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Abstract

Let p, q and / be distinct odd primes (/ is of the type 4k+1) and
R ngn = GFODA/0¢P —2).If 0(Dpn=020"), (0 2 1) and 0(Dzm
=¢(2q™),(m>1)with gcd (¢(2p")/2, ¢(2q™)/2) =1, then the explicit
expressions for the complete set of 8mn+4n+4m+4 primitive idempotents in

the ringRr 0 m =GF()[x] /(X4anm —1) are obtained.
4p'q
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1. INTRODUCTION
Let F = GF(z) be a field of odd prime order ;. Let n>1be an integer

with gcd(/, 7)=1.Let R,7=GI~“(I)[x]/()c’7 —1).The minimal cyclic codes of length
over GF(/) are the ideals of the ring R, generated by the primitive idempotents.For
n=2,4, p", 2p", p an odd prime and / is primitive root mod(») the primitive
idempotent in R, have been obtained by Arora and Pruthi [1,2] .When m = p"q where

p, q are distinct odd primes and / is a primitive root mod p" and q both with gcd
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(#(p") 12, ¢(q)/2) = 1, the primitive idempotent in R, have been obtained by,
G.K.Bakshi and Madhu Raka [4]. When n=2p"gq™, where p,q are distinct odd primes

n m
and o(1)zpn= 9(2p") o(l)gm= @ ged (#2r") ¢(a”))=1. Then the complete set of
2 2 2

8mn+4n+4m+2 Cyclotomic Cosets modulo 2p"g™ are obtained by, Ranjeet Singh. In
this paper, we consider the case when n=4p"q™ where p, q are distinct odd

primeso(D)zpn =¢(2p"), (0 > 1) ando(l),qm=2q™),(m>1) with ged (¢(2p")/2,

$»(29™)/2)=1.We obtain explicit expressions for all the 8mn+4n+4m+4 primitive

idempotentsin R (see theorem 2.3).
4p''q

_ ap"q™
2. PRIMITIVE IDEMPOTENTS IN R4pnqm =GF()[x]/(x —1)

2.1. For 0<s<np-1, let Cg ={S,sl,sl2,..-slts_1}, where ts is the least positive

integer such that s/ s =y (mod#) be the cyclotomic coset containing s, if « denotes
a primitive ns root of unity in some extension field of GF(/) then the polynomial

M*(x)= MN(x—c') is the minimal polynomial of o' over GF(/).Let M, be the minimal
ieC;

xT-1

N

ideal in R, generated by and ¢, be the primitive idempotent of Ms then we

(x)
know by (Theoreml, [4]) the primitive idempotent ¢, corresponding to the
4pnqm—1 )
cyclotomic coset Cs containing s in R s given by 0, = Z aix' , Where ¢, =
e i=0
1 sa¥ vi>0.Thus to described, it becomes necessary to computee,.To

4pnqm jeCy

compute ¢, numerically, we consider the case when —C1= C3 and we get thate, = 1

n_m

4p'q

Zc{ijz% Z ol Vi>0 -

jeCs 4pq jeC3s
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Lemma 2.2. Let p,q,/ be distinct odd primes (: is of the type 4k+1)andn>1, m>1

are integers, o(1),pn = ¢(zpn), 0(1) gqm = ¢(2qm ) and ged $20") $(2d™),=1Then
2 2

4pn—j CIm—k)
0 ) _ (I)( ,
(l) 4pn—J qm—k 4

forallj, k, 0<j<n-1, 0<k<m-1.

Theorem 2.3. The 8mn+4n+4m+4 primitive idempotents corresponding to cyclotomic

cosets Co,C , . ,Canqm ,C3pnqm C i1 Copg ’Cgp”qk ’C4p”qk C ’Czqum ,C3qum
and C . . , . . . . . .

aplg™ ijqk CZpqu, C3pqu ,C4p‘qk ,Cap’qk ,CZaPqu ,C3ap’qk ,

. <j<n-1,0<k<m- i
C4aquk,o_1_n l,0<k<m-1 in R4pnqm are
n.m_
() 0o00)=_1 (L+x+x2+.. +xP a1y
4p"q"
1 (nm)

.. epnqm (x)= n m{ Z C$4(i,r)(x)+Cy4a(i,r)(x)_62(i,r) (X)_GZa(i,r)(X)+
(i) 4p°d (i,n)=0,0)

