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Abstract

In this paper, we have studied =-Normal and hyponormal operators in the
tensor product of Hilbert spaces. Let X.¥be Hilbert spaces and T;be an
operator on X. Let £be a closed subspace of ¥and zbe a projection of ¥onto
K.Using Tyand the projection p, we construct an operator T on the tensor
product X &, ¥. Different conditions under which the operator becomes 7-

Normal, hyponormal, M-hyponormal and quasi M-hyponormal are derived

here. Several interesting results regarding the spectral radius and the null
space of T are also discussed here.
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1 Introduction

The classes of n-Normal and Hyponormal operators have received important
consideration in the study of operator theory in Hilbert spaces. Several interesting
aspects regarding these operators are investigated by many outstanding research
workers (refer to[2], [5], [8], [9]). In this paper, we study such kind of operators in the
projective tensor product of two Hilbert spaces and derive some interesting results.
Before going to prove our main results, we present some basic definitions and
preliminary lemmas.



142 Pranab Jyoti Dowari and Dr. Nilakshi Goswami

1.1  Algebraic Tensor Product
Let X, ¥be normed spaces over Ewith dual spacesX™,¥Y". Given x € X, v € ¥, let

x & wvbe the element of BL{X",V"; K), the set of all bounded bilinear functional
from X* % ¥'toK, and is defined by (¥ & ¥)(f.9) = f(x)g(y) (f €X".g €Y7)

The algebraic tensor product of X and Y, X & Yis defined to be linear span of
(x&@y: x € X,y € Y}inBL(X"Y"; K).(refer to [4])

1.2 Projective Tensor Product
Given normed spaces X and Y, the projective tensor norm yon X & Yis defined by

v(w) = inf{z ENEARE Z v, @ _1.-:.]

wherethe infimum is taken over all finite representations of u.
The completion of X & Ywith respect toyis called the projective tensor product of

Xand Yand is denoted by X @&, ¥(refer to [4]).

If Xand Yare Hilbert spaces, an inner product on X &, Vis defined as
la @b c@dy={acibd),ac EXandb,d €Y.

Then it can be shown that ¥ &, ¥'is a Hilbert space.

1. 3 n-Normal Operators

An operator T € B(H) (the set of all bounded linear operators on a Hilbert spaceH)
is called an n-normal operator if T"T" = T°T".

An operator TE B(H) is said to be quasi n-normal operator if
T(T"T") = (T"T"T.

1. 4Hyponormal Operators
An operator T on a Hilbert Space H is said to be hyponormal if T* T = T T which is

equivalent to ' T*(x) Il = I T (x) I.¥x € H. An operator Tis quasi hyponormal if
(T*)*T? = (T°T)" holds, which is equivalent toll T°T(x) 1]l T=(x) I, ¥x £ H.
An operator Tis said to be M- hyponormal if there exists a positive real number M
suchthat M*(T — A)°(T — &) = (T — A(T — D forall A € C.

In general, hyponormal =M-hyponormal =quasi M-hyponormal. [Refer to [15]]

Lemma 1. 1. [Fuglede Theorem][10]: If T is an operator then T"T = T T™ for any n.
Lemmal.2.[10] Let T € B(H). Then Tis n-normal if and only ifT "is normal.

Lemmal.3.[10] LetT € B(H). If T is both 2 and 3-normal then T'is n-normal.
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Lemma 1. 4. [2] LetT € B(H).ThenT is hyponormal operator if and only if
T'T + 2ATT*+ ATT" = 0V e R

Lemma 1. 5. [2]T is quasi M-hyponormal if and only if there exists a positive real

{ — 3 . — I . . " 1 i
number M such that MI(T — A)Tx |=|1 (T — A)'Tx | ¥x € Hand V4 ELC.

Lemma 1. 6. [2]T is M-hyponormal if and only if there exists a positive real number
Msuchthat M || (T — Dx = (T — A)°x |l; ¥x € Hand ¥4 £ C.

Lemma 1. 7. [14] T is M-hyponormal onH andkK < His a closedT-invariant
subspace, then T' | is M-hyponormal.

