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Abstract

A graph is said to be cordial if it has a 0-1 labeling that satisfies certain properties.
In this paper we show that transformation graphs of cycle are cordial. We also show
that total graph of sunlet graph, comb and star are cordial.
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1. Introduction

All graphs G considered here are finite, undirected and simple. We refer to [1] for
unexplained terminology and notations. In 2001, Wu and Meng [3] introduced some
new graphical transformations which generalizes the concept of the total graph. As is
the case with the total graph, these generalizations referred to as transformation graphs
G*Y* have V(G) U E(G) as the vertex set. The adjacency of two of its vertices is
determined by adjacency and incidence nature of the corresponding elements in G.

Let o, B be two elements of V(G) U E(G). Then associativity of « and g is taken
as + if they are adjacent or incident in G, otherwise —. Let xyz be a 3-permutation of
the set {4+, —}. The pair @ and 8 is said to correspond to x or y or z of xyz if « and
B are both in V(G) or both are in E(G), or one is in V (G) and the other is in E(G)
respectively. Thus the transformation graph G** of G is the graph whose vertex set is
V(G)U E(G). Two of its vertices « and g are adjacent if and only if their associativity
in G is consistent with the corresponding element of xyz.

In particular the transformation graph G~ of G is the graph with vertex set V (G)U
E(G) in which the vertices u and v are joined by an edge if one of the following holds
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1. bothu,v € V(G) and u and v are adjacent in G
2. bothu, v € E(G) and u and v are adjacent in G

3. oneis in V(G) and the other is in E(G) and they are not incident with each other
in G.

The transformation graphs are investigated in [4], [5] and [6].

A graph labeling is an assignment of integers to the vertices or edges, or both,
subject to certain conditions. A mapping f : V(G) — {0, 1} is called a binary labeling
of the graph G. For each v € V(G), f(v) is called the vertex label of the vertex v
under f and for an edge uv the induced edge labeling g : E(G) — {0, 1} is given by
gwv) = |f(u) — f(v)|. Then f is called a cordial labeling of G if the number of
vertices labeled 0 and the number of vertices labeled 1 differs by at most 1, and, the
number of edges labeled 0 and the number of edges labeled 1 differs by at most 1. A
graph G is cordial if it admits a cordial labeling. This concept is introduced by Cahit
[2]. For more cordial graphs we refer to [8], [9], [10], [12] and [11].

For convenience, the transformation graph G*>* is partitioned into G*’* = S, (G) U
Sy(G)US.(G) where S, (G), Sy(G) and S;(G) are the edge-induced subgraphs of G*>~.
The edge set of each of which is respectively determined by x, y and z of the permutation
xyz. S¢(G) = G when x is + and Sy (G) = G when x is —. Sy(G) = L(G) when y is
+and S,(G) = L(G) when yis —. When zis +, a, 8 € V(G**?) are adjacent in S, (G)
if they are incident with each other in G. When z is —, «, B are adjacent in S, (G) if they
are not incident in G.

The following notations are used in relation to labeling of G**:

Let Vp and V; denote the set of vertices of G*”* labeled 0 and 1.

Eo and E; denote set of edges of G*”* labeled 0 and 1 respectively.

Eo(Sy) and E{(Sy) denote set of edges labeled O and 1 in S, (G). Similar meanings
are associates with Eo(Sy), E1(Sy), Eo(S;) and E1(S;) .

For P, xyz e (4++ -+ —— —++,—4+—, — —+,— — — + + +} we
define a vertex labeling f : V(P;”*) — {0, 1} and specify the induced edge labeling
g : E(P}”*) — {0, 1} then show that f is a cordial labeling.

2. Cordiality of Transformation Graphs of Cycle

LetC, : vi —vy —v3 —...—v,(n > 3) be the cycle on n vertices and e¢; = v;v;+1(1 <
i <n—1)ande, = v,v; be the edges of C,,.

