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Abstract

A graph G=(V,E) with p vertices and g edges is called Lehmer-3 mean graph,
if it is possible to label vertices x€V with distinct label f(x) from

| S g+l in such a way that when each edge e=uv is labeled with
— fW3+f )3 fW3+f ()3 St
f(e=uv)= [f(u)2+f(v)2] (or) f—(u)2+f(v)2J’ then the edge labels are distinct. In

this case f is called Lehmer-3 mean labeling of G. In this paper we investigate
Lehmer-3 mean labeling of some standard graphs
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1. INTRODUCTION

A graph considered here are finite undirected and simple. The vertex set and edge set
of a graph are denoted by V(G) and E(G) respectively. For detailed survey Gallian
survey [1] is referred and standard terminologies and notations are followed from
Harary [2]. We will find the brief summary of definitions and information necessary
for the present investigation.
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Definition 1.1
A graph G=(V,E) with P vertices and q edges is called Lehmer -3 mean graph, if it is
possible to label vertices x €V with distinct label f(x) from 1,2,3,............. g+l in

Fa+/)?
frrer ©)

J, then the edge labels are distinct. In this case f is called Lehmer -3 mean

such a way that when each edge e=uv is labeled with f(e=uv)= [

fW)3+f ()3
fW)?+fw)?
labeling of G.

Definition 1.2
A path Py is obtained by joining uj to the consecutive vertices ui+1 for 1<i<n

Definition 1.3
Comb is a graph obtained by joining a single pendant edge to each vertex of a path

Definition 1.4
A closed path is called a cycle of G.

Definition 1.5
PnOKa, is a graph obtained by attaching K1 to each vertex of P,

Definition 1.6
Pn OKy3 is a graph obtained from the path attaching K13 to each of its vetices

Definition 1.7
PnO Kas is a graph connected by a complete graph Ksin its each vertex

2. MAIN RESULTS
Theorem: 2.1
mCiy is a Lehmer -3 mean graph for n>3 and m>1

Proof:
Let the vertex set of mCn be V=V1iLUVou.............. uVvm
where Vi={vi,vi?,......... vi™} and the edge set of mCn is E=E1UEU.......... UEm,

where Ei={eit,ei%,........... ei"}.
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A function f:V(mCn)—{1,2,....... q+1} is defined as f(ui)=n(i-1)+j ;1<i<m,l<j<n.
Then the set of labels of the edges of mCpare {1,2,....... mn}
Hence mCi is a lahmer -3 mean graph.

Example: 2.2
The Lehmer -3 mean labeling of 3Cs is shown below.

7 13

7 1 13
12 8 1 14
8 14
9 15
1 17
9 1 15
10 .
10
Figure:1

Theorem: 2.3
mCn U Pkis a Lehmer -3 mean graph for m,K>1 and n>3

Proof:
let mC, be the m copies of C, and Pk be the path of length k, the vertex set of mC, be

V=ViuVou...... UVm where Vi={vil,viZ,...... vi"} and the edge set of mC, is

Let Ug,Ua, .....Uk be the vertices of Px.

The function f:V(MCrUPk)—{1,2,...... q+1} is defined as f(vi)=n(i-1)+j;1<i<m,1<j<n
and f(u)=mn+i ;1<i<k.

Then the set of labels of edges of mCy are distinct {1,2,.....mn}

The set of labels of edges of Pk is {mn+1,mn+2,...... mn+k-1}

Thus mC;, UPx forms a Lehmer -3 mean graph.
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Example: 2.4
Lehmer -3 mean labeling of 3CeUPs is given below.

7 13
11 7 17 13
12 18 14
14
- 8 18
, 9 5 15
1 16 15
9 16
10
. 19 20 _ 21 22 o
19 20 1 2 23
Figure:2

Theorem: 2.5
mCnUCk is a Lehmer -3 mean graph for m>1 and n,k>3

Proof:
Let mCy, be the m copies of C, and Ck be any cycle with K vertices. The graph has

mn+k number of vertices and edges. The wvertex set of mC, be

V=ViuVaou....... UVm,where Vi={Vil,vié,........ Vi"} and the edge set of mC, is

Let ug,Uo,....un be the cycle Ck .

Define a function f:V(MCnUCk)—[1,2,....q+1} as f(vi)=n(i-1)+j ; 1<i<m, 1<j<n,
f(u)=mn+i ; I<i<k

Then the edges of mCin and Ck are{1,2,....mn} and
{mn+1,mn+2,........ mn+k}respectively

Hence mCy UCk is a Lehmer-3 mean graph.
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Example: 2.6

The graph 3C4UCs has 18 vertices and the same number of edges. The pattern is
given below.

