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Abstract 

 

The aim of this paper is to establish some results in connection with the 

chaotic behaviours of the forward shift map  on the generalised one-sided 

symbol space m , Nm  )2( . We prove that   is Devaney chaotic, 

Auslander –Yorke’s chaotic and generically  -chaotic. We also prove that 
  is exact Devaney chaotic and as a consequence mixing Devaney Chaotic 

and weak mixing Devaney Chaotic. It is further established that the shift map
 on m  is topologically conjugate to the map )1(mod)( mxxfm  on the 

space ZR / or equivalently conjugate to the map m
m zzf )(  on the circle 1S . 
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1.Introduction: 

Discretization of spaces gives birth to symbolic dynamics which is a very powerful 

tool to analyse general dynamical systems in more effective ways. In fact, symbolic 

dynamics is a topological dynamical system ),( fX  where X  is a compact metric 

space and XXf :  is a continuous transformation. That is, ),()( XXCXCf  , 

the space of all continuous maps from X  into X  equipped with the sup norm. It is to 

be noted that )(XC  is a complete and separable metric space. 

The chaotic behaviour of topological dynamical systems attracted the attention of the 

researchers since the introduction of the most popular but curious word „chaos‟ in 
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1975 by T.Y. Li and James A. Yorke in their much stated paper „Period three implies 

chaos‟[11]. The basic ingredients of Li-Yorke chaos (as it is known today) are 

uncountable scrambled sets and so called Li-Yorke pairs. In last few decades a quite 

good quantum of knowledge has been added in the field of dynamical systems which 

includes some innovative ideas and stronger ingredients of analysis such as 

transitivity, mixing, sensitivity dependence on initial conditions, exactness etc. In 

1980, J. Auslander and J.A. Yorke [1] defined chaos by associating the concept of 

transitivity and sensitivity which is known as Auslander-Yorke chaos. Thereafter, in 

1989, R.L. Devaney [7] posed the example of defining chaos in an another way to 

study deterministic processes. The chaos defined by Devaney is known as Devaney 
chaos today. A map f  on a closed set X  is called chaotic in Devaney’s sense or 

Devaney chaotic (DevC in short) if 

       (i) f  is transitive on X , 

      (ii) the set )( fP of all periodic points of f is dense in X , and 

     (iii) f exhibits sensitive dependence on initial conditions[2, 7]. 

 

Devaney chaos is important in analytical as well as application point of view. In the 

year 1992, L. Snoha [21] introduced the concept of dense chaos as well as dense  -
chaos. The notion of distributional chaos was then introduced in 1994 by Schweizer 

and Smital [19] and thereafter L. Wang gave the concept of distributional chaos in a 
sequence in 2007[22]. Today, Devaney chaos has been studied in more extensive 

ways i.e. Devaney chaos with much stronger conditions such as EDevC, MDevC and 

WMDevC. A  Devaney chaotic map XXf : is said to exhibit exact Devaney chaos 
(EDevC) [10] if it is exact, i.e., if for every non-empty open set U  of X , there exists 

some Nm such that XUf m )( . On the other hand, a Devaney chaotic map 

XXf :  is said to exhibit mixing Devaney chaos (MDevC), if it is mixing, i.e., for 

any pair of non-empty open sets U  and V  of X , Nn  0
 such that ,)( VUf n 

0nn  . Further, the Devaney chaotic map XXf : is said to exhibit weak mixing 
Devaney chaos (WMDevC), if it is weak mixing i.e. ff   is transitive on XX   i.e. 

for every non-empty open sets VU ,  of XX  , Nn  such that .)( VUf n  In 

this paper, we have given a formal description of the generalised one-sided m -symbol 

sequence space m  = {0, 1, 2, …m-1}
N 

= }},1,.....,2,1,0{:){( 1 Nmmxx iii 

 , and 

discussed the Devaney chaoticity of the forward shift map   mm: . For 2m , 

we have the symbolic dynamical system
2  which is a well known example of a 

chaotic dynamical system. Many works have been done on this system and hence 

many references of the binary sequence space 
2  and the forward shift map   can 

be found in various papers and books such as [3, 7, 8, 9, 12, 16, 17, 20]. It is easy to 

understand that   m2
and hence we can certainly expect that some of the results in  
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),( 2

  may be extended to ).,(  m In fact, we have extended some of the concepts 

available in the symbolic dynamical system ),( 2

  to ),(  m . Here, we have 

established that the forward shift map on the generalised m-symbol space m  is DevC 

and as a consequence it is chaotic in Auslander-Yorke’s sense. Further it is proved that 
 is EDevC (Exact Devaney chaotic) and consequently MDevC (Mixing Devaney 

chaotic)and WMDevC (Weakly mixing Devaney chaotic)map. Further, we have 

proved that   mm: is topologically conjugate to the map )1(mod)( mxxfm  on 

the space ZR / . 