Theorem 2.1. For any positive integer n > 3
(a) C,T *~ is cordial
(b) C;F** is cordial

(¢) C, T iscordial whenn =0, 2,3,5, 6, 7(mod 8)
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(d) C,‘l"“ is cordial whenn =0, 1, 2, 3, 5, 6(mod 8)

(e) C;F~Tiscordial whenn =0, 2,3,5,6,7(mod 8)

(f) C, 7 is Cordial whenn =0, 1, 3,4, 5, 7(mod 8)

(g) Cn_+_ is Cordial whenn =0, 1, 2, 3, 5, 6(mod 8)

(h) C, ~7 is Cordial whenn = 0, 1(mod 4).

Proof.

(a) For n > 3 the vertices of C,; *~ are labeled as in table I:

|Eo| and | E (| are calculated from the labeling of the vertices of V(C;r *7), and are

0,

el

otherwise

otherwise

no | fo) fle) Vol = Vil
1, 1<i<Z-1| )1, 1=i<2+1
Even 2 2
0, otherwise 0, otherwise
0
n
<;i<|—
odd Lod=is= {2—‘
0,

Table 1: Cordial labeling of C;/*~.

given in the table 2:

o E SO | B (S| [Eo(SD) |E, (s |E(S))) |E, (S |Eo| ~ ||
n72+7n(n72) n72+7n(n72)
4 4
Even L D=2 L+ =4 0
L} L} 4 2 2 4
2 2
Odd n2—421n+7 n22—7 1

Table 2: |Eo| and |Ey| of C,F~.

Therefore C,f T~ is cordial.

(b) The vertices of C;f ™ are labeled as below:

f)=1forl <i<n

flej)=1forl <i <n
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Here |Vo| — |Vi]| =0
|Eo| and | E| are calculated from the labeling of the vertices of C :[ *+ and are:

|Eol = |Eo(Sx)| + |Eo(Sy)| + [Eo(S)| =n+n+0=2n

|Eq1l = 1E1(S)| + |E1(S)I + [E1(S) =04+ 0+2n =2n

Therefore |Eg| — |E(| = 0.
Therefore C,/*7 is cordial.

(¢) When 3 < n < 7, the vertices of C,; T+ are labeled as in Table 3 which admits
cordial labeling.

n | f)f)...f) | fle)f(ea)...f(en)
3] 101 100

4 | 1010 1100

5| 10101 11000

6 | 101010 110010

7 | 1010101 1100100

Table 3: Cordial labeling of C, *™ for the case n < 7.

when n > 8, the vertex labeling of C,, ™ are given in Table 4 and | Ey| and |E||
of C;; ™" are counted in Table 5.

n Fo) | fe) Vol ~ Vil
n=8r 0O 3<i=0,3(mod 4)<4r
n=8r+2 1 O 4r+2<i=0(mod 2)<n
1 otherwise

3<i=0,3(mod 4)<4r+4
4r+6<i=0(mod 2)<n—1 ()
i=n

n=8r—+3
n=8r+5 0
n=8r+7

otherwise

n=8r+6 1 {

Table 4: cordial labeling of C, * for the case n > 8.

3<i=0,3(mod 4)<4r+4

4r+6=<i=0(mod 2)<n
otherwise

=0 O =0 O O

Therefore C, *7 is cordial.
(d) For n = 3, 5and6, the vertices of C,‘f ~7 are labeled as in Table 6 which admits
cordial labeling.

For n > 8, the vertices of C,T ~~ are labeled as in Table 7. In all the cases
Vol = Vil = 0.
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n |Eo (SO | |Eo(S || EssOl|  [E(S)) |E, (s | B S| B0 ~ |E4]
n =8r n-2 n-4 0
<> > n—4 —-2
n=8r+2| 2> 2r n 23 i+ (n—=2r) n .
i=1 i=1
n=8r+3 1
E —3
n=8r+>5 2Zi+”*3 1 = n—2r—3 1 o
- > 2r+3 n— sz n+
=1
n=8r+7 1
n—4
s >
=8r+6 = con=4 oy
n r—+ 221‘ 2y 42 n 2[Z:lll+ 5 n—2r—2 n 1
=1

Table 5: |Eo| and |E1| of C, T,

n | f)f@W)...f(a) | fler)f(ea)...f(en)
31110 001

5 | 11000 10101

6 | 110010 101010

Table 6: Cordial labeling of C;7~~ for the case n < 8.

|Eg| and |E]| of C;“" for the case n > 8 are given Table 8.
From the Table 8 it is evident that C;"~ .