UO3ir) (X) +O34(;.r) (X) = O 1) (X) = i (X))}

1 (n,m)

(iii) ganqn ¥~ 4p"q™ {2 OagnX)+ G (X)+ G5 (X) + g (X)
(i,r)=(0,0)

—G3(;,r)(X) = O34 ) (X) = ;1) (X) = Oy (X)}

(n,m)
1
(IV) 93pnqm (X) = 4pnqm {(I r)_z((:) 0 G4(i’r) (X) + G4a(i,r) (X) — GZ(i,r‘) (X) — GZa(i,r) (X) +

US4 (X) + 6 (;,r) (X) = O3(; 1) (X) = O34 r) (X))}
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(v) For 0<k<m-1,

m-ky (n-1m-1)
0, () =0T (00— )+ 5y (0)— 5 (K]

n_m

4p°q7 (ir)=(0m)
(n-1m-1)
+ Z [G4a(i,r) (X) - GZa(i,r) (X) + i(G?aa(i,r) (X) - Ga(i,r) (X))]
(i,r)=(0,m—)
(n,m-1)
+ z [G4(ir) (X) — O(1 ) (X) + LT3 1) (X) — 51 1y (X))]
(i,r)=(n,m—k)
(n—1,m)
+ Z [04(i,r) (x)— Oir) (x) + i(Ga(i,r) (x)— Giir) (x))]
(i,r)=(0,m)

+ (64(n,m) (X) - cSZ(n,m) (X)) + i(G3(n’m)(X) - cS(n,m) (X))}

i o™,
(VI) 92 n_k (X) :ﬂ{ Z [64(i,r)(x)+GZ(i,r)(x)_GS(i,r)(x)_G(i,r)(x)]
P A°AT (ir)~(om)
(n-1,m-1)
+ Z [G4a(i,r) (x)+ G2a(ir) (x)- G3a(ir) (x)- Ga(ir) (x)]
(i,r)=(0,m—)
(n,m-1)
+ D [0 X)+ 00 (X) = O35 (X) = S (X)]
(i,r)=(n,m—k)
(n—1,m)
+ D [0 (X)+ O (X) = O35 (X) = (1) ()]
(i,r)=(0,m)

+(G4(n,m) (X) + Gz(n,m) (X) _63(n,m) (X) - G(n,m) (X))}

N m-ky (n-1m-1)
(vii) 93pn & (x) = % {(. )_% k)[c54(ilr)(x) — 610y (X)+ (075 (X) = G35y ()]
(n-1,m-1)
+ Z [G4a(i,r) (X) - G2a(i,r) (X) + i(Ga(i,r) (X) - G3a(i,r) (X))]

(i,r)=(0,m—)
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(n,m-1)

+ Z [G4(ir) (X) — O 1) (X) + Lo ) (X) — O35 1y (X))]
(i,r)=(n,m—k)

(n—1,m)
+ Z [G4(1,r) (X) — O 1y (X) + 1S 1y (X) — O35 1y (X))]
(i,r)=(0,m)
+(G4(n,m) (X) - c52(n,m) (X)) +i(6(n,m) (X) - cS?,(n,m) (X))}

. ¢(qm—k) (n-1m-1)
(VI I I) e4pnqk (X) = W{ Z [04(i,r)(x) + GZ(i,r)(X) + Ga(i'r)(X) + G(i,r) (X)]
4 (ir)=(0,mk)
(n-1,m-1)
+ z [G4a(i,r) (X) + GZa(i,r) (X) + G3a(i,r) (X) + Ga(i,r) (X)]
(ir)=(0,m—k)
(n,m-1)

+ Z [64(i,r) (X) + GZ(i,r) (X) + G3(i,r) (X) + G(i,r) (X)]
(i,r)=(n,m—k)

(n—1,m)

+ Z (641, (X) + G,1) (X) + O3 1y (X) + O 1y (X)]
(i,r)=(0,m)

+(G4(n'm) (X) + GZ(n,m)(X) +G3(n'm)(X) + G(n'm) (X))}

(ix) For 0<j<n-1

T PR

0,0 ) =T8S (6541 (X) = Oy 30+ 031 (X) = 5 ()]
44T (in)(-i0)

(n-1,m-1)