 

Note: In the whole paper we have used the  “shift map” in place of “forward shift 

map” and the symbols  and in lieu of  and m respectively for the sake of 

simplicity. Also, by N we have denoted the set of natural numbers. 

 

2. Basic Concepts and Results: 

Definition 2.1: Auslander-Yorke chaotic maps [13]: A continuous map f  on a 

metric space X  is said to be chaotic according to Auslander and Yorke if f  is 

transitive and f  has sensitive dependence on initial conditions. So, it immediately 

follows that a DevC map is always chaotic in Auslander-Yorke’s sense. 

 
Definition 2.2: Li-YorkePair [4]: A pair 2),( Xyx   is called a Li-Yorke pair with 

modulus 0 if 


))(),((lim yfxfdSup nn

n
 and 0))(),((lim 



yfxfdInf nn

n
, 

where f  is a continuous transformation on the compact metric space ),( dX . The set 

of  all Li-Yorke pairs of modulus 0  is denoted by ),( fLY . 

 
Definition 2.3: Weakly and modified weakly chaotic dependence on initial 

conditions[3]: A dynamical system ),( fX  is called weakly(resp. modified weakly) 

chaotic dependence on initial conditions if for any Xx  and every neighbourhood 

)(XN  of x , there are )(, XNzy   [in modified weakly case xzxy  , ] such that 
2),( Xzy  is Li-Yorke. 

 
Definition 2.4: Generically  -Chaotic maps[3]: The continuous map XXf : on 

a compact metric space X  is called generically  -chaotic if ),( fLY is residual in 
2X . 

 

Proposition.2.5[7]: A topological dynamical system(TDS) XXf :  is 

topologically transitive if for every pair of non-empty open sets U and V of X , there 

exists Nn  such that .)( VUf n   

 

Proposition 2.6[6]: Let X  be a compact metric space and XXT :  be a 

continuous topologically mixing map. Then T  is also topologically weak mixing. 
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Proposition2.7[18]: Let XXT :  be a continuous map on a compact metric space

X . If T is topologically weak mixing, then it is generically  -chaotic on X  with 

)(Xdiam . 

 

2.8: The topological dynamical system ),( m : 

 It is well known that 2
}1,0{:)({}1,0{ 1  

 iii
N aaa } is a compact metric space 

for the metric d  defined by 





1 2
),(

k
k

kk yx
yxd

 

where ,),.........,,,( 24321  xxxxx

and .),.........,,,( 24321  yyyyy
 

Also the shift map on 2  defined by

,.....),,(,.....),,( 432321 aaaaaa  is a continuous map[3].  Thus ),( 2   is a topological 

dynamical system(TDS) which is chaotic in nature. 

Similarly, the space }1,.....,2,1,0{:)({}1,.....,2,1,0{ 1  

 mxxxm iii
N

m } where

Nm  )2( , the generalised m -symbol sequence space, is a compact metric space 

under the distance function Rd mm :  defined by 

                    ),( yxd  = 




1k
k

kk

m
yx

for myyyyxxxx  ,......),,(,......),,,( 321321
 

It is to be noted that d is always a metric if we replace m  in the definition of  d  by 

any number m . Again, it can easily be seen that the shift transformation

mm : defined by ,.......),,(,.......),,,( 4324321 xxxxxxx   is continuous. Therefore, 

),( m is clearly a topological dynamical system. One important fact is that for any 

Nmnm  )(, , we always have that mn  . 

 

2.9 : The map mxxfm )(  mod1 and the unit circle S
1
: 

It is a well known fact that for any ,)2( Nm  the map ]1,0[]1,0[: mf  s.t. 

)1(mod)( mxxfm   is discontinuous at the points 
m

m
mmm

1
,.....,

3
,

2
,

1 
I . This map 

is well defined on ~// IZR  where ZR / is the space of equivalence classes Zx  

of real numbers x  up to integers such that two real numbers yx,  belong to the same 

equivalence class if an only if Ǝ an integer Zk  such that kyx   and ~/I  

denotes the unit interval with the endpoints identified such that  the symbol ~ implies 

that 0~1 are glued together to get a circle. ZR / is a metric space under the metric 

myxyxd
Zm




min),( . 

Also, the unit circle 1S  = }10:{}1:{ 2  iezCz  is a metric space w.r.t. the 

modified arc length distance d  defined by 12

22
),( 21 


ii eed

  
]1[ 12  or

according as 
2

1

2

1
1212   or . 1S is a compact metric space and there is a 

one-to-one correspondence between ZR / and 1S via the map 1/: SZR   given by
ixex 2)(  . 
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Thus ZR /  is identified with 1S  via the 1-1 correspondence Ψ(x) = 
ixe 2

. So, the map 

)(xfm  on ~// IZR   can be defined on 1S as
mmixmxiix

m zeeezf  )()( 2)(22 
. 

