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Abstract

In the present paper we consider product of some special functions with a
general class of polynomial via pathway fractional integral operator .This
operator generalizes of the Riemann-Liouville fractional integral operator. Our
results are quite general in nature .Some known and new results are also obtain

here.
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INTRODUCTION

DEFINITION: Let f(x) € L(a,b),n € C,R(n)>0,a>0 and let us take a
“Pathway parameter” a < 1.Then the pathway fractional integration operator is

defined by Nair [8]

_x _n_
(pgz DF) () = x7 fo(““—“)) [1 - @]““” fOAt (1.1)
whena = 0,a = 1 and n isreplaced by n — 1in (1.1) it yields
1 X -
(I, f) () = =y (e = )T f (D)t (1.2)

which is the left — sided Riemann-Liouville fractional integral defined by
Samko et. al.[9].
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The pathway model is introduced by Mathai [5] and studied further by Mathai and
Houbold [6] [7].

For R(a) > 0, the pathway model for scalar random variables is represented by the
following probability density function.

fG) = clx|"*[1-a(1l- a)lxl‘?]% ....... (1.3)

y>0,6>0,=0,{1-al—a)lx]’}>0,—0<x <o,

where ¢ is the normalizing constant and « is pathway parameter. For real, the
normalizing constant is as follows:

Sla(i-a)]s ré&+-Lo1

0 e

c=% a1 L (1.4)

1 1-a 1
=3 7 , for 5> Oba>1 . (1.5)

R fore->1 L. (1.6)

For a < 1, itis a finite range density with [ 1 — a(1 — a)|x|®] > 0 and (1.3) remains
in the extended generalized type-1 beta family. For a < 1, the pathway density in
(12.3) includes the extended type-1 beta density, the triangular density, the uniform
density and many other p.d. f.

when a > 1, wewrite 1 —a =—(a — 1), then

(PEF) @) = «7 fo(_ﬁ) [1+ 552 @D fyae
fx) = clx|" 1+ ala - 1)|x|5]_% ...... (1.7)

Where a>1,6>0,=20,—0<x < o,

which is extended generalized type-2 beta model for real x, It includes the type-2 beta
density, the F density, the student-t density, the Cauchy density and many more.

Here, we consider only the case of pathway parameter a < 1. For @ — 1 both (1.3)
and (1.7) take the exponential form, since.
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lim - S %a
v 1€ lx|"71 — a(1 — a)|x|%]*

_ lim - P =y
= o qc 1+ ala—D|x|®] «*

— C|x|y—1e—anlxl5

n

For—1_, [1 — M]m - e_%t , the operator (1.1) reduces to the following form
o _4n
(PEVF) o) = 21 [ e™=" foat
= xﬂLf(‘;—” ...... (1.9)

It reduces to the Laplace integral transform of f with parameter (;—'7 .

In this paper we will integrate product of M-series, Fox’s H-function and generalized
Mittag-Leffler function by means of pathway model.

The following general class of polynomials introduced by Srivastava [13]

Sla) = T A
=¥ (D /=012 . (1.10)

When m is an arbitrary positive integer and the coefficients 4, ;(n, 1 > 0) are
arbitrary constants, real or complex

The generalized M-series is defined and studied by Sharma and Jain [11] as follows

(a1)-(ap), Zk
(b1)y - (bG),, T(@'k+B")

S @=Yi

= ¥, (k) L (1.11)

Where z, a’, B’ € C,Re(a’) > 0

Here (aj),,(bj), are known as Pochammer symbols. The series (1.11) is defined

when none of the parameters b]fs,j =1,2,..0 is negative integer or zero. The series
in (1.11) is convergent for all z if p < g, itis convergent for |z| < § = a® ifp =0 +
1 and divergent, if p>oc+1 . When p>o0+1 and |z| <§, the series can
converge on conditions depending on the parameters.
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The series representation of Fox H- function studied by Fox C [2] as follows:

(ep, Ep) 0P @ (1\¢
HMN[ (fp FP)] YNy o (Z) , ..(1.12)
where & =" and (h=12,.. ,N)

h
and
MLy r(7j+F€) Ty r(1-ej+E8)
X() = j#h (1.13)

H? m+1r(1 f] F]E) H] N+1F(ej+Ejf)

Following are the convergence conditions:

Ty = L B — Xy B+ XL Zl mi1 F ....(1.14)
T2 = ln=1ai - Z? n+1 al + Z 1ﬁl Z?=m+1ﬁi (115)

Recently, a new generalization of Mittag-Leffler function was defined by Faraj and
Salim [3] as follows:

v.6,9 _ ) Wgnz"
Eapp(@ = Zn=ormm oo ...(1.16)

Where z,a,B,y,6 € C; Min{ Re(a), Re(B),Re(y),Re(6)} > 0,p,q > 0

Further, generalization of Mittag- Leffler function was defined by Khan and Ahmed
[4] as follows:

wov.q _ Yo W pn V) gnz™
Eaﬂvaﬁp(z) - Zn:ol"(an+[3)(v)(m (6)1771 .(117)

Where a,B,v,6,u,v,p,0 €EC;p,q >0 and q < Re(a) + pp, and Min{Re(),
Re(B),Re(y),Re(8),Re( 1), Re(v),Re(p),Re(a)} > 0 If we take u =v,p =0 in
(1.17) it reduces to eq. (1.16).
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Write generalized hypergeometric function was defined by Srivastava and Manocha
[12] as follows:

Wy [(al,Al), w(ay, 4p); (b1, By), ..., (b, By ); 2

_ Tlai+4; in)z™
Zn OHq ,T(bj+Bjn)n!