+ Z [G4a(i,r) (X) - GZa(i,r) (X) + i(GSa(i,r) (X) - Ga(i,r) (X))]
(ir)=(n-j,0)
m-1

+ Z [04(nlr) (X) - CY2(nlr) (X) + i(63(n'r) (X) - cT(nlr) (X))]
r=0

(n—1,m)

+ Z [04(i,r) (x)—o 2(ir) (x)+Uo 3(ir) (x)—o (i) (x))]

(i,r):(n_j,m)

+(G4(n,m) (X) - Gz(n,m)(x) +i(63(n,m) (X) - cS(n,m) (X))}
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(x) For 0<j<n-1

n— n—-1,m— 1
0, m0)=00 J){ (045 X)+ G ) ~ 57 X)— )
2plg™ P ):(Z_J . 4(ir) 20ir) 30ir) (i)
(n-1,m-1)
+ Z [G4a(i,r) (X) + GZa(i,r) (X) - G3a(i,r) (X) - Ga(i,r) (X)]
(ir)n-1)
m-1
+ Z [64(n,r)(x) + GZ(n,r)(x) - cSE’,(n,r) (X) - cF(n,r)(x)]
r=0
(n—1,m)

+ > o4 (X)+ 00y (X) = G311y (X) = 5 (X)]
(i,r):(n—j,m)

+G4(n,m) (X) + GZ(n,m) (X) _63(n,m) (X) - G(n,m)(x)}

(xi) For 0<j<n-1

n1m1

0 (X)= 36", e
3|00| 1" {( )_(Z_JO)[G4(|;)(X) G (%) +1(0(; (%) = G35 (X))]

n 1m—1

+ Z [G4a(i,r) (x)- Galiy) (x)+ i(Ga(i,r) (x)- O3a(ir) (x))]
(ir)=(n-i0)
m-1

+ Z [64(n,r) (X) - GZ(n,r) (X) + i(G(n,r) (X) - G3(n,r) (X))]
r=0

(n—1,m)
+ Z [G4(i,r) (X) = O (1 vy (X) + Uo ) (X) — O3 (X)]
(i,r):(n—j,m)

+(G4(n,m) (X) - cSZ(n,m) (X) _H:(G(n'm) (X) - cy?,(n,m) (X))}

(xii) For 0<j<n-1

(n-1,m-1)

n-j
p m(x)=0P") ) {0 [04X)+ 0y () + O3 (X)+ (s ()]
4p q (ir)=(n-j,0)
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n —-1,m— 1
T Z [G4a(i,r)(x) + GZa(i,r)(X) + C53a(i,r)(x) + Galiy) (x)]
(ir)=(n-350)
m-1

+ Z [G4nr) (X) + G (X) + O3 1) (X) + 5 1) (X)]
r=0

(n—1,m)
+ Z [04(”) (X) + GZ(i,r) (X) + G3(i,r) (X) + G(i,r) (X)]
(i,r)=(n—j,m)

+G4(n’m) (X) + GZ(n,m) (X) +G3(n’m) (X) + G(n’m) (X)}

(xiii) For 0<j<n-1,0<k<m-1

1 (n=j-1,m-k-1)

Z [C(+ +k)G( )(X)+B 02(-' )(X)‘l‘
4p q D C| (i,r):(0,0) H+),r Lr (i+jr+k) ~&r

equk (x)=

Ai+ir+k)03(ir) %)+ D) Oagi) (X)]

1 (n-j-1,m—k-1)

=5 Y piirakgOan) ¥+ A st Oaatin) X) +
Pa (in=00)

By r+4)93a(ir) (X) + Cisjr+k)aafi) (X)]
(n-1,m—k-1)

o™ g™
+f{ z (G(i,m-k—l) (x)+ G2(i,m—k-1) (x)+ O3(i,m—k-1) (x)+ Ga(im—+k-1) ()
(i,r)=(n-j,m—k-1)
(n-1,m—k-1)
+ Z (Ga(i,m—k—l) (X) + GZa(i,m—k—l) (X) + GSa(i,m—k—l) (X) + 04a(i,m—k—1) (X))}
(i,r)=(n—jm—k-1)
ol (n-j-1m-1)
—i1
+p™ T{ > 010X+ Ot (X)+ O31n_j-1.1)(X) + Can_j-1,9 (X)]
(i,r)=(n—j-1,m—k)
(n—j-1,m-1)
+ Z [Ga(n—j—l,r) (X) + 62a(n—j—1,r) (X) + G?;a(n—j—l,r) (X) + G4a(n—j—1,r) (X)]}
(i,r)=(n-j-1,m—k)
(n—1,m-1)