This is a continuous map on 1S . Ultimately, ( 1S , mf ) is a topological dynamical 

system. 

 

2.10: m-nary expansions and m-adic  rationals: 
It is well known that every real number x in the unit interval I  = [0, 1] has a binary 

expansion given as 





1 2i

i
ixx  where }1,0{ix  which is unique except for the dyadic 

rationals, rational numbers of the form n
k
2

where 120  nk and Nn . In case of 

a dyadic rational, we have two different expansions, one ending with an infinite tail of 

0‟s and the other with an infinite tail of 1‟s  as the digits of expansion. We have also 

similar cases and notions for ternary expansions. 

In a similar fashion for those of binary and ternary expansions and dyadic rationals, 

for any )3(  mNm and ]1,0[ Ix , we can talk about m -nary expansions. For 

every Ix , we have an expansion 





1i

i
i

m
xx , similar to those of the binary and 

ternary expansions in structure, where }1,...,2,1,0{  mxi , which we call an m -nary 

expansion. Also, a rational number of the form nm
k

in the unit interval ]1,0[I , 

where 10  nmk and Nn , may be defined as an m -adic rational. One can 

easily verify that every m -adic rational has two different expansions, one ending with 

an infinite tail of 0‟s in the numerator and the other with an infinite tail of 
sm ')1(   in 

the numerator, just like dyadic rational numbers. e.g., if 0,0,
1






kn
i

i
i aa

m
ax for 

all k>n, i.e., ,
1





n

i
i
i

m
ax  is an expansion for an m -adic rational, then, 

,
1

1

1

1














nk

k
k

n
n

n

i
i
i

m
a

m
a

m
a

nkmak  ,1 , is the other expansion for x . 

 

 

3. The Main Results: 

Theorem: 3.1[The Proximity Theorem]: Let myx , . Then, ),( yxd  ≤ nm
1

if 

and only if x and y agree up to n -digits [i.e. if ,......),,(,......),,,( 321321 yyyyxxxx   

then ii yx  for ni ,......,3,2,1 ] 
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Proof:   Let myyyyxxxx  ,.....),,(,.....),,,( 321321  
and x  and y  agree up to the 

n -digits. 

Then, 0 ii yx for ni ,.....,3,2,1 and therefore, we have, 0
1







n

i
i

ii

m
yx

 

So, 





1

),(
k

k
kk

m
yx

yxd  = 


n

i
i

ii

m
yx

1

 + 




nk
k

kk

m
yx

 = 0 + 



nk

k
kk

m
yx






nk
k

kk

m
yx

 

NimyxyyyyxxxxNow iim  },1,....,3,2,1,0{,,....),,(,....),,,(, 321321

 

                                                                            
Nimyx ii  ,1

 

                                                                            
nk

m
m

m
yx

kk
kk







 ,
1

 







nk
k

kk

m
yx

yxd ),( 


 


 1

1

nk
km

m








0
1

1
.

1

r
rn mm

m

m
m
m

n 1
1

1
.

1
1







 = nm

1
 

Conversely, let, nm
yxd 1
),(  . We need to show that x and y  agree up to n -digits. If 

possible, let, x disagrees to y at least at one digit that precedes the 
thn -digit, say at thi

-digit where 11  ni  and agrees at all other digits up to n -digits. Then, 







1

),(
k

k
kk

m
yx

yxd  = 









1nk
k

kk
i

ii

m
yx

m
yx

≥ i
ii

m
yx 

≥ im
1

> nm
1

,[ nni  1 ] 

This contradicts our assumption that nm
yxd 1
),(  . Further, if x  disagrees to y at 

more than one digit for 11  ni , then also proceeding as above we get 

contradictions. So, it follows that x  and y  must agree up to n -digit.  ■ 

 

Theorem: 3. 2: The shift map mm : is topologically transitive. 

 

Proof: To establish that the shift map  is topologically transitive, by proposition2.5, 

we need to show that for any two non-empty open setsU  and V of m , there exists 

Nn such that .)(  VUn   

Let VyyyyandUxxxx  ,......),,(,......),,( 321321 be arbitrary (since U  and V are 

non-empty open sets, so we always have such points). 

