International Journal of Mathematics Research.

ISSN 0976-5840 Volume 7, Number 2 (2015), pp. 197-202
© International Research Publication House
http://www.irphouse.com

On the Lattice of Convex Sets and Path Sets of a
Connected Graph

Girish Kumara R. and Lavanya S.

Dept. of Mathematics, P.A. College Of Engineering, Mangalore
D.K., 574153 Karnataka, India

ABSTRACT

It is known that the set of all convex sets of a finite connected graph together
with empty set partially ordered by set inclusion relation forms a lattice. Also
the set of all path sets of a finite connected graph together with the empty set
partially ordered by set inclusion relation forms a lattice.

In this paper we studied some of the properties of these lattices for complete
bipartite graphs and cycles.
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1. Introduction

It is found that the lattice of normal subgroups of a group[1], the lattice of sublattices
of a lattice[4], the lattice of convex sublattices of a lattice[5], [6], the lattice of
subalgebras of a Boolean algebra[10], and the lattice of convex subgraphs of a
directed graph[9]can be applied to study the internal structure of a group, lattice,
Boolean algebra and directed graph.

Motivated from the above studies, the set of all convex sets of a finite connected
graph together with the empty set is considered in [7] and it is found that this set also
forms a lattice with respect to the partial order set inclusion. In this paper we studied
properties of these lattices when the graph is complete bipartite and cycle. Also the set
of all path sets of a connected graph is studied in [8]. In this paper we have shown that
the lattice of path sets is complemented if the graph is a block with|V(G)| = 3. For
terminologies and notations used in this paper we refer to [2] and [3].
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2. Preliminaries

Let G be a finite connected graph. V(G) be the vertex set of G.A set C € V(QG) is said
to be convex in G if for every two vertices u, v €C, the vertex set of every u-v
geodesic is contained in C. For a finite connected graph G, let the set of all convex
sets in G together with empty set be denoted by Con(G).Define a binary relation < on
Con(G)by, for A, BECon(G), A<B if and only if A € B, then clearly< is partial order
on Con(G).Moreover < Con(G),<>form a lattice where for A, B€Con(Q),
AAB=ANB and AVB=<A UB>, where <A UB> is the convex set generated by AUB
or equivalently the smallest convex set containing AUB.

For example, the lattice given in Fig2.2 represents the lattice < Con(G), <>of the
connected graph G given in Fig 2.1

v(G)

Vi Va

Vs V3
Fig 2.1

Fig 2.2

Throughout this paper we use Con(G) to represent the lattice < Con(G), <>.

3.0n the lattice Con(G)
In [7], it has been shown that if a graph G is complete or cycle, then Con (G) is
complemented. We extended this result to complete bipartite graphs.

Definition 3.1: A graph whose vertex set can be partitioned into two mutually disjoint
nonempty subsets A and B such that each edge in G joins a vertex in A and a vertex in
B, then G is called a bipartite graph. A bipartite graph is called complete bipartite if
there is an edge between every vertex in A and every vertex in B.

Fig 3.2 represents the lattice Con (G) of the complete bipartite graph in Fig3.1
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Fig3.2

Theorem3.2: If graph G is a complete bipartite graph, then |[Con(G)|= (n +m +
nm + 2) where m and n are number of vertices in the partition of G.

Proof: Let G be a complete bipartite graph and V be its vertex set. A and B be
partitions of V such that AUB=V (G), ANB=0 where A={v,,v,, V3, ..., Uy}
B={w;, w,, ws, ..., w,,} with n,m > 2 and each edge of G has one end in A and one
end in B, then <convex sets of G will be of the form

Witiz12———n/ {Wj}j=1,2,———m’ {vi,wj};::,g,:::;, so that total number of Convex sets
will be(n +m + nm) .The number of elements in Con(G) including @ and V(G)is
n+m+nm+2).

Theorem3.3: If graph G is complete bipartite graph, then I(Con(G))=3.

Proof: Convex sets of a complete bipartite graph will be of the form
Vi3, (W;), (V,W] Jwhere(V} € A, (W)} € B.