n—j_m-k
+w[(. | (Z k)(54(i,r)(x)_52(i,r) (X) + (o350 (X) = 51,1y (X))
i,r)=(n—j,m-
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(n-1,m-1)
+ Z (G4a(i,r) (X) ~O2a(ir) (X) + i(G3a(i,r) (X) ~ Oa(ir) (X)))
(i,r)=(n—j,m—k)
(nm-1) -
+ z (04(i,r) (x)— Oair) (x) + I(Gg(i,r) (x)— Oir) (x)))
(i,r)=(n,m—k)
(n—1,m) -
+ Z (04(i,r)(x) —O2ir) (x) + t(c53(i'r)(x) —Gir) (x)))
(i,r)=(n—j,m)

+G4(n,m) (X) - c72(n,m) (X) +i(03(n’m) (X) - cy(n,m) (X))]}

1 1 (n—j-1,m-k-1) R

S X g0+ Cain )+

0 . (x)=
i P (ir500)

(xiv) 2P

4p"q
B (,r+k)93(i ) (X) D+ Oa(i) (X)]

1 (n—j-1,m—k-1)

= Y B O X+ D ity O X) +
Pa (ir)=(00)

A (k1932 r) ¥) + Ciirj ) Oaai) ()]

(n—1,m—k-1)

{2 (Omaut X+ Oty () + O35 myt) (X) + O ety (X))
(i,r)=(n—j,m—k-1)

n—jy m—k-1
L 9™ )a
2

(n—1,m—k-1)

+ Z (Ga(i,m—k—l) (X) + G2a(i,m—k—1) (X) + 63a(i,m—k—1) (X) + G4a(i,m—k—1) (X))}
(i,r)=(n—j,m—k-1)

n—j-1 olg™ )
2
(n—j-1,m-1)

+ Z [Ga(n—j—l,r) (X) + 62a(n—j—1,r) (X) + G?;a(n—j—l,r) (X) + G4a(n—j—1,r) (X)]}
(i,r)=(n-j-1,m—k)
(n—1,m-1)

n—j m—k
¥ M[(- ) (Z k)(cmu,r) (X)+ G5, (X) = O3y (X) = i (X))
Lr)=n—Jj,m-—i

(n—j-1,m-1)
{ Z [G(n—j1,r) (X) + On—j1,r) (X) + O3(n_j-1r) (X) + O (n—j1,5) (X)]
(i, )=(n—j-1,m—k)

+p
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(n—1,m-1)
+ Z (G4a(i,r) (x)+ G2a(ir) (x)— O3a(ir) (x)— Galir) (x))
(i, )=(n—j,m—k)
(nm-1)
D () + O () = O3 (X) = S 1y (X))
(i,r)=(n,m—k)
(n—1,m)
+ D (OanX)+040(X) =03 (X) = S (X))
(ir)=(n-jm)

+c54(n,m) (X) + G2(n,m) (X) _03(n,m) (X) - cS(n,m)(x)]}

1 1 (n—j-1,m—k-1)

iy > (A0 XA g O2in )+
P'I (ir)=(00)

xv) P 4ph
Citjr+k)03(ir) X) + Cisj i) Oagip) (X)]
1 (n-j-1,m—k-1)

= Y BisirakOain®)+B (i Oai) ¥+
Pa (in=00)

D i r-+k193a(i,1) %) + Dy k) O air) (X)]

N ¢p" )™ { (n_mik_l) (o (x)+ (
5 (i,m—k—1) (X) + G241 m—k-1) (X) + O35 m—k-1) (X) + O m—-1) (X))
(i,r)=(n—j,m—+k-1)

(n—1,m—k-1)

+ Z (Ga(i,m—k—l) (x)+ G2a(i,m—k-1) (x)+ G3a(i,m—k-1) (x)+ G4a(im—k-1) (x))}
(i,r)=(n—jm—k-1)
o™,
' T{ > [O(n-j-1,(X) + O2(n—j-1,r) (X) + O3(n_j_1,1) (X) + T4n_j_1,1) (X)]
(i,r)=(n—j-1,m—k)