Now, Ux , Vy and ,U V are open sets. So, Ǝ open balls UrxB ),( 1  and 

.),( 2 VryB   If },,min{ 21 rrr  then UrxB ),( and VryB ),( . We choose 

Nn such that r
mn 
1

. Consider the point mn yyyxxxxz  ,.....),,,,.....,,,( 321321  

which agrees with x up to the thn  term. Therefore, by Proximity Theorem, we have 
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that ),( zxd  ≤ UrxBzr
mn  ),(
1

 
and consequently it follows that

).()( Uz nn    

Also, ,,........),,()( 321 Vyyyyzn  VUzyUzy nnnn )()()()(    

So, it follows that  VUn )( and hence mm : is topologically transitive.■ 

 

Theorem: 3.3: The shift map mm : is topologically mixing. 

Proof: Let U  and V be any two non-empty open sets in m . We show that there 

exists a non-negative integer n0 such that .)(  VUn  , 0nn  . 

Let VyyyyandUxxxx  ,......),,(,......),,( 321321
 be arbitrary (since U  and V

are non-empty, so we must have such points in U  and V ). Then, since, Ux , Vy
andU , V  are open sets in m , Ǝ open balls ),( 1rxB , ),( 2ryB  such that UrxB ),( 1  

and VryB ),( 2 . If },,min{ 21 rrr  then UrxB ),( , VryB ),( and we can 

choose Nk such that .
1 r

mk   We then construct a sequence { nz }of points in m  

with the help of k , x  and y  such that 

                 
)..........,,,,......,,,( 432143211 yyyyxxxxxz k  

                 
......),,,,,......,,,( 4321143212 yyyyaxxxxxz k  

                 
......),,,,,,......,,,( 43212143213 yyyyaaxxxxxz k , ………, 

                 }1,....,2,1,0{,2,,....),,,,....,,,,....,,,( '

321121321   maiyyyaaaxxxxz s
iiki  

Here, every 2, izi , is constructed by using the finite word obtained by taking first 

)1( i consecutive symbols of a fixed sequence miaaaaaa   ,.....),......,,,,( 14321

chosen arbitrarily. More precisely, the first k letters of ,iz for each ,2i  is the finite 

word ),,.........,,,( 4321],1[ kk xxxxxx 
 

taken from Ux and then follows the word 

),......,,,,( 14321]1,1[   ii aaaaaa taken from a  and at last the sequence representing y i.e.

).,,( ]1,1[],1[ yaxz iki 
 
In this case we can also use a fixed letter from the alphabet set 

}1,....,2,1,0{ m repeating it for )1( i times rather than using .]1,1[ ia  

 

Now, by using the Proximity Theorem, we clearly have, 

),( izxd  ≤ r
mk 
1

 [ x and iz
 

agree up to the thk -digits], for all .Ni  So, 

UrxBzi  ),(  and  hence )()),(()( 111 UrxBz ikik
i

ik     for all .Ni  

Also, )()(,,.....),,()( 11

321

1 UzVyyyz ik
i

ik
i

ik    imply that ,)(1   VUik 

for all 2i . Therefore,  VUn )( , for all kn  . 

Hence, the shift map mm : is topologically mixing.     ■ 

● We recall that a topological dynamical system XXf :  on a compact metric 

space ),( dX  is said to exhibit sensitive dependence on initial 
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conditions(shortly SDIC) if Ǝ  >0, called the sensitivity constant, such that 

for any Xx and for any neighbourhood )(xN  of x , Ǝ a point )(xNy  and 

a non-negative integer n  such that ))(),(( yfxfd nn
 . 

 

Theorem:3.4: The shift map mm : has sensitive dependence on initial 

conditions. 

 

Proof: Let mx   be arbitrary and )(xN  be an arbitrary neighbourhood of x . Then, 

by definition of a neighbourhood, there exists a non-empty open set G  such that

)(xNGx  . Now, Gx , G  is open in m   Ǝ an open ball ),( rxB  such that 

)(),( xNGrxB  . Let )(),( xNGrxBy  such that yx   and x  is very 

close to y .This is always possible to have a very close point to x , because we can 

choose a Nk  as large as we want satisfying r
mk 
1

 and for this large Nk we can 

construct the point y  in such a way that this agrees with x  up to k -digits. Then 

r
m

yxd k 
1

),( and hence for large value of k , x  will be too close to y . 

Let ),( yxd .Then, since x  is very close to y and   is very small, so, depending on 

the value of 0 ,   a large and unique Nn s. t. 
1

1
nm

 nm
1

 . Consider

nm
yxd 1
),(    

Then,  nm
yxd 1
),( x  and y agree up to the thn  digit 

                            
thn )1(  digits of x  and y  are different 

                            The first digit of )(xn and )(yn  are different 

                            mm
yx

m
yx

m
yx

yxd
i

i
ininnn

i
i

ininnn 1
))(),((

2

11

1










 









  

Here, from the above relation it is clear that 
m
1

plays the role of sensitivity constant 

δ. 

