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Abstract:

Let X and Y be two convex spaces over the same (real or complex) field F.
We consider a general method of defining convex topologies on the dual of a
convex space, taking as neighborhoods of the origin the polars of certain sets
in the convex space. Here we have proved that any finite sum of compact sets
is compact. Also the sum of a compact and a closed set in a convex space is
closed. Let V be the vector space of all continuous linear mappings of X into
Y. Let A be any bounded subsets of X and B a base of absolutely convex
neighborhoods in Y. Define Wx, g= {t: t (A) < B} for each AcA and BeB.
Then W, g is absolutely convex and absorbent. The topology is then called
the topology of A —convergence. If X is a barreled space, then any point wise
bounded set of continuous linear mappings of X into Y is equicontinuous.

1. Introduction and Necessary Preliminaries

A topological vector space (tvs) is a set with two compatible structures, one, it has the
algebraic structure of the vector space, and the other, it has a topology so that the
notions of convergence and continuity are meaningful.

A subset V of atvs X is convex if A x + py €V forall x, y € V whenever A + u = 1.

V is balancedif xeV for all x € V whenever |/1| <1. V is called absolutely convex if
it is both convex and balanced. The set of all finite linear combinations Z;tl.xl.with
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A, 20,2/11. =land each x, eV'is called convex envelope of A. The absolutely
convex envelope of V is the set of all finite linear combinations Z;ﬂ,-x,- with
Y |4|<1and each x, eV and is the smallest convex set containing V. The set V is

absorbent if x e V there is some 1> 0 such that x epV for all p with |z > 4.

A topology £on X is said to be compatible with the algebraic structure of X if the
algebraic operations ‘+’ and’.” are continuous in X.

A topological vector space is locally convex if it has a base of convex neighborhood
of the origin.

In a convex space, a subset is called a barrel if it is absolutely convex, absorbent and
closed. A convex space is called barreled if every barrel is a neighborhood.
A non-negative real valued function p on a tvs X is called a semi norm

if ()  p(x)=0;
(i)  pe€ =2 pX);
(i) p€+y <p€rp€

In addition if p(x)=0 implies x = 0, then p is called a norm.
The semi norm p corresponding to the absolutely convex absorbent set V defined by
p(x) = inf 4: 1 >0,xe AV ong with the property that
{:p€<1Evc 4:p€x1]
is called the gauge of V.

The space X is called normable if its topology can be determined from a norm p.
The dual of a vector space is the vector space of all continuous linear mappings of the
space into the scalar field.

A topological space is compact if its each open cover has a finite sub cover.

A topological space X is said to be supercompact if there is a subbase g for its open
sets such that each open cover of X by elements of ghave a sub cover consisting of at
most two elements of o .

2. General Method of Defining Convex Topologies and Compactness
Let (X, X' ) be a dual pair and A any set of weakly bounded subsets of X. Then the

sets A’ (A € A), where is A° called a polar of A given by

A’ = x{':sup‘ex,x’> :xeA}l]
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is absolutely convex and absorbent and so there is a coarsest topology z'on X' in
which they are neighborhoods. A base in neighborhoods in 7' is formed by the sets

0
g4 :[5_1 UAiJ €>0,4 A’

1<i<n 1<i<n
This topology ' on X' is called the topology of uniform convergence on the sets of A
or the topology of A- convergence or the polar topology.
Now suppose X is a vector space over the field of real or complex numbers. Let U be
a non-empty set of subsets of X such that
() ifUeU,VeU,thereisaW e U with WcUNV;
(i) ifUeUand a#0,aU € U;

(iif) each U e U is absolutely convex and absorbent.

Then there exists a topology t making X a convex space with U as a base of
neighborhoods. This topology t on X is called the convex topology.

Theorem 2.1 Any finite sum of compact sets in a convex space is compact.

Proof: Let A and B be two compact sets and C an open covering of A + B. Then

for each x € A and each y € B, there is an open absolutely convex neighborhood
U(x,y) of the origin for which x + y + U(x,y) is contained in some set of C . Now
keeping x fixed, the sets y + %2 U(x,y) form an open covering of B. As B is compact,

let yj+§U ,yj/.lsJSnt be finite sub cover of y + % U(xy). Let

V(c:: ﬂ 1U( Y, : Then the sets x +V/(x) form an open covering of A. Again as

KanGr:
Ais compact, let | +7 €, 31<i<m }e afinite sub covering of A. Then
A+Bc | € +V €

1<i<m

<UJ U ixi+y(,+%U(,-,yj}%U(i,yjj

1<i<m 1<j<n €;

S U U(z TV, +U(i,y_/::

1<i<m 1<j<n€;

Hence A + B is compact.

Theorem2.2 The sum of a compact set and a closed set in a convex space is closed.

Proof: Let A be compact and B closed. Leta ¢ A+ B. Then foreach x € A, x + B
is closed, for + is continuous and B is closed. Hence there is an absolutely convex
neighborhood U(x) of the origin with (@ + U (X)) n( x + B ) = ¢. Then

a¢ x+U€:+B. Now {x+%U€} form an open cover of A. Since A is compact,
xeA
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1<i<n

let {xi +%U€l§$ , 1<i<n, form a finite sub cover of A. Let ' = ﬂ 1Ucl.:.
x;€d

Then
A+V c | |(x.+—lU€.\+—lU(cj
2 2 '

1<i<n

cJ€+U €

xeAd

Hence ag¢ A+V + B. Thus
(A+V)N(A+B)= ¢
\

and so a ¢ ‘fi +B Hence A + B is closed.

If X is separated convex space, then the set of compact subsets of X can be used to
define a polar topology on X'. Now if A is bounded, then the absolutely convex
envelope of A is also bounded. However, it is not true in general that the closed
absolutely convex envelope of a compact set is compact.

Remark: One may check whether the closed absolutely convex envelope of a super
compact set is super compact or not?
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