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Abstract

In this paper, we study some interesting behavior of a finite group with order pq

where p and q are different primes. We find structure of the group of order pq if the
pair of primes (p, q) are twin primes, cousin primes and sexy primes respectively.
We also study the behavior of a group where order of the group is p2q.
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1. Introduction

A number n > 1 is prime if it has only two divisors 1 and itself. Twin prime was coined
by Paul Stäckel (1862 − 1919). Twin prime is a pair of prime numbers that has a prime
gap of two, in other words, if p and p + 2 are both prime numbers then p and p + 2
are twin primes. Two is not considered as twin prime with the number three, since it
violates the aforementioned rule. The first few twin primes are:

(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73), (101, 103), . . .

Cousin primes are primes that differ by four. For example,

(3, 7), (7, 11) (13, 17), (19, 23), (37, 41), . . .

Sexy primes are pair of primes of the form (p, p + 6). That are named as Sex which
is the Latin word for Six. The first few Sexy primes are:

(5, 11), (7, 13), (11, 17), (13, 19), (17, 23), (23, 29), (31, 37),

(37, 43), (41, 47), (47, 53), . . .
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A group is cyclic if it is generated by a single element. Also a group is Abelian if it
satisfies the commutative law. It is well-known that every cyclic group is abelian.

In this paper, we study the structure of a group of order pq or p2q, where p and q

are different primes. We can easily characterized the group by observing the nature of
primes. Before going to main section, we mention the followings:

Theorem 1.1. [2, Theorem 6.5] Let p and q be two distinct prime numbers. To be
definite let p < q. If G is a group of order pq, then one of the following holds.

(I) G is cyclic (Abelian).

(II) It has two generators a and b such that

ap = e, bq = e, a−1ba = br,

for some r such that r �= 1(mod q), rp ≡ 1(mod q) and p divides q − 1
(Non-Abelian).

Remark 1.2. The above theorem gives that for any two primes p < q. Following cases
happen.

(1) If p does not divide q − 1, then any group G of order pq is cyclic.

(2) If p divides q − 1 then there are only two non-isomorphic groups of order pq one
of which is commutative (which is again cyclic as p and q are different primes)
other is non-commutative.

In [2, p 176], we have the following for a finite group of order p2q; that is

A group of order p2q, p and q being distinct prime numbers, is not simple. Further
if q < p and q does not divide p2 − 1 then every group of order p2q is Abelian.

In our next two sections, we find the following interesting results

Theorem 1.3. Let G be a group and o(G) = pq where (p, q) is a pair of twin primes.
Then G is an Abelian group.

Theorem 1.4. Let G be a group and o(G) = pq where (p, q) is a pair of cousin primes
with (p, q) �= (3, 7). Then G is an Abelian group.

Theorem 1.5. Let G be a group and o(G) = pq where (p, q) is a pair of sexy primes
with (p, q) �= (5, 11). Then G is an Abelian group.

Theorem 1.6. Let G be a group and o(G) = pq where (p, q) is a pair of primes where
q = p + 2k, for some positive integer k and 2k − 1 is not a multiple of p. Then G is an
Abelian group.
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Theorem 1.7. Let G be a group and o(G) = p2q where (q, p) is a pair of twin primes
not equal to (3, 5). Then G is an Abelian group.

Theorem 1.8. Let G be a group and o(G) = p2q where (q, p) is a pair of cousin primes
with (q, p) �= (3, 7). Then G is an Abelian group.

Theorem 1.9. Let G be a group and o(G) = p2q where (q, p) is a pair of sexy primes
with (q, p) �= (5, 11)or (7, 13). Then G is an Abelian group.

Theorem 1.10. Let G be a group and o(G) = p2q where (q, p) is a pair of primes
where q = p + 2k, for some positive integer k and 4k2 − 1 is not a multiple of q . Then
G is an Abelian group.

2. Characterization of a finite group of order pq, p < q

Theorem 2.1. Let G be a group and o(G) = pq where (p, q) is a pair of twin primes.
Then G is an Abelian group.

Proof. Since (p, q) is a pair of twin primes, therefore by definition of twin prime q =
p + 2. Now,

gcd(p, q − 1) = gcd(p, p + 1) = 1,

since any two consecutive integers are always relatively prime. Therefore, q − 1 is not
divisible by p.

By Remark of Theorem 6.5, [2][Theorem, 6.5, p 169], we can conclude that G is
cyclic and so Abelian. �

Theorem 2.2. Let G be a group and o(G) = pq where (p, q) is a pair of cousin primes
with (p, q) �= (3, 7). Then G is an Abelian group.

Proof. (p, q) �= (3, 7) is a pair of cousin primes, therefore q = p+4. If gcd(p, q−1) =
gcd(p, p + 3) = d. then d|p and d|p + 3 gives d|3 so d = 1 or 3.

Again, d|p gives d = 1 or p. Now, if d = 3 then p = d = 3, but p �= 3 therefore d

must be 1.

Hence, d = gcd(p, q−1) = 1. Therefore, q−1 is not divisible by p. By Remark 1.2
of Theorem 6.5, [2][Theorem, 6.5, p 169], we can conclude that G is cyclic and hence
Abelian. �

Remark 2.3. If (p, q) = (3, 7) then by [2][Theorem, 6.5, p 169], we can conclude that
G is isomorphic to Z21 or G is isomorphic to the group {a, b|a3 = b7 = e, a−1ba = b2}.
Theorem 2.4. Let G be a group and o(G) = pq where (p, q) is a pair of sexy primes
with (p, q) �= (5, 11). Then G is an Abelian group.