Thus for every mx   and any neighbourhood )(xN of x , Ǝ )(xNy  and 0n  

satisfying  ))(),(( yxd nn  for 
m
1

 . 

Hence the shift transformation mm : has sensitive dependence on initial 

conditions.          ■ 

 

Theorem:3.5: The set )(P , the set of all the periodic points of the shift map  , is 

dense in m . 
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Proof: We first show that  has mmn   periodic points of period- n in m for 2n . 

It is to be noted that if a definite block of n -digits from the set }1,........,4,3,2,1,0{ m  

repeats indefinitely, then it is a periodic point of  of period- n  in m . A block of n -

digits can be formed with the m  distinct digits 0, 1, 2, 3, ……, 1m  in nm -ways. 

These blocks contains the m -blocks formed by the same digit (e.g. 000000..0, 

11111…1, 222222…2 etc.) which are not periodic points of period- n . These are, in 

fact, periodic points of period-1 i.e. fixed points. So, we have only )( mmn  numbers 

of periodic points of period- n in m . 

Consider an arbitrary point x  m . We show that for any 0 , however small, 

there is a point )(Pp  such that ),( pxd .Let ,......),,( 321 xxxx  . For the fixed 

small 0 , we can always find a positive integer Nn  such that nm
1

. 

Now, we construct a periodic point )(Pp of period )1( n  such that 

,.......),,......,,,,,,.....,,,,,,....,,,( 321321321 yxxxxyxxxxyxxxxp nnn  

i.e. p  is constructed by repeating the word ),,....,,,( 321 yxxxxW n infinite number of 

times so that it agrees with the digits of x  up to n -terms and disagrees at thn )1(   

digit such that yxn 1
 and  nm

pxd 1
),( . 

Thus, for every x  m and 0 , Ǝ )(Pp such that ),( pxd . That is, however 

small 0 may be, for any x  m there is always a point )(Pp which is at a 

distance less than the arbitrarily small quantity 0 . Hence the set )(P is dense.■ 

 

Theorem3.6: The shift map  on m  is Devaney as well as Auslander-Yorke chaotic. 

 

Proof: We have already proved in the Theorems 3.2, 3.4 and 3.5 that(i)  is 

topologically transitive, (ii) it has sensitive dependence on initial conditions and (iii) 

the set )(P  of all the periodic points of  is dense in m .That is,   satisfies all the 

requirements for Devaney as well as Auslander-Yorke chaoticity. So, it is Devaney as 

well as Auslander-Yorke chaotic.        ■ 

 

Theorem3.7: The shift map  on m  is generically -chaotic with 1)(  mdiam . 

 

Proof: In Theorem3.3, we have established that the shift transformation   on m  is 

topologically mixing. Since by Proposition2.6, a continuous topologically mixing 

map on a compact metric space is also topologically weak mixing, so, the shift 

transformation  being a continuous topologically mixing map on the compact metric 

space m is topologically weak mixing. 
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Also, by Proposition 2.7, a continuous topologically weak mixing map on a compact 

metric space X  is generically  -chaotic on X  with )(Xdiam . So, it follows that 

the shift transformation   on m  is generically  -chaotic with 1)(  mdiam .■ 

● We remember that a dynamical system ),( fX is modified weakly chaotic 

dependence on initial conditions if for any Xx  and every neighbourhood 

)(XN  of x , there are )(, XNzy   [in modified weakly case xzxy  , ] 

such that 2),( Xzy  is Li-Yorke. 

 

Theorem: 3.8: The Topological Dynamical System ( m ,  ) has modified weakly 

chaotic dependence on initial conditions. 

 

Proof: Let mnxxxxx  ......),,......,,( 321
be any point and )(xN be any neighbourhood 

of x . Then there exists an open set(open neighbourhood) U  of m  such that

)(xNUx  . 

Now, since Ux  and U  is an open set, so, there exists an open ball ),( rxB  with 

some radius 0r  such that )(),( xNUrxB  . Then for this 0r , we can 

choose a sufficiently large positive integer n  such that r
mn 
1

. We now find two 

points )(),(, xNUrxBzy   with xzxy  ,  such that the pair
2),( mzy   is 

Li-Yorke. Before this we define some terms and notations which will help us to 

simplify our proof. 