(e) For 3 < n < 8, the vertices of C;r ~* are labeled as in Table 9 which admits cordial
labeling.
Forn > 8, f is defined as in (d) which admits cordial labeling.

(f) Forn = 3,4,5,7, the vertices of C, ~~ are labeled as in Table 10 which admits
cordial labeling.

For n > 8, the vertices of C,, ~~ are labeled as in Table 11 and |Ey| and |E| of
C, ~ for the case n > 8 are given in Table 12.

Therefore C, ™ is cordial.
(g) For3 <n < 8§, the vertices of C,; T~ are labeled as in Table 13 which admits cordial
labeling.

Forn > 8, the vertices of C, *~ labeled as in Table 14 and | Eg| and | E| of C, -
for the case n > 8 are given table 15:

Therefore C, *~ is cordial.
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Vol ~ V4
n f(e,-) f(vi) ‘ 0‘ ‘ 1‘
n=8r 0 3<i=0,3(mod 4)<4r
n=8r+2| O 0 4r+2<i=02(mod 4)<n
1 otherwise
n=8r+1, ] 0
n=8r+3, . 0 3<i=0,3 (mod 4)<4r+4
n=8r+5 (0] 4r+6<i=0,2(mod 4)<n-—1
0 i=n
n=8r+6 o 1 otherwise

Table 7: Cordial labeling of C;"~~ for the case n > 8.

no [BSI) g )| B, | EGsOl | EG) By | [Eol-1E
n=8r s (n—2)r+ n-4 (n—2)r+ 0
ne8r+2 | 2r zéi (g—Zj(n—Zr) n—2r 2;””;4 (g—Zj(n—Zr) :
n=8r+3 1
s
n=8r+5| , o 2§i+n;3 n27§n73 n—2r-3 2%:‘ n27§n+3 o
n=8r+7 ) 1
=
n=gr+6 | zgi n(n2—2) n—2r—2 2§li+n;4 n(n2—2) .
=

Table 8: |Eg| and |E{]| of C,f" for the case n > 8

(h) Vertices of V(C, ~™) are as in Table 16 and |Eo| and |E1| of C, ~* for the case
n > 8 are given table 17:

3. Cordiality of G when G isomorphic to Sunlet,
Comb and Star Graphs

We recall the following definitions:

Definition 3.1. Corona G| ® G, of G and G is the graph obtained by taking one copy
of G(which has n; vertices) and n; copies of G» and then joining i th vertex of G to
every vertex in the ith copy of G>. So the order G| © G, is n| + nyny where ns is the
order of G, and its size is m| + niny + nymy where m; is the size of G;, Vi =1, 2.
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S ) f2) - f(vy)

fle) f(e2)--- flen)

~N N kWS

001
1101
11001
110010
1100101

011
1000
01010
010101
0101010

Table 9: Cordial labeling ofC,j' ~* forthe case 3 <n < 8.

J ) fw2)--- f(v)

fleD)flex)--- flen)

<N D kWS

010
0101
01010
0101010

110
1100
11001
1100101

Table 10: Cordial labeling ofC,, ~~ for the case n < 8.

Definition 3.2. P, ® K| (n > 3) is called comb graph of order 2n.
Definition 3.3. C,, © K| (n > 3) is called sunlet graph of order 2n.

77

Theorem 3.4. For any positive integer n > 3 total graph of sunlet graph S, is cordial.

Proof. Let v;(1 <i < n) be the consecutive vertices on the cycle C,,, vl{ be the pendant
vertices adjacent to v; respectively. Let e; = v;v;41 be the edges on the cycle and ¢ be
the pendant edges incident to v; respectively.

