,..,n—2
n

fugiqx)=10i—9,1<i < 5
flxv)=10i-8,1<i <
flois) =10i—7,1<i<
f(sjw;) =10i—6,1<i

IN
N SN SN 3N S

IA
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S

fiuy) =10i-31<i<g

I\J

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(Q,)) is shown below.

3 4 5 13 14 15 23 2 25

2 5 12 16 2 26

1 4 ] 16 11 ] 19 b 21 pon 29
Figurell

Case(2): If the triangle starts from u,.

Let t;, x;,y;,s; be the vertices which subdivide the edges w;u; 1, u;v;, Wju; 1, V;W;
respectively.

Here we consider two sub cases

Sub case(1.a): If n is odd.

Define a function f V(G) - {1 2,..,q+1}by
() = { =13p5,.

flu 5i — 7 i =2486,. -1

f(vi):loi—s,lsl'g"%
f(Wi)=10i—3,1Sisn%
f(xi)zloi—ﬁ,lﬁign%
f(yi)=10i—2,1sl'g"%
f(s-):10i—41<i<"%

f(t)_{SL ii—;ig i

Then the edges are labeled as
_(5i—3,i=135,..,n—-2
fltitien) ‘{ 5i, i = 2,46,..,n— 1
f(ultl)=5l—4,1SlSn—1
n_
n—1
f(xlvl)=10l—6,1SLST

f(vlsl)ZlOl—5,1SlSnT
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f@wgzlm—&1Sisﬁ%—
n_

f(Yiugip1) =10i—1,1<i < nT

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(Qs)) is shown below.

5 6 7 15 16 17
4 8 14 18
1 2 3 9 1 12 13 19 21
Figurel2

Sub case(1.a): If n is even.

Define a function f: V(G) - {1 2,...,q +1}by
(u;) = { -4, i=135,. 1

f 5i—-7,i=246,..,n

f@J:1m—&1SiS£%—

Fw)=10i—31<i<’_*%
n—2
f(x)=10i-6,1<i<——
2
f)=10i—-21<i<’_°

2
f@Qzlm—41<iSEE—
_ 3,i=135,...n—-1
ft) = {51 1 i=246, ..n—2

Then the edges are labeled as
_(5i—-3,i=135,..,n—-1
f(ﬁuﬁl)‘{ 5i,i=246,..,n—2
n_
f(uzixi) = 101—7,1 <i ST
f@m9:1m—&1Sis—%—

n
f(vlSl)zlol_S,].SlST
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f(siwi):loi—s,lsL's%
n_
f(Wi}’i)=10i—2,1SiS—2

f(Yiugip1) =10i—1,1<i < ——

Then the edge labels are distinct. Hence G is a Root Square Mean graph.
The labeling pattern of S(A(Qe)) is shown below.

1 2 3 9 11 12 13 19 21 22 23

Figurel3
From case(1) and case(2), S(A(Q,,)) is a Root Square Mean graph.
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