Proof. (p, q) �= (5, 11) is a pair of sexy primes, therefore q = p+6. If gcd(p, q −1) =
gcd(p, p + 5) = d. then d|p and d|p + 5 gives d|5 so d = 1 or 5. Again, d|p gives
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d = 1 or p.

Now, if d = 5 then p = d = 5. but we are not considering here the case p = 5
so d = gcd(p, q − 1) = 1. Therefore, q − 1 is not divisible by p. By Remark 1.2
of Theorem 6.5, [2][Theorem, 6.5, p 169], we can conclude that G is cyclic and
so Abelian. �

Remark 2.5. If (p, q) = (5, 11) then by Remark 2.3 of Theorem 6.5, [2][Theorem, 6.5,
p 169], we can conclude that G is isomorphic to Z55 or {a, b|a5 = b11 = e, a−1ba = b3}.
We can generalized the above result as follows

Theorem 2.6. Let G be a group and o(G) = pq where (p, q) is a pair of primes where
q = p + 2k, for some positive integer k and 2k − 1 is not a multiple of p. Then G is an
Abelian group.

Proof. (p, q) is a pair of primes with q = p + 2k, for some positive integer k. Then if
gcd(p, q − 1) = gcd(p, p + 2k − 1) = d. then d|p and d|p + 2k − 1 gives d|2k − 1
so d = 1 or 2k − 1. Again, d|p gives d = 1 or p.

Now, if d = 2k − 1 then p = d = 2k − 1. but 2k − 1 is not a multiple of p.
d = gcd(p, q − 1) = 1. Therefore, q − 1 is not divisible by p. By Remark 1.2 of
Theorem 6.5, [2][Theorem, 6.5, p 169], we can conclude that G is cyclic and hence
Abelian. �

3. Characterization of a group of order p2q, where q < p

Theorem 3.1. Let G be a group and o(G) = p2q where (q, p) is a pair of twin primes
not equal to (3, 5). Then G is an Abelian group.

Proof. Since (q, p is a pair of twin primes, therefore by definition of twin primes p =
q +2. Since we have from [2][Problem 7, p 176], G is abelian if q does not divide p2 −1
In case twin primes, p = q + 2, so, p2 − 1 = q2 + 4q + 3. Now, q|p2 − 1 if q|3. Hence,
if q = 3 then q|p2 − 1.

Therefore, q does not divide p2 − 1 if (q, p) �= (3, 5). Hence G is Abelian if
(q, p) �= (3, 5) is a pair of twin primes. �

Theorem 3.2. Let G be a group and o(G) = p2q where (q, p) is a pair of cousin primes
with (q, p) �= (3, 7). Then G is an Abelian group.

Proof. (p, q) �= (3, 7) is a pair of cousin primes, therefore q = p + 4. As p2 − 1 =
q2 + 8q + 15, so q|p2 − 1 if q|15. There are only two possibilities for q, q = 3
or 5. But if q = 5 then p = 9, is not a prime. So,we can conclude that q|p2 − 1 if
(q, p) = (3, 7).Henceq does not dividep2−1 if (q, p) �= (3, 7).Therefore in this caseG

is Abelian. �

Theorem 3.3. Let G be a group and o(G) = p2q where (q, p) is a pair of sexy primes
with (q, p) �= (5, 11)or (7, 13). Then G is an Abelian group.
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Proof. Since (q, p) �= (5, 11)or (7, 13) is a pair of sexy primes, therefore p = q + 6.

Here, p2 −1 = q2 +12q +35 so q|p2 −1 if q|35. Hence there are only two possibilities
for q, q = 5 or 7. So, we can conclude that q|p2 − 1 if (q, p) = (5, 11). or (7, 13).

Hence q does not divide p2 − 1 if (q, p) �= (5, 11). or (7, 13). Therefore in this case G

is Abelian. �

Now, we mention a generalization of the above results.

Theorem 3.4. Let G be a group and o(G) = p2q where (q, p) is a pair of primes where
p = q + 2k, for some positive integer k and 4k2 − 1 is not a multiple of q. Then G is
an Abelian group.

Proof. Here, p2 − 1 = q2 + 8qk + 4k2 − 1. So, p2 − 1 is not a multiple of q if 4k2 − 1
is not multiple of q. So, in this case, we can conclude that G is Abelian. �

Some Example of the above result. In the above theorem if we put k = 4 then p =
q + 8. Now, some example of pair of primes of this form are (3, 11), (5, 13), (11, 19),

(23, 31), (53, 61) . . . Since, here, 4k2 − 1 = 63. So, in this case, the last theorem can
be written as

Theorem 3.5. Let G be a group and o(G) = p2q where (q, p) is a pair of primes where
q = p + 8, and (q, p) �= (3, 11) or (5, 13). Then G is an Abelian group.

Similarly if k = 5 then the pair of primes are (3, 13), (7, 17), (13, 23), (19, 29),

(31, 41), (37, 47), . . . we can write the (3.4) as

Theorem 3.6. Let G be a group and o(G) = p2q where (q, p) is a pair of primes where
q = p + 10, and (q, p) �= (3, 13). Then G is an Abelian group.
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