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Abstract

The main object of this paper is to study the flatness of the Projectively flat,
Conformally flat and Conharmonically flat Hsu-structure manifold. In last the
application of flat curvature tensor in space time is given with an example.

Index Terms- Riemannian curvature Tensor, Projective curvature tensor,
Conformal curvature tensor, Con-harmonic curvature tensor, Con-circular
curvature tensor, Hsu-structure manifold.

1. INTRODUCTION

If on an even dimensional manifold V,, n = 2m of differentiability class C*, there
exists a vector valued real linear function ¢, satisfying

g =a'l,, (1.1a)
¢°X =a"X , for arbitrary vector field X. (1.1b)
where X =¢X , 0<r<nand'a'is a real or imaginary number.

Then {¢ } is said to give to Vn a Hsu-structure defined by the equations (1.1) and the
manifold Vn is called a Hsu-structure manifold.

Remark (1.1):The equation (1.1)a gives different structure for different values of 'a "’
and .

Ifr =0, it is an almost product structure, if a =0, it is an almost tangent structure, if r
=+land a=+1, it is an almost product structure, if r =+1 and a =—1, it is an almost
complex structure, if r=2 then it is a GF-structure which includes n-structure for a #
0, an almost complex structure for a = +i,an almost product structure for a = +1an
almost tangent structure for a =0.

Let the Hsu-structure be endowed with a metric tensor g, such that
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g(#X,#Y)+a'g(X,Y)=0.
Then {¢, g} is said to give to Vn - metric Hsu-structure and Vp, is called a metric Hsu-
structure manifold.

Agreement(1.1): In what follows and the above, the equations containing

XY, Z....... ,etc.hold for these arbitrary vector in Vi,

The curvature tensor K, a vector -valued tri-linear function w.r.t. the connexion D is
given by

R(X,Y)Z =Dy DyZ - Dy Dy Z - Dix v{Z, (1.22)
where

[X,Y]=DyY -Dy X. (1.2b)
R(#X,4Y)Z =R(X,Y)z (1.3)
The curvature tensor for the manifold of constant curvature H is given by

R(X,Y)Z =H{g(Y,Z)X —g(X,Z)}. (1.4)
The Ricci tensor in V, is given by

Ric(Y,2) = (C{'R)(Y, 2). (1.5)

Where by (c'R)(Y,z) , we mean the contraction of r(x,y)z with respect to first slot.
For Ricci tensor, we also have

Ric(Y,Z) = Ric(Z,Y), (1.6a)
Ric(Y,Z) = g(7(Y),Z) = 9(Y.7(2)). (1.6b)
(Ci') =k (1.6¢)

Let W, C, L and V be the Projective, Conformal, Con-harmonic and Con-circular
curvature tensors respectively given by

W(X,Y)Z = R(X,Y)Z - ——[Ric(Y, Z)X - Ric(X,Z)Y].

(=1 (1.7)
C(x,Y)z:R(X,Y)Z—ﬁ{Ric(Y,z)x—Ric(x,z)v—g(x,Z)y(Y)+g(Y,Z)y(X)}
k
—————[9(Y,Z)X —g(X,2)Y].
+(n_1)(n_2)[9(Y )X —g(X,2)Y] (18)
L(X,Y)Z =R(X,Y)Z —L[Ric(Y,Z)x —Ric(X,Z)Y —g(X,Z)y(Y) +g(Y,Z)y(X)].
(n-2) (1.9)
V(X,Y)Z =R(X,Y)Z - k [9(Y,Z)X —g(X,Z)Y]. (1.10)
n(n-1)

Theorem (2.1): A Hsu-structure manifold v, (n;tar—l) of constant Riemannian
curvature is flat.