2 Main Results
First, we construct an operator Ton the projective tensor product of Hilbert spaces X

and Y. Let T1be an operator on X. Let K be a closed subspace of the Hilbert Space Y
and p be a projection of Y onto K.
WedefineT: Y&, ¥V - X &, ¥

by T(Z:x; ® y) = ETy(x) ® p(3:); Zx; ® ¥, € X @'}- 14

Theorem 2. 1. The operator T defined above has the following properties
a. If T1is 2 and 3 normal then T is n-normal.
b. If T1is quasi n-normal then T is quasi n-normal.

Proof. () We have, T (X, x, @ v,) = X, Ty (x) @ p(y,)
Now,

T HZx,@y) = T.T(Zx; @ ¥y)

= T(ZT(x) @p(¥y))

= E:T-l:(f'-';'j ® Tﬂ'(_‘*':j SO % §

Since Tyis 2-normal so, TiTy = T, Ty,

But, T°(Zx; ® v,) = LT (x) @p(y)

Now, using (2. 1),

T°T? (Zx, @y)=T" [:E:Tf (x,) @ TG(.‘*'::'}

= LTy T-l: (7'-';':'1 ® TG'E."';':'J

= T1:T1- (%) @ pl¥)

=TT (Z.x, ® v.) e e (2.2)

Therefore, T is 2-normal. ) )

Since Tiis 3-normal we have, TyTy = Ty TY

Now, as in (2. 2) we can show that T"T*(Z,x, @ v,) = T°T" (Lx, @ v,)
Therefore, T is 3-normal.
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As T is both 2-normal and 3-normal so by Lemma[1. 3] Tis n-normal.

Proof. (b) T(T"T*)(Z,x, @ v.) = TT"I.T(x,) & p(y.)

= TITIT (x) @ ply)

= LT (Tiﬂ T{:' (3'-';') ® Tﬂ'(_‘*':j

= F(TyTV)T (x.) @ p(y,). [+Tyis quasi n-normal]

= T-TH[:T(E;'I: ® ‘*:'}

Thus T(T*T") = (T°T™)T

Therefore, Tis quasi r-normal. []

Now, we discuss hyponormality conditions for the operator T.

Theorem 2. 2. Tishyponormal if and only if Ty is hyponormal.

Proof. If T,is hyponormal, then || Ty (x) [I<I| Ty(x) || vx € X
Now, Il T*(Z;x; @ w) 1= 1 Z; Tz, @ plvi) |l

< Z T I p(v) I

= X N Ty, 1 ply) I [+ Tyis hyponormal]

Thus, I| T*(X.x; @ v.) 1= T(Z, x, @ v.) || [Taking projective norm]
So, Tis hyponormal.

Conversely, LetTbe hyponormal.

We fix an element mzin £.

Thenm = p(m);m = 0

Let x £ Xbe arbitrary.

Now, I Ty (x) Il 1 m I=Il Ty () Il g™ (m) I

=ITi(x) @pim) |

= T{x & m) |

= Tlx & m) | [+ Tishyponormal ]

= T.(x) & plm) |

=|l Tux) Il pim) Il

=l T.0x) I m

=| Ty (x) =l Ty(x) I.showing that Tyis hyponormal. [
In view of the above theorem we get the following corollary:

Corollary2.0. 1. Forall A€ R
T*T + 2iTT* + A*TT* = 0 = T, T, + 2iT,T, + A2T\T, = 0
Similar result holds in case of quasi M -hyponormality condition also.
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Theorem 2. 3. Tyis quasi M-hyponormal if and only if T is quasi M-hyponormal.