Hence @ < {V;}or {W}} < {V,W;} < V(G)are maximal chain in Con(G) .Hence
[(Con(G))=3.
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Theorem 3.4: If G is complete bipartite graph having partition with Cardinality > 2,
then Con (G) is complemented.

Proof: Let G be a complete bipartite graph and V be its vertex set. A and B be
partitions of V such that AUB=V (G), ANB=0 where A={v,,v,, V3, ..., Uy}
B={w,, w,, ws, ..., w,,, }with n, m > 2. For the convex sets {v;}, the complement will
be {v,}where v, € A, k # i and for the convex sets {Wj}, the complement will be
{w,} where w, € B and k # j.The complements of the convex sets {v;, Wj} will be
{v Jor {w,.} where k # i, j . Hence Con (G) is complemented.

2
“ +2if niseven
Theorem3.5: If a graph G is a cycle, then |Con (G) |= n(121+1)
— t 2if nisodd

and

n+2 . .

— if nis even
I(Con(G))={ 2

n+3

- if nis odd

Where n is number of vertices in G

Proof: Consider a graph G which is a cycle with n number of vertices, then it is of the
form V1, VU3, VU3, v, Uy, V1.

Case 1. If n 1is even, then convex sets will be of the form

{vi}, {vy, v}, {vy, v, v3} . {vl, Uy, Vg, e vg} where v; can be renamed by
2
V,, V3, ..., U, In cyclic order, so that the total number of convex sets will be (n X 2) +

2= n; Hence the number of elements in Con (G) will be n; + 2 including® and

V(G).The maximum chain in this lattice is @ < {v,} < {v,, v} < {v, V5, 3} < -+ <

{vl, Uy, Vs woe, vg} < V(&) .So the length of the maximum chain is (% + 2) —-1= nzj
2

Case 2: If n is odd, then convex sets will be of the form

{vi}, {vy, v}, {vy, vy, 3} .. {vl, Vo, Uz, wee) Un_-l—l} where v; can be renamed by
2
. ) . +1
Uy, V3, ..., U, in cyclic order, so that the total number of convex sets will be n X %

Hence the number of elements in Con(G) will be@ + 2 including @ and V(G).

The maximal chain in this lattice is @ < {v,} < {v,,v,} <{v, v, v3} < <
{vl,vz, V3, ...,UE} < V(G) .So the length of the maximal chain is (nTH + 2) —-1=
2

n+3

2
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4. On the lattice PATH(G)

Let G be a connected graph and V(G) be the vertex set of G.A subset A of V(G) is
said to be path set of G if for every u, v€A the vertex set of all paths between u and v
is contained in A. Let PATH(G)be the set of all paths sets of G together with the
empty set

Define a binary relation on PATH (G) by for A, BEPATH (G), A<B if and only if
A € B.Then PATH (G) forms a lattice with respect to this partial order where for A,
B € PATH (G), AAB=ANB and AVB=<A UB>, where <A UB> is the smallest path
set containing AUB.

For example the lattice in Fig4.2 is the lattice PATH (G) of the graph G in Fig 4.1.

V(G)

VS : V4

Fig 4.1 Fig4.2

Theorem 4.1: In a graph G with |[V(G)| = 3,if G is a block then, PATH (G) is
complemented

Proof: Claim: If G is a Block then PATH (G) is of the form shown in Fig4.3

Proof of the claim: Let the graph G be a block and A EPATH (G) with @ # A #V(G).
IfA#{v;}i = 1,2,3,_____ then there exists a vertex v; € A which is incident with
a vertex v, € V(G) — A since the graph is connected. Let v; be another vertex in 4,
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then v; cannot have a path with any element of V(&) — A with out v; since A EPATH
(G).Hence v, is a cut point of G, contradiction to G is a block.
From the above claim it is clear that if A EPATH (G), A = @ # V(G), then A = {v;}

for some i so that the convex set {vj} for any j # i will be the complement of A.
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