(n—j-1,m-1)

+ Z [Ga(n—j—l,r) (x)+ G2a(n-j-1,r) (x)+ O3a(n—j-1,r) (x)+ Gga(n-j-1,) (x)1}

(i,r)=(n—j-1,m—k)

L 04" g™ )
4

(n—1,m-1)
[ Z (04(i,r) (x)— G2ir) (x)+ i(Cf(i,r) (x)— G3(ir) (x)))
(i,r)=(n—j,m—k)
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(n-1,m-1)

+ Z (G4a(i,r) (X) ~O2a(ir) (X) + i(Ga(i,r) (X) ~O34(ir) (X)))
(i,r)=(n—j,m—k)

(nm-1)
+ z (G 4i ) (X) = O(i ) (X) + USj ) (X) = O35 ) (X))

(i,r)=(n,m—k)
(n—1,m) -
+ Z (04(i,r) (x)— Oir) (x) + l(G(i,r) (x)— O3(ir) (x)))
(ir)=(n-j,m)

+G4(n,m) (X) - c72(n,m) (X) +i(0(n,m)(x) - cS?,(n,m) (X))]}

1 1 (n—j-1,m-k-1)

0T 2 [ W+D
P9 (iri00)

*

0 clx)=

Gypiry (X) +
(xvi) P 2l

(i+]j,r+k)

4p"q
D (i+jr-+k193(ir) X) + Csjrt) Oy (X)]
1 (n—j-1,m—k-1) R R
=5 Y [0 ik Oain) ¥+ C i ke ¥+
P (io0)
C (i4ir+)93a(ir) (X) + D r+4)aafi) (X)]

n—jy m-k-1  (n-1m—k-1)
L 90" )a

) X (S(1,m—k-1) (%) + S(,m—k-1)(X) + O3(,m k1) (X) + T4 ,m—k-1) (X))
(i,r)=(n—j,m—k-1)
(n—1,m—k-1)

+ Z (Ga(i,m—k—l) (x)+ G2a(im—k-1) (x)+ O3a(i,m—k-1) (x)+ O 4a(i,m—*k-1) (x))}
(i,r)=(n—j,m—k-1)

m-— n—-j-1,m-1

n-i-1 9(q k){ ( JZ )
2 (i amk)

(n—j-1,m-1)

n

(i,r)=(n-j-1,m—k)

Y [On-j-1,5)(X) + G210 (X) + O3n—jc1 vy (X) + Ogn—jea ) (X)]

[Ga(n—j—l,r) (X) + 62a(n—j—1,r) (X) + G?;a(n—j—l,r) (X) + G4a(n—j—1,r) (X)]}

n—-j m—k, (n-1m-1)
¥ Ml(- ) (Z k)(04(i,r) () +G(;,)(X) + O31r) (X) + 51y (X))
Lr)=n—Jj,m—i
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(n—1,m-1)
+ Z (G4a(i,r) (x)+ G2a(ir) (x)+ O3a(ir) (x)+ Oalir) (x))
(i, )=(n—j,m—k)
(nm-1)
+ 2 (OanX)+ 00 (X) + O35 (X) + 0 (X))
(i,r)=(n,m—k)
(n—1,m)
+ Z (G4(i,r) (X) + O ) (X) + O35 1y (X) + 5 1y (X))

(ir)~(rim)

+G4(n’m) (X) + GZ(n,m) (X) +G3(n’m) (X) + G(n’m) (X)]}

1 1 (n—j=1,m—k-1) R
iy N agq i (ir):zww P00 B 0

Byivjr+k1O3(i) (X) F CiirjrOai (X)]
1 (n—j-1,m—-k-1)

=5 Y ChajrekOatin) ¥ +B (O () +
Pa (in=0,0)

Ai+ir+)93ali r) X) + D r4k) Oaiy) (X)]