Proof. Let The quasi M-hyponormal. So, by Lemma 1. 5,

MI(T — A)Tull=|l (T — A Tu|,Yue X ®, vandvi & C--------(2. 3)
Now if m € K, thenm = p(m), (m = 0)
Forx £ X,

M (T, — ATy (x) Ml m = M || Ty(Tyx) — ATy (x) kNIl p(m) |
= M I (Ty(Tyx) — ATy(x)) @ p(m) I

M|T(Tyx @ m) — AT(x & m) ||

= M| (T - AT(x & m) |

2| (T — A'T(x @m) |l using (2.3)

= (T* — AT(x & m) |

=T ((Tyx) @p(m)) — ATyx @ p(m) |

=I(T{ = )Tz @ p(m) I

=|I (Ty — A Tyx [l p(m) |l

=|I (Ty — A" Tyx Jlllm |l

= M || (T, — AT, =l (Ty— A'Tyx || (» m= 0),
showing that T is quasi M-hyponormal.

Conversely, let Ty be quasi M-hyponormal.

For,x, @y, € X @, Ywe have,

(T = A T(Zx, @y) I1=1(T" — "1}[:2:?1 (%) @ py (1*:'} Il
= 5,77, Ef‘-';') & py (‘*) — ALT, Ef'-';') ® py (i) Il

=l Z(Ty — ATy (x) @ py(w) |l

I N (Tys = AT () 1 pyly) i

= I |l (Ty— ATy, 11 pyy; |l

= IM Ty — ATy I pyy; |

[Ty is quasi M-hyponormal]

So, taking projective tensor norm,

(T — AT CETx,@y) 1= M| (T, — ATyx, @p(v) |
= M I Z(T)%(x) @ pi(v)) — AT (5, @ y) |l
=MI|T¥Zx. @y,) — AT (Zx. @y) |

=MII(T - AT (Zx. & v |

Thus M Il (T — AT (Zx, @) Izl (Ty = AT (Zx, @) |l
Therefore, Tis quasi M -hyponormal. &

Theorem 2. 4. TyisM-hyponormal if and only if Tis M-hyponormal.
The proof is similar as above.
Now we consider a closed subset of the Hilbert space X and derive the following



146 Pranab Jyoti Dowari and Dr. Nilakshi Goswami

result.

Theorem 2. 5. If Tyis a quasi M-hyponormal operator on a closed subset jof X, then
T'is M-hyponormalon ] & K.

Proof. Since Tyis quasi M-hyponormal on /. so, by lemma 1.5
M (T, — A)Tyx =l (T, — A)'Tyx || ¥x € Jand4 € C
Forfj @k €] &K

I (T— A (ZJ; @Emjn—nft?“ — A @ik,

o (Ty — AG I pyks

M ':T1. - ":'Tv‘: Il -01. :

= MEZ, || (Ty — ATy I pyk; Nl

Taking the projective tensor norm,

(T — "{:'-(E:J": Kk) = ML | (T‘l_ *’E:'Tu": & pik; |l
=M (T - D(EL0k) I

Thus, M Il (T — DX, @ k) Izl (T — 1)) (Z4, @ k) |
so0, using the Lemma 1. 6, we have, T is M-hyponormal onj & K.

I 1A

Theorem 2. 6. If Tis M-hyponormal and @is a T-invariant closed subspace of
X @&, ¥, then corresponding to @there exists a closed subspace Gof X such that,
Ty|gis M-hyponormal.

Proof. For g € ¥"(The dual space of Y), we define, F: X &y ¥ — Xsuch that
F(Zx,®y,) = Zgy)x, Zix, @y, € X QyY

Then Fis a bounded linear operator on ¥ @, Y with Il F lI=ll g I
LetR= @ N (X @ K). Then Ris a closed subspace of X & V.
Now,T(¢) = @ = F(T(Q)) = F(Q).

So, for Iz, & v, € @, we have,

F(T(Zx; @) € F(Q)

i.e, F(ITyx, @py(v:)) € F(Q) = Liglpyy)Tyx, € F(Q).

Let. § = F(R)

= {F(Zq,®n): 5iq; @1, € R}

= {Zg(r)aq;: Z;q;@r; € R}

For,f.a, &b, € R = @ N (X & K),we have, b, € K ¥i.So, p b, = b,¥i
Also,

T,(F(Z:a; ®b,)) = Ty(Z;9(b)a;)

= T g(b)Ta

= I, 9(p, b )Ty a
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= F(LTya, @ pb,)

= F[:T(E:'ﬂ: & b;':'}-

Since I;a; @ b, € Qtherefore, T(Z.a, @ b,) € QasT(Q) = @)
Again,

T(Z.a &b)= ETia @pb, = ETia, @b, X @K.
Thus,

T(Za;®b)E QN (X ®K)=R

Therefore, T, (F(Z.a; @ b)) € F(R) = @.