Proof: From equation (1.4) we have the curvature tensor for the manifold of constant
curvature tensor H is given by

R(X,Y)Z =H{g(Y,Z)X —g(X,Z)Y}. (2.1)
Now applying ¢on X and Y and using equation (1.3), we get
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R(x,Y)z=H{¢*(Y,Z)¢X—¢*(x,z)¢v}. (2.2)
Comparing the equation (2.1) and (2.2) then either H =o0o0r

¢ (Y, Z)pX —¢" (X, Z)pv =g(Y,Z)X —g(X,Z)Y

Contracting of this equation w.r.t X, we get

p-la ~1Jo(v.z)-0

Which is not possible, hence H =o0and consequently R=0. This proves the statement.
Theorem (2.2): A projectively flat Hsu-structure manifold v, ,n=1-a"is flat.

Proof: If the manifold is Projectively flat then from equaton (1.7), we get

(n=2)R(X,Y)Z =Ric(Y,Z)X —Ric(X,Z)Y (2.3)
Now applying ¢on X and Y in equation (2.3) and using equation (1.3), we get
(n—1)R(X,Y)Z = Ric(gY,Z )X — Ric(¢X,Z )pY (2.4)
Comparing the equation (2.3) and (2.4) then we get

Ric(Y,Z)X —Ric(X,Z)Y = Ric(gY,Z )}gX — Ric(¢X, Z gy (2.5)

Contracting of equation (2.5) w.r.t X, we get
{n—(l—ar)}Ric(Y,Z)z 0

From theorem n=1-a"

Hence Ric(Y,z)=0

Now putting Ric=0 in equation (2.3), we getr=0.
Hence the theorem.

Theorem (2.3): A Conformally flat  Hsu-structure  manifold v,,
n? + n(aIr —3)— Z(ar —1)¢ ois flat.

Proof: If the manifold is conformally flat then from equation (1.8), we get
(n—2)R(X,Y)Z = {RidY,Z)X ~Ric(X,Z)Y ~g(X,Z)y(¥) +9(Y,2)7(X)}

k
+m[g(Y,Z)X -9(X,Z)Y]. (2.6)
Now applying ¢on X and Y in equation (2.6) and using equation (1.3), we get
(1—2R(X,Y)Z = [Riclg, Z )X —Ric@X . Z}pY —¢" (X.2)(#¥) + " (Y. Z)7(X)}

G 0D (X, 211 (2.7)

Comparing the equation (2.6) and (2.7) then we get

RidY,Z)X —Ric(X,Z)Y —g(X,Z)y(Y) +g(Y,Z)y(X) + (n'il)

= Rid(gY, Z X — Ric(#X, Z )Y — " (X, Z)y(#Y) + 4" (Y. Z)y(#X) +(n‘+1)[¢*w,2>¢x — 4" (X, Z2)¢V]

+

[9(Y,Z)X —g(X,Z)Y]

Contracting of this equation w.r.t X, we get

(h+2a" —2fn-1)Ric(Y, z)-ka'g(v,2)=0 (2.8a)
(n+2ar —ZXn—l);/Y—karY =0 (2.8b)
Contracting of this equation, we get
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{n2 + n(ar —3)— 2(61r —1)}k £0

If {nz +n(ar —3)— 2(6\r —1)}¢ 0, then k=0.

Putting k=o0in equation (2.8a), we get Ric=0, since {n2 +n(ar —3)—2(61r —1)}¢0. Putting
k =0and Ric=0 in equation (2.6), we

get R=0, which proves the statement.

Theorem (2.4): If a Hsu-structure manifold v, , n=2(1—ar) is Conformally flat, then
its scalar curvature is 0 and it is Con-harmonically flat.

Proof: Putting n=2-2a"in equation (2.5a), we get k =0 which makes equation (2.6) in
the form
(n=2)R(X,Y)Z =Ric(Y,Z)X —Ric(X,Z)Y —g(X,Z)y(Y)+g(Y,Z)y(X).

(2.9)

Using this equation in equation (1.9), we get the last part of the statement.

Theorem (2.5): If a Hsu-structure manifold v,, n=1-a"is Con-circularly flat, then it
is flat.