¢(pn—j) qm—k—l (n-1,m—k-1)
+ 2 { Z (S (i,m—k-1)(X) + O2(i m—k1) (X) + O3 m—«—1)(X) + O m—k-1) (X))
(i )=(n—jm—k-1)
(n—1,m—k-1)
+ Z (S a(i,m-k-1)(X) + G240 m—k—1) (X) + O 35(i,m—k-1) (X) + Oaa(im——1) (X))}
(ir)=(n—jm—k-1)
0™, Y
i
+" B { z [O(n-j-1,0) () + Oon—j-1,0) (X) + O3 -1.1) (X) + T2y (X)]
(ir)=(n—j-1,m—k)
(n—j-1,m-1)
+ Z [Ga(n—j—l,r) (X) + GZa(n—j—l,r) (X) + GSa(n—j—l,r) (X) + G4a(n—j—1,r) (X)]}

(i,r)=(n—j-1,m—k)

L 04p™ ™)
4

(n—1,m-1)
[ Z (Oi ) (X) = O ) (X) + Lo 1) (X) — Oy ) (X))
(i,r)=(n—j,m—k)
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(n-1,m-1)
+ Z (G4a(i,r) (X) ~O2a(ir) (X) + i(G3a(i,r) (X) ~ Oa(ir) (X)))
(i,r)=(n—j,m—k)
(nm-1) -
+ z (04(i ) (X) = O3 ) (X) + Uo3(; 1) (X) — 5 ) (X))
(i,r)=(n,m—k)
(n—1,m) -
+ Z (04(i,r) (x)— Oir) (x) + l(Gg(i,r) (x)— O(ir) (x)))
(ir)=(n-j,m)
+G4(n,m) (X) - c72(n m) (X) +i(03(n m) (X) - cy(n,m) (X))]}

1 (n—j—1,m—k-1)

0 . (xX)= e Y > B’ o (i n(X) + Gy (X) +
jk (i+j,r+k)2(i,r) 2(i,r)
(xviii) 2P 4p"g™ pq (ir)=(0,0) (I+J "
A (itj,r+k)O3(i,) (X) + C(i+ k) Oai) (X)]
1 (n=j-1,m—k-1) R R
=5 Y A GO ¥+ C kg O2af) () +
Pa" (in=0,0)
B (i4i,r+4)93a(ir) %) + Diis r+4)ai ) (X)]
n—jy.m—k-1  (n-1,m—k-1)
+%{ > (S(i,m—k—1) (X) + O3, m—k-1) (X) + 31 m—k-1) (X) + Oa(i m—k-1) (X))
(i,r)=(n—j,m—k-1)
(n—1,m—k-1)
+ Z (G4 m—tk—1)(X) + 240 m—k—1) (X) + O35, m—«-1) (X) + 44 m——1) (X))}
(ir)=(n—jm—k-1)
s PR
+p" T{ Z [6(n—j1,r) (X) + Oa(n—j1,r) (X) + O3(njo1,1) (X) + O n—ju1 r) (X)]
(i,r)=(n-j-1,m—k)
(n—j-1,m-1)
+ Z [Ga(n—j—l,r) (X) + c52a(n—j—1,r) (X) + cT.’*’;a(n—j—l,r) (X) + G4a(n—j—1,r) (X)]}
(i,r)=(n-j-1,m—k)
ap" gk (n-1,m-1)
AT Y (0 0+ 0~ )
(i,r)=(n—j,m—k)

(n—1,m-1)
+ Z (G4a(i,r) (x)+ G2a(ir) (x)— G3a(ir) (x)— Ga(ir) (x))

(i,r)=(n—j,m—k)
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(nm-1)
D (o) +0(X) = O3 (X) = O (X))
(i,r)=(n,m—k)
(n—1,m)
+ Z (G4(i,r) (X) + O ) (X) = O35,y (X) — 5 ) (X))
(ir)=(n-j,m)

+G4(n,m) (X) + GZ(n,m) (X) _63(n,m) (X) - cS(n,m)(x)]}

(xix)

1 1 (n—j-1,m—k-1)

= {— Z [B(I+J r+k)0(i r)(X) + B* . GZ(i r) (X) +
4pnqm quk (i,r):(0,0) (i+j,r+k)

e3apj k (X)
Dii+jr+k)93(i,r) (X) + Diizj r-k) (i) (X)]