Define a binary labeling f : V(S,TJH') — {0, 1} as in Table 18 and |Ey| and |E| of
S,j' T for the case n > 6 are given Table 19:

Therefore S is cordial.
n ) (&) Vol ~ v
n=0,4(mod 8) 1 i=12(mod 4)
n=1,5 (mod 8) 0 otherwise
0 i is odd 1 i=1,2(mod 4)<n-5
i is even 0 i=0,3(mod 4)<n-3
n=7 (mod 8) .
1 i=n—-2,n 0
0 i=n-1
i>1 and is odd 1 =34 (mod 4)
n =3 (mod 8) i=1
. 0 otherwise
i is even

Table 11: cordial labeling of C, ~~ for the case n > 8.



78

Chandrakala S.B. and K. Manjula

n |E, (S )| |E, (S| | [BoSO | |E (S, |E,¢s,) |E, (5| | |Eol~|E]
n=0,4 . - 4 w2 _
=z 74 nn—2) 22,‘+ n—4 =2 711('1 2)
(mod 8) | 2> 8> i -5 e 2 2> 2 0
=1 i=1 i=1

n=1,5 % ) % A 1
(mod 8) 2;,_1 2§l+ 1
pa— n=3 3 (n—1)7 3 n®—2n—1

2> i+ A= 2 2> 2 1
(mod 8) | 22T s 2 T a3
n=3 Zii 2;: + 1
(mod 8) =

Table 12: |Eo| and |Ey| of C,,~~ for the case n > 8

n | f@)fW)--- fn) | fle)f(ea)--- flen)
3] 101 100

4 | 11100 0001

5| 10101 00011

6 | 10101 110101

7 | 1010101 1101000

Table 13: Cordial labeling ofC, *~ forthe case 3 < n < 8.

Theorem 3.5. Total graph of Comb graph is cordial.

Proof. Let G = P, @ Ki(n > 3) be a comb on 2n vertices. Let v;(1 < i < n) be the

consecutive vertices of degree 2, v{(l < i < n) be the pendant vertices adjacent to v;
respectively. Let e; = v;v;11(1 < i < n — 1) be the edges and e;(l < i < n) be the
pendant edges incident to v; respectively. Define a binary labeling f : V(G) — {0, 1}
as in Table 20 and |Ey| and | E| of total graph of comb for the case n > 6 are as shown
in Table 21.

[ |
n o) fe) Wol~ Vil
n=8r, 0 i=3,0(mod 4)<4r
8r+2 0 4r+2<i=2,4(mod 4)<n
1 otherwise

n=8r+6 {1 i is odd

n=8r+1 0 iiseven | (0 ;=3 0(mod 4)<4r+4
8r+3, 0 4r+6<i=2,4(mod 4)<n
8145 1 otherwise

Table 14: cordial labeling of C, "~ for the case n > 8.
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n Eo SOl | |Eo(S,)] | [Eo(S.)) |E, (S| Es)| | |E S| | Eol ~[Ed]
n =0 (mod 8) 2 . ( 2 0
n—z n— nn—
2 nn—2) 2 n—4a _—
i 2r j n—2r 2
n = 2(mod 8) 2;’ 2 22 1
n =1(mod 8) 1
n=3(mod8) | % 3 (n—1) 2 n—l—2y | Mz2n-1
= e
23+ 2r+1 2N 2 0
;l > 2 ;l
n =5(mod 8) 1
= n—4 n(n—2)
n =6(mod 8) 2 nn—2) 2 _ n—2-2r
22}“,- 2r+2 5 2‘71,-+”24 2 1

Table 15: |Eo| and |E;| of C,, "~ for the case n > 8

. 1) fte) Cald
n=0(mod4) 0 i=0,3(mod4)
1 otherwise
0 6<i=03(mod 4)<n-2 0
n=1(mod4) | [0 i=0,3 (mod 4) 0 i=23,n
1 otherwise 1 otherwise

Table 16: Cordial labeling of C, ~ 7.

Theorem 3.6. Total graph of Star K , wheren =0, 1, 3,4, 5, 6(mod 8) is cordial.