SHr[d'e="] (1.18)

MAIN RESULTS
Theorem-1 Let n,y,8,9,p,w,p €C, c,b € R,Re(f) > 0,Re(5) > 0,Re(n) > 0,
Re(y) > 0,Re(w) > 0, Re (1 +1f—a) > 0,Re(p) >0,a <1,bER,c ER,

Re (a) +5§) > 0, |argc| <%T17T,T1T2 >0,p<o0ld < a’“,,,B* >0,j=1,..,0;
]

Then

@ ) w-1 @, p “B*1 M'[qr—B"1 M,  (ep Ep) 5,
pire {t“’lp M’Ba[dt 7.5 [dtB]Hg{QN[ct«f ) s

dk[d']lx1 @Bk (B)! r(1 + )r(a)
=1 (k) P, (D) rlad —a]oFk— (")

(bt”)}

bxP v, q) (w—pB"k, (")l —5%p)
s [[a(l — P |(6.0)@p) (1+ 0+ 77— =55~ 'k (ﬁ")l,p)]'
stl (e 4 )
ro [a(l—a) o) 2.1)

Proof: The theorem -1 can be evaluated by wusing the definitions
(1.1),(1.10),(1.11),(1.12) and (1.16) then by interchange the order of integrations and
summations, evaluate the inner integral by making use of beta function formula, we
arrive at the desired result (2.1).

Theorem-2 Let 1,v,68,q,p,8,T1,T, > 0,1, p,v,9,B,v,0,6 € C,Re(n) > 0,Re(y)
> 0,Re(B) > 0,Re (1 +12—a) >0,b,cER,a< 1,Re(a) + 6%) > 0,|argc| <
%Tln,p <ocand|d| < a’a’,ﬁ* >0,j=1,..,0

and min(Re(9), Re(B), Re(y),Re(5), Re(u), Re(v), Re(p), Re(c)) > 0
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Then

pip fir=s 8 farsiplacs g e (7 ) gt (o)
o

dexB=FRB T (14 L) T (0)I(8)

— Ay
- lpl(k) [a(l _ a)]ﬁ‘ﬁ*k‘ﬁ"lf(u)F(y) l/)z(l) (d )
bx? wp) @) B—Bk—p"l—35"39)
Vs [[a(l =P |8, p)(0,0) (14 + 72— =86 — 'k = ﬁ”l.ﬁ)]
MmN [ ex® (ep, Ep)
P [W (o Fo) ~(2.2)

Proof: The theorem -2 can be evaluated by using the definitions (1.1),(1.10) (1.11)
and (1.16) then by interchange the order of integrations and summations, evaluate the
inner integral by making use of beta function formula, we arrive at the desired result
(2.2).

SPECIAL CASES:

1. Ifwetake§ =p=qg=1,p=B,a =L, =w andin H- function §’ =& in
theorem -1 then we at once arrive at the known result of [1,Theorem-2].

2. Ifwetake & = p = 1 in theorem -1 then we get the following particular case of
the solution (2.1)

Corollary-1
The following formula holds

Péz,a) {tw—l pa;(/[ﬁ' [dt_ﬁ*]- HII:IQNI tall (( p’ ;9)) Eyq(btp)}
o

akxnto=fkr(141)
=) et

bxP
V2 G -oF

6/

(w =65 =Bk, p)(¥,q)
(w, p) (1 +w +1i—a— 6¢ —,B*k,p)]

(ep, Ep)l
(fo.Fo)

MN cx
[[a(l —a)]®
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Where n,v,q,w,p € C, ¢,b € R,Re(B) > 0,Re(5) > 0,Re(n) > 0,Re(y) >

0,Re(w) > 0,Re (1+-1) > 0,Re(p) >0,a < LbER,cE R,Re<w+5§) >
- J

0large| < TymTyT, > 0,p < 0,ld| < @', "> 0,j = 1,..,;

If we take u=v,p=0,6d=p=q=1and 9 - £, = w in H function
6' =46 in theorem-2 then we at once arrive at the known result of
[1, Theorem-1] .

If we take u = v, p = o then we at once arrive at the theorem-1.

Making B*,6'>0 and §=p=q=1,p=pf in the result (2.1) and
B 6 - 0,u=v,p=0,8 =p=q=1Iinresult (2.2) then we at once arrive
at the known result of Nair in[8].

If we take n' > 0 in theoreml and theorem2 we get the result recently
established by H. Saxena[10]

p',8'and " >0 and §=p=qgq=1,¢=pLin (21) and B*6,n' >0,
u=9 p=0,§ =p=q=1in(2.2) then we at once arrive at the know
results of Nair in [8]
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