By a word in m  we mean a finite sequence of digits, called letters, from the set 

}1,.......,3,2,1,0{ m . Words are denoted by ,.....,,,.....,,, RQPCBA etc. If the words A  

and B  consist of p  and n   letters respectively such that ),........,,,( 321 paaaaA  and

).,,.........,,( 321 qbbbbB  , then by the symbol AB  we mean the composite word 

),.....,,,,.....,,( 2121 qp bbbaaa  which consists of )( qp  -number of letters. Using the 

letters in mnxxxxx  .........),,......,,( 321
, we now define the words )3,( nxW , 

)5,( nxW , )7,( nxW , …….etc. as follows: 

            
)3,( nxW  = ( nnnnnn xxxxxx 52414

*

4

*

23

*

13 ..,..........,.........,,........,,........., 
), 

            
)5,( nxW  = ( nnnnnn xxxxxx 72616

*

6

*

25

*

15 ..,..........,.........,,........,,........., 
), 

           
)7,( nxW  = ( nnnnnn xxxxxx 92818

*

8

*

27

*

17 ........,,.........,,......,,........., 
), … and so on. 

Note that each of the above words contains n2 letters, first n  of which are the m -nary 

complements of the letters in the corresponding places of x and the rest n  letters are 

just the letters in the corresponding places of x . In all the above words 

kxmx kk  ,)1(* . 

Now take ........,,,.......,,,,.......,,,,.......,,( 251552313

*

3

*

2

*

121  nnnnnnnnn xxxxxxxxxxxy ) 

and ),.......9,(),7,(),5,(),3,(,)0(,)0(,,.....,,( *

21 nxWnxWnxWnxWxxxz nn
n ) 
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where 
termsn

n

termsn

n



 0,.....0,0,0)0(,0,....,0,0,0)0( *****  and 10)1(0*  mm  

With these and the Proximity theorem for m , we now prove the theorem as follows: 

Since y  and z  agree with x  up to the 
thn  term, so, by Proximity theorem, we have, 

r
m

yxd n 
1

),( , r
m

zxd n 
1

),( and consequently )(),(, xNUrxBzy   

Here, z  contains infinitely many words of the type ))12(,( nkxW  , where 

,)2( Nk   containing n2  letters each. 

Also, ......),,,........,,,,.......,,()( 25155241442313

3

 nnnnnnnn
n xxxxxxxxy  

         ......),,,........,,,,.......,,()( *

25

*

1552414

*

4

*

23

*

13

3

 nnnnnnnn
n xxxxxxxxz  

         ......),,,........,,,,.......,,()( 26166251552414

4

 nnnnnnnn
n xxxxxxxxy  

         ........),,,........,,,,.......,,()( 2616

*

6

*

25

*

1552414

4

 nnnnnnnn
n xxxxxxxxz  

Therefore, ))(),(())(),((sup 33 zydzyd nnnn

n
  and so 

))(),(())(),((sup 33 zydLtzydLt nn

n

nn

nn
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Hence, 
2),( mzy  is a Li-Yorke pair with modulus 0

1

1





m
 .Consequently, the 

dynamical system ( m ,  ) has modified weakly chaotic dependence on initial 

conditions.          ■ 

● We recall that a dynamical system ),( fX  is said to have chaotic dependence 

on initial conditions if for any Xx and every neighbourhood )(XN of x , 

there is a )(XNy  such that the pair 2),( Xyx  is Li-Yorke. 

 

Theorem:3.9: The dynamical system ( m ,  ) has chaotic dependence on initial 

conditions. 

 

Proof: Let, maaaa  ,......),,( 321
be an arbitrary point and )(aN  be any 

neighbourhood of a . Then there exists an open set(open neighbourhood) U  of m  

such that )(aNUa  . 

Now, since Ua  and U  is an open set, so, there exists an open ball ),( raB  with 

some radius 0r  s. t. )(),( aNUraB  . Then, for this 0r , we can choose a 

sufficiently large positive integer n  such that r
mn 
1

. We now find a point

)(),( aNUraBb   such that the pair 
2),( mba   is Li-Yorke. Here, also we use 

the similar terms and notations as in Theorem.3.8 to simplify our proof. 

Using the letters in mnaaaaa  ......),,......,,( 321 , as in Theorem 3.8, we define the 

words )3,( naW , )5,( naW , )7,( naW , ……. etc. as follows: 

         nnnnnn aaaaaanaW 52414

*

4

*

23

*

13 ..,..........,.........,,........,,.........,()3,(  ), 

         nnnnnn aaaaaanaW 72616

*

6

*

25

*

15 ..,..........,.........,,........,,.........,()5,(  ), 

         nnnnnn aaaaaanaW 92818

*

8

*

27

*

17 .........,,.........,,........,,.........,()7,(  ), …. and so on. 

Now, using the above defined words we construct the point b as follows: 

        .......),........9,(),7,(),5,(),3,(,)0(,)0(,,.......,,( *

21 naWnaWnaWnaWaaab nn
n ) 

where 
termsn

n

termsn

n



 0,.....0,0,0)0(,0,....,0,0,0)0( *****  and 10)1(0*  mm  

From the construction of b it is clear that b  agrees with a  up to the 
thn  term. So, by 

Proximity theorem, we have, 

       
r

m
bad n 

1
),( and hence, )(),( aNUraBb   

Here, we see that b  contains infinitely many words of the type ))12(,( nkaW  , 

containing n2  letters each, where 2k  is an integer. 