1 1 2 5 5 6 9 9 10
4 2 7 g 11 10
| 3 3 8 8 7 12 12 11
13
17 13
18 14
18 14
15
17
16 15
16
Figure: 3
Theorem: 2.7

m CnU (P1OK1) be a Lehmer-3 mean graph

Proof:

Let G be a graph obtained from the union of m times C, and (PIOKY1)
Cn be a cycle with n vertices ug,u.,....un respectively

Let (PIOK1) be a comb with vertices as vi,v2...vi; Wi,Wa...wi
Define a function f: V(G) = {1,2,... q+1} defined by

f(uh) = n(i-1) +j ; I<i<m, 1<j<n
f(vii) = mn+ (2k-1) ; I<k<l
f(wk) = mn + 2k ; 1<k<l

Thus we obtain distinct edge labelings.
Hence m Cn U ( PIOK1) be a Lehmer-3 mean graph
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Example: 2.8
3Cs U (P4OK1) is a Lehmer-3 mean graph

7 12
11 7 17 13
18 14
12 8
12 P 1 14
1 a 1 15
16 15
9
10 o 16
19 20 21 22 23 24 25
19[ pal 23 2
20 22 24 76
Figure: 4

Theorem: 2.9
m Cn U (PIOK1,2) be a Lehmer-3 mean graph

Proof:
Let G be a graph obtained from the union of mC, and (PIOK1,2)

Let mCn be the n copies of Cn and let P/® Ky be the graph with vertices vi,va...vi;
W1,W2...wiand z1,22..2i.

Let the vertices of mCy be U=UiuUzu....... uUn where Ui={uit, u?,us.......... ui"} and
the edges of mCnis E=E1UELU....... UEn , where Ei={eil,e?,.....ei"}
Let Vi,Vo,....... Viand WiWa,......... Wi,Z1,Z2,........ 7\ be the vertices of (PIO K1)

Define a function f:V(G)—{1,2,...... qt+l} by
f(u) = n(i-1)+j ; 1<i<m, 1<j<n

f(vk) = mn+(3k-2) ; 1<k<l

f(wx) = mn+(3k-1) ; 1<k<l
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f(zx) = mn+(3k) ; 1<k<l
Thus the edge labelings are distinct .
Hence mChu (P1O Ky,2) is a Lehmer -3 mean graph.

Example: 2.10
3C4u (PsO Ky2) is a Lehmer -3 mean graph.

1 1 2 5 5 6 9 9 10
4 2 8 6 12 0
4 3 3 8 7 7 12 1 1
13 15 16 18 19 21 22 24 25
19 20 26
13 14 1 17 2 23 2
27
14 5 17 g 20 n 2 24 26
Figure: 5

Theorem: 2.11
mChu (PIO Ky3) is a Lehmer -3 mean graph.

Proof:
Let G be a graph obtained from the union of mC;, and (P\O Ky,3)

Let mC, be the m copies of C, and let PIO Ki3 be the graph with vi,va...vi ;
W1,W2... Wi, X1,X2....X1and yi,Y»....y etc.

Let the vertices of mCn be U=U1uUUUs. ... . ... Un where Ui={Ui{,Ui%,.... U"}
And the edges of mCp be E=E;UE2uU....En Where Ei={ei*ei......... ei"}.
Let vi,vo,....... VI, W1,Wo,........ Wi, X1,X2....... Xl Y1,Y2...y1 be the vertices of (P1O Ky,3)

Define a function f:V(G)—{1,2,.....q+1} by
f(ud) =n(i-1)+j ; 1<i<n
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f(vi)=mn+(4k-3) ; 1<k<l
f(wi)=mn+(4k-2) ; 1<k<l
f(xk)=mn+(4k-1) ; 1<k<l
flyw)=mn+4k ; 1<k<l

Thus the edge labels are distinct.

Hence mCnu (PO Ky.3) is a Lehmer -3 mean graph.

Example: 2.12
3C4u (P40 Ky3) is a Lehmer -3 mean graph.

1 1 2 5 5 6 9 [ 10
4 2 8 6 12 Lo
4 3 3 8 7 7 12 11 1
13 16 17 20 21 24 25
13 2 2 2
14 415 17/ 418 19 7 2 2
" . 28
14 15 16 18 19 20 22 23 24 26 27
Figure : 6

Theorem:2.13
m Cy U (PIOK3) be a Lehmer-3 mean graph

Proof
Let G be a graph obtained from the union of m times C, and (PIOK3)
Let Cn be a graph with n vertices

Let (PIOK3) be a graph with vertices as vi,Vvo...vi ; W1,Wo...w; and Xi,X2..X|
respectively
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Define a function f: V(G) = {1,2,... q+1} defined by

f(uh) = n(i-1) +j : I<i<m, 1<j<n

f(vk) = mn+ (4k - 3) ; I<k<lI
f(wk) = mn + (4k-2) ; 1<k <1
f(xx) = mn+ (4k-1); 1<k <1

Thus the distinct edge labels are obtained

Hence m Cn U ( PIOK3) forms a Lehmer-3 mean graph

Example: 2.14
3Cs A (P40K3) is a Lehmer-3 mean graph

18

17

141

13

13
14

14

15

12 3
18
12 3
9 17
11 16
10 9 16
10
19 22 23 26 21 30 3
19 20 23 24 27
0 1 x a B % s B 32

Figure :7
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