Proof. Let v be the central vertex and v;(1 < i < n) be the pendant vertices of K ;.
Let e; = vov; (1 < i < n) be the pendant edges.

Define a binary labeling f : V(G) — {0, 1} as in Table 22 and | Eg| and | E | of total
graph of Star for the case n > 6 are as shown in Table 23. |

4. Conclusion

We did not get the cordial labeling of G*¥* for some specific values of n when G is
isomorphic to path, cycle and star. One of the future work on this paper is to find some
more standard graphs G for which the transformation graphs are cordial.
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n IE,(S,) [E,(s,)| | BB, [E,(S,) E(S,)| | |Eo|-IE]

n—-4 n—-4 n-2 n-2

n=0(mod4) o n 2 2 n
8> i 8> i nts o2 2Yi 5 0
i=1 i=1 i=l i=1

ws | m=2r+ n3 3 |

n=1mod4)| (4495 | ;@ | n=1 [ 17l ol n=3 o (B

(n-4)+ Zz 4;(21_1) 5 +2§1 o Zl 5 0

Table 17: |Eo| and |E;| of C;; T

(n 26) f(vi) f(v:) f(e,.) f(e:) ‘VO‘_‘VI‘
n=4r 1, 1<i<r 0, 1<i<r 0
n=4r+1 0 1 0, otherwise | |1,  otherwise

(1<i<n)| 1Li<n

<i<
n=4r+3 {L Isi<r+l {0, 1<i<r+l1

0, otherwise .
1, otherwise

Table 18: Cordial labeling of S+ for the case n > 6.

(026) | [Ey(S)| | [Eo(S)| | [EoS) | ES)| | [E S| | [ES) | [E|-E]
n=4r, 4r+1 n n 3n-2r n 2n n+2r 0,1
n=4r+3 n n 3n-2r-2 n 2n n+2r+2 -1

Table 19: |Ep| and |E;| of S,/
for the case n > 6
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(n26) | fv) | fOD) | fle) f(€) Vol =il
_1<i<n—
0 r-t<isp—p | b roisisn-l
n=4r . 0 otherwise
1 otherwise
0 1 1 2<Zi<r 0 1<Li<r
n=4r+1 | . | 0 .
cic cic i=n- i=n 0
A<i<m) (d<izn) 0 otherwise 1 otherwise
n=dre? 1 1<i<r-1 0 1<i<r-1
a3 1 i=n-1 0 i=n
n=art 0  otherwise 1 otherwise

Table 20: Cordial labeling of total graph of Comb for the case n > 6.

E (S. E) ~|E
(n>6) ‘EO(SX) ‘EO(S},) ‘ o L)‘ ‘E](Sx) ‘El(Sy) ‘EI(S:)‘ [Eo| ~ ||
n=4r n-2 3n-2r 2n-2 n+2r-2 1
n=4r+1 n-1 2n-3 0
n-1 n
n=4r+2 3n-2r-2 n+2r 1
n-2 2n-2
n=4r+3 0

Table 21: |Ep| and | E1] of total graph of comb for the case n > 6.

(n=6) S VECH) Vol ~ Vi
n = 8r 1
n=8r+1 1
n=8r+2 1, ISL.S”%—‘—F and 1
7 =8r+3 (g—‘+r+1sis;1 1
— O, otherwise
n=8r+4 L lsis’rﬁ—l 1
2
n—=8r+5 O, otherwise 1
1, 1Sis[ﬁ—‘7r71 and
2
n =8r + 6
2l r+2=<i<n 1
2
O, otherwise

Table 22: Cordial labeling of total graph of Star for the case n > 6.
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(n>6) |E, (S| ‘EO(S),)‘ |Eo(S.)| |E(S))| ‘El(sy)‘ IE,(S,) |Eo| ~ |Ei|

=8r+2
T 2lvon-2r Zlor
2 2

—| —| o] o ~| ~| ©

3n Zior+2
2

Table 23: |Ep| and | E1] of total graph of Star for the case n > 6.
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