1 (n=j-1,m—k-1) \
=y Y AprOain ¥+ A Gy kO2an) )+
PA (ir)=(00)
Cii+jr+k103alir) (X)+ Clirjr4)Oaa(i) (X)]

n—jy m—k-1  (n-1m—-k-1)
L 90" )a

> {2 (Oamaut X+ Oty () + O35 myt) X) + O gy (X))
(i,r)=(n—j,m—k-1)
(n—1,m—k-1)
+ z (S a(i,m—k-1) (X) + O24(i m—k-1) (X) + O35, m—-1) (X) + Oaa(im——1) (X))}
(i,r)=(n—jm—k-1)
Lolgmh),
+p" T, { Z [0 01,1 () + Ognj1,1) (X) + O3(n—ja ) (X) + Oa—ja ) (X)]
(i,r)=(n-j-1,m—)
(n—j-1,m-1)
+ Z [Sa(n—j-1,r) (X) + O2a(n—j-1,1) (X) + O3a(n—j-1,r) (X) + Caa(n—j1,n (X)]}
(i,r)=(n-j-1,m—k)
4 n—j m—k (n—l,m—l) .
+ O8RS (X0 — Gy (X)) ()~ O ()
4 (i,r)=(n—j,m—k)

(n-1,m-1)
+ Z (G4a(i,r) (X) - c52a(i,r) (X) + i(Ga(i,r) (X) - c53a(i,r) (X)))
(i,r)=(n—j,m—k)
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(nm-1)

+ z (G 4(i,r) (X) — Oi py (X) + Ui ) (X) — O3 (X))
(i,r)=(n,m—k)
(n—1,m) -
+ Z (04(i,r) (x)— Oir) (x) + l(Cf(i,r) (x)— O3(ir) (x)))
(ir)=(n-j,m)

+G4(n,m) (X) - cSz(n,m) (X) _H.'(G(n,m) (X) - G3(n,m) (X))]}

1 1 (n=j-1,m-k-1)

0 (== Y ID yraigOin 0 TCr oK)+
ik k (i+j,r+k) ™2 (ir) 2(i,r)
CONRCIE L X e e
C (i+ir+k193(i) (%) Diizjr+k)Oagi ) (X)]
1 (n—j-1,m—k-1)

= Y 1€ hirsOalin) D (i skOaa) ¥+
Pa" (in=0,0)

D (i4ir+k)93a(ir) () Csj r+k)Caafi) (X)]

n—jy .m—k-1  (n-1,m—k-1)
L 9")a

{ > (S (i,m—k—1)(X) + O2(i m—k-1) (X) + O3 m—k—1)(X) + O m—k-1) (X))
2 (ir)=(njm—k-1)
(n—1,m—k-1)
+ Z (G a(i,m—k-1)(X) + G240 m—k—1) (X) + O 35(i,m—k-1) (X) + Oaa(im——1) (X))}

(i,r)=(n—jm—+k-1)

n-j-1 olg™™) (n=iLm1)

+p 5 { Z [6(n—j-1,5) (X) + Oan—j1,r) (X) + O3(n_j_1,1) (X) + Canj1 v (X)]
(ir)=(n-j-1,m—k)
(n—j-1,m-1)
+ Z [Ga(n—j—l,r) (X) + cyZa(n—j—l,r) (X) + G3a(n—j—1,r) (X) + G4a(n—j—1,r) (X)]}

(i,r)=(n-j-1,m—k)

n—j m—k (n—l,m—l)
+ AP0 ) TS (6 00+ O (04 Gy (X) + 65y ()
4 N
(i,r)=(n—j,m—k)
(n—1,m-1)
+ Z (G4a(i,r) (x)+ G2a(ir) (x)+ O3a(ir) (x)+ Oafir) (x))
(i,r)=(n-j,m—k)
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(nm-1)
D (OuinX)+ 00 (X)+ O (X) + Sy (X))
(i,r)=(n,m—k)
(n—1,m)
+ D (OapnX)+00(X)+ O3 (X) + 0 (X))

(ir)(rim)

+(54(n'm) (X) + GZ(n,m) (X) +G3(n,m) (X) + G(n'm) (X)]}

where A (,_1 m—1) =" g™ w ): B(n-1,m-1) :p"'lqm'l(L;&_y )
Ciim-n= P g™ (#), Dh1m-1) = P"q™ (#)
A'rimy = p“fl"“(%) , B (-1m-) =p”'1qm'1(%)
Cloamy= prigm (L0 Dy = prignitr 20

4 4
wherer’=-q, y%=p, 5%=pq
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