By Theorem 2.4 T,(J) c §

So, @ is a Tyinvariant closed subspace of X .

Now, T'is M-hyponormal =T, is M-hyponormal.

So, by Lemma 1. 7 T, | zis M-hyponormal. O

Next we want to discuss spectral properties of the operatorT.
r(T) = sup{lzl: z € o(T)}

The spectral radius, denoted by (T} is defined as where
o (T) denotes the spectrum of the operator T.
The numerical range, denoted by w(T) is defined as

WI(T)= closure{z: z ={Tx,x}) x| = 1}

Lemma 2. 1. ([13]) IfTis hyponormal and[:T—:f}_iexists(as a bounded

operator)(z £ C) then[:T - :f}_iis hyponormal.

Lemma 2. 2. ([13]) Let Tbe hyponormal withzcontained in the resolvent set of T, i.
ez € (7). Thenl (T — z)7' | £ ——

Lemma 2. 3. ([13]) For any operator T, || (T — z[)x ||z d(z, W(T)), Il x |= L.

Theorem 2. 7. If Tis M-hyponormal, then for any 4 € C, spectral radius of (T - ),

T — A< M:I(T =21

Proof. Forn € Mandu € X &y VY

(T — D" > ={(T — )" u (T — A)"uw

= {(T — AT — D™u, (T — )" tu)

ZN(T — DT - D"l (T — A" |

= MI(T — " (T — A" u [T is M-hyponormal]
=M I =20 0w =200l

\=M (T = DI ul®(@24)
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For n=1 from 2. 4 we have
(T — ADul*= M (T— D10 ul?

= (T — Au =M=l (T =2 Il wll
Soll (T — A)u |IP< MMI(T — D2 11" Il w|?
=M™ (T = 2170w I?
mn+i
= (T - A u =M= [I(T—=23010% ull

n+1

=) (T — A% 1= M= | (T -4

Now, (T — A) = lim____ || (T — A)" |
n+1

< lim M= || (T—2) |

=Mz (T =2) | 0

Theorem 2. 8. Let T be M-hyponormal with u & a(T).

Then|| (T — ul)™ ' = ;T provided (T — wl) exists.

Mdi e

Proof. Using Theorem 2. 6, for I (T — wi)™* ||, we have,

1
(T —uwl) >z =r((T — u)™)
VM
1
= —max{|u|: u € o((T — wl)—1)}
M
= 1/[WMmin{|u|: u € a(T — uh)}]
= l,f“[w"ﬁmin{hr, —ul:u e a(T)}]
1

VM d{ e (T

Theorem 2. 9. N(T, — ) & K S N(T — i) ¥i € C, where N(T)denotes the null
space of T'.

Proof. Letx & m € N(T; — 4) @ K.

Thenx € N(T; — A)andm € K.

S Tyx = Ax

Now, Tix @ m)= Ty(x) @ plm) = Ax@ m = A(x @ m)
. x @ m e NT — 2)

. N(Ty — 1) ® K € N(T — A).0

For M-hyponormal operator T.N(T — A) & N(T — A)"Vi € C.
So,wehave, N(T; — 4) @ M € N(T — i) € N(T — Ay
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Concluding Remark:

There are some other aspects to be investigated regarding thin spectra, integral
decomposition, growth condition etc., (refer to [1], [5]) for all the above types of
operators on Hilbert Spaces. In [2], [7] there are some interesting results regarding
paranormal operators in Hilbert Spaces. An operator T on a Hilbert Space H is said to
be paranormal if II T(x) I*<Il T*(x) Il, for every unit vector xin H.

Now the following problem can be raised: Can we derive analogous results in case of
paranormal operatorson X & v ?
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