Proof : If the manifold is Con-circular flat then from equation (1.10), we get
k

R(X,Y)Z = n(n_l)[g(Y,Z)X—g(X,Z)Y]. (2.10)
Now applying ¢on X and Y in equation (2.10) and using equation (1.3), we get
R(XZ = ST 0, 2K~ (X, 2)91) (2.11)

Contracting of this equation w.r.t X, we get

b+ -1)g(v.2)=0

Which is impossible, hence k =0. Putting k =0 in equation (2.10), we get R=0. Which
proves the theorem.

Theorem (2.6): A Con-harmonically flat Hsu-structure manifold v,, n=1-a"is flat.

Proof: If the manifold is Con-harmonically flat then from equation (1.9), we get
(n—2)R(X,Y)Z =Ric(Y,Z)X —Ric(X,Z)Y —g(X,Z)y(Y)+g(Y,Z)y(X). (2.12)
Applying gon X and Y in (2.12), we get

(N—2)R(X,Y)Z = Ric(gY , Z)fX —Ric(gX, Z)pY —¢" (X, Z)7(#Y) + 4" (Y, Z)7(¢X) -

(2.13)
Comparing the equation (2.12) and (2.13) then we get
Ric(Y,Z)X —Ric(X,Z2)Y —g(X,Z2)y(Y)+9(Y,Z)y(X) =Ric(gY,2))
X —Ric(¢X, Z)gY —¢" (X, Z)y () + 4" (Y, Z)y (#X
Contracting of this equation w.r.t X, we get
(n—2+2ar)Ric(Y,Z)+kg(Y,Z):0
(2.14)

Again contracting the equation (2.14), we get
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%—@—aq =0
If nz1-a"then k=0. Putting k =0in equation (2.14), we get Ric =0, hence R=0, this
proves the theorem.

Application of Flat Curvature tensor in Spacetime:

A important feature of general relativity is the concept of a curved manifold. A useful
way of measuring the curvature of a manifold is with an object called Riemannian
curvature tensor. This tensor measures curvature by use of an affine connection by
considering the effect of parallel transporting a vector between two curves. The
similarity between the result of these two parallel transport routes essentially
quantified by the Riemannian tensor. This property of the Riemannian tensor can be
used to describe how initially parallel geodesic diverge. This is expressed by the
equation of geodesic deviation and mean that the tidal force experienced in a
gravitational field are a result of the curvature of spacetime.

Using the above procedure, the Riemannian tensor is defined as a type (1, 3) tensor
and when fully written out explicitly contain the chirstoffel symbol and their first
partial derivatives. The Riemannian tensor has 20 independent component. The
vanishing of all these component over the region indicates that the spacetime is flat in
that region. From the view point of geodesic deviation, this mean that initially parallel
geodesic in that region of spacetime will stay parallel.

Example of application:
In Riemannian geometry, we consider the problem of finding an orthogonal coframe
x', i.e a collection of 1-form forming a basis of cotangent space of every point with

<xi,xj>:§ij which are closed (dxi =0,i =1,2,3....n). By the Poincare lemma, the x'locally

will have form df' for some function f'on the manifold, and thus provide an isometry
of an open subset of v, with an open subset of R". Such a manifold is called locally

flat.
This problem reduces to a question on the coframe bundle of v,. Suppose we have

such a closed coframe

@z(xl .............. x”),
If we have another coframe
(v — y"), then the two coframe would be related by an orthogonal

transformation

®=V,0, if the connection 1-form is », then we have

d® = wAD

On the other hand

dd = (dV, JA® +V,Ad®

dd = dV,A®

do = (dV, V; *AD

But w=(dv, V,*is the Maurer-carton form for the orthogonal group. Therefore it obeys
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the structural equation

do+wAw=0 and this is just the curvature of v, ;

Q=do+woAw=0

After an application of the Frobenius theorem, we can conclude that a manifold v is
locally flat iff its curvature tensor vanishes.
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