Also, ,.......),,,........,,,,,.........,()( *

25

*

1552414

*

4

*

23

*

13

3

 nnnnnnnn
n aaaaaaaab  

And   ........),,,........,,,,.......,,()( 2616

*

6

*

25

*

1552414

4

 nnnnnnnn
n aaaaaaaab  

Therefore, ))(),(())(),((sup 33 badbad nnnn

n
  and so 
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So, it follows that 
1

1
))(),((




 m
badSupLt nn

nn
  and 0))(),((inf 


badLt nn

nn
  

Hence, 
2),( mba  is a Li-Yorke pair with modulus 0

1

1





m
 . Therefore, the 

dynamical system ( m ,  ) has chaotic dependence on initial conditions.   ■ 

 

 

4. Topological Conjugacy and Semi-Conjugacy: 
Topological conjugacy between maps is a very powerful tool in the study of 

dynamical systems. This is due to the fact that most of the dynamical properties of a 

system are retained under topological conjugation. So, by studying the dynamical 

properties of a system, we can comment on the dynamical properties of other systems 

which are topologically conjugate to the first system. 

In this section we discuss a little bit about this by defining the terms topological 

conjugacy and semi-conjugacy between two maps. 

Let XXf : and YYg : be two continuous maps on the metric spaces X and .Y  If 

there exists a homeomorphism YXh : such that gohhof  , then f is said to be 

topologically conjugate to the map g . In this case, h is called a topological conjugacy 
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[13].On the other hand, if for the continuous maps XXf : and YYg : , there 

exists a surjection YXh : such that gohhof  , then f is topologically semi-
conjugate to .g  
The following results related to topological conjugacy are stated (without proof) as 

they are applied in some subsequent theorems. 

 

Proposition 4.1: If the TDS XXf : is topologically conjugate to the TDS 

YYg : by the conjugacy map YXh : , then, 
(i) f  is topologically transitive(resp., mixing/weakly mixing/exact/minimal) iff

g is topologically transitive (resp., mixing/weakly mixing/exact/minimal).[13] 

(ii) f  is DevC (resp. EDevC, MDevC, WMDevC) if and only if g  is DevC (resp. 

EDevC, MDevC, WMDevC)[13] 

 

Proposition 4.2: If the TDS XXf : is topologically semi-conjugated to the TDS

YYg : ,then, f is topologically transitive(resp., mixing) implies g  is topologically 

transitive(resp., mixing). 

 

Theorem: 4.3: The shift map mm : and the map ZRZRfm //:  such that

mxxfm )( (mod1) are topologically semi-conjugated. 

 

Proof: Consider the map ~//: IZRm  such that ,.....),,( 321 xxx  = 


1i
i
i

m
x

. 

This map is well defined, because the series 











11

1

i
i

i
i
i

m
m

m
x

 = 1 is convergent. We 

show that this mapping is a topological semi-conjugacy between mm : and

ZRZRfm //:  . 

i)  is surjective: Since, every real number ]1,0[ Ix  has an m -nary 

expansion, so, we have, ,
1







i

i
i

m
xx  where }1,.....,2,1,0{  mxi . Then, the 

digits in the m -nary expansion for x will form the sequence ,......).,,( 321 xxxx   

As }1,,.........3,2,1,0{  mxi , clearly, .mx 
 
Also, by the definition of  ,                    

 ( x ) = 


1i
i
i

m
x

 = x .  Hence,   is surjective. 

ii)    = mf :  

For any mxxxx  ....),....,,( 321 , we have, )(x mxxx ........),,,( 432  and    

  (   )( x ) = ))(( x  = ),.........,,( 432 xxx = 






1

1

i
i

i

m
x
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Also, we have, ( mf )( x ) = mf ( ( x )) = mf (


1i
i
i

m
x

) = m (


1i
i
i

m
x

)(mod1) 

                                                                    = [ 1x + 






1

1

i
i

i

m
x

](mod1) 

                                                                    = 






1

1

i
i

i

m
x

 = (   )( x ), mx   

Hence, we can conclude that    = mf . 

Thus ~//: IZRm  is a semi-conjugacy between  and mf .  ■ 

 

Remark: Since, the pre-image of every m -adic rational number in ~// IZR  is a 

set of two distinct sequences in m , one with a tail of s'0 and the other with a tail of 
sm ')1(  , so,   is not injective. Hence, by restricting the domain of , we make 

injective and thereby make it a conjugacy between   and mf . For this we define the 

following space. 

The Symbol Space ~/m : The space ~/m is the symbol space with the 

equivalence relation „~‟ in m defined as follows: 

x  ~ y iff Nk  s.t. kiyx ii  , and ,1,0,0,1  myxymx iikk ki 

.,....),.....,,,(,....),,.....,,,( 321321 mnn yyyyyxxxxxwhere 
 

We observe that the sequences identified as above are sequences with tails of 0‟s and 

(m-1)‟s which correspond to two possible choices of m -nary digits for an m -adic 

rational number. 

With these considerations in mind we have the following theorem: 

 

Theorem: 4.4: The shift map ~/~/: mm  and the map mxxfm )(  (mod1) on 

the space ZR / are conjugated by the mapping  ZRm /~/:  defined by 

),.........,,,( 4321 xxxx  = 


1i
i
i

m
x

. 

 

Proof: With the same lines as in Theorem 4.3, we can establish that (i)  is surjective 

and (ii)   mf . 

Now, since, every m -adic rational number in [0, 1] is the image of two particular 

sequences in m  which are equivalent in ~/m , so, every m -adic rational has one 

and only one pre-image. Also, since, every non- m -adic rational has only one pre-

image in ~/m ( every non- m -adic rational has unique m-nary expansion), so, it 

immediately follows that   is 1-1. 

Therefore,   is a topological conjugacy between  and mf .   ■ 

 

Theorem: 4.5: The map mxxfm )(  mod1 on R/Z is Devaney chaotic. 
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Proof: We have already established that the shift map ~/~/: mm  is Devaney 
chaotic and is topologically conjugate to the map mxxfm )(  (mod1) on R/Z.      

Since, Devaney chaoticity retains under topological conjugacy, so, the map 

mxxfm )( (mod1) on R/Z must be Devaney chaotic.    

  ■ 

 

Theorem: 4.6: The shift map mm : is exact Devaney chaotic, i.e. EDevC. 

 

Proof: Let us first prove that the map mm : is exact. 

For this, let U be any non-empty open set in m . We now prove that there is an 

integer Nk  such that m
k U )( . 

Since U is non-empty, so there exists at least one element .Ux Again, since U is 

open in m , so, for ,Ux there must exists an open ball ),( rxB such that .),( UrxB   

Then we can choose some Nk such that r
mk 
1

. If we put 1

1 r
mk  , then 

r
m

r k 
1

1 and hence clearly .),(),( 1 UrxBrxB   

Then, for every ),( 1rxBy , we always have that .
1

),( 1 km
ryxd   

From this it immediately follows that x  and y  agree at least up to the 
thk  term. Also 

after 
thk  term all the sequences in m may be tails of y . That is, ),( 1rxB contains all 

the points whose first k digits agree with x  and the tails are all the sequences of .m

Hence the 
thk  iterates of all these points in ),( 1rxB constitute the space m . i.e. 

m
k rxB )),(( 1 . 

Also, )()),((),( 11 UrxBUrxB kk    

                             )(Uk
m   

                             )(Uk
m  , )]([ Uk

m   

Since, U is an arbitrary non-empty open set of m , so, the result )(Uk
m  is true 

for every non-empty open setU  of m . Therefore,  is an exact map on m . 

In Theorem3.6, we have proved that   is Devaney chaotic. So, it follows that  is 

exact Devaney chaotic (EDevC).       ■ 

 

Remark: As   is ),(EDevCchaoticDevaneyexact therefore, it is also MDevC
and WMDevC . 
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5.Conclusion: 

In this paper we have extended some results of the shift transformation on Ʃ2 to Ʃm 

and further we have proved some new results by applying the properties of 

topological conjugacy. To derive most of the results we have fruitfully applied the 

Proximity theorem and metric space properties. In Theorem3.8 and Theorem 3.9 we 

have proved that the shift map is modified weakly chaotic dependence on initial 

conditions and chaotic dependence on initial conditions respectively in a more 

explanatory way. Construction of Li-Yorke pairs have been done in these theorems in 

a clear-cut way. In Theorem: 4.4, it has been established that the shift map on Ʃm/~ is 

topologically conjugated to the map fm(x) = mx mod1 on R/Z and by retentivity of 

Devaney chaos under topological conjugation, we have concluded in Theorem: 4.5 

that fm(x) = mx mod1 on R/Z is Devaney chaotic (DevC). Theorem: 4.6 establishes 

that the shift transformation is exact Devaney chaotic(EDevC) which is a more 

stronger condition on metric spaces as EDevC = >MDevC = >WMDevC = >DevC. 

Most of the results are quite interesting and have profound applications in advanced 

analysis and discrete mathematics. 
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