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Abstract

Well-bounded operators on Banach spaces are introduced by D. R. Smart
[1].They coinside with the operators having, in some weaker sense,a spectral
decomposition that converges only conditionally. T.A.Gillespie[2] proved that
the sum of two commuting well-bounded operators is not always well-
bounded even on Hilbert space.In this paper we give a general procedure to
construct well-bounded operators on Banach space and show that the sum and
product of well-bounded operators on Banach space need not be well-
bounded operators.
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INTRODUCTION:
Definition1:

A bounded linear operator T on a complex reflexive Banach space is said to be well-
bounded if there is a compact interval J = [a, b] and a positive constant M such that
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Ip(M[I= M{lplb + var p} -0
J

for every complex polynomial p, where ||p|l; denotes sup {| p(t) |t € J} and

Val’p Z'p(ﬂg)_p(ﬂ.«jﬂ)l/ A0=4a, A,

- =b isany partitionofJ
J —sup{ /=1 An yp }

Theorem 2:
Suppose B is reflexive Banach space such that each closed linear subspace can be
complemented then for every bounded linear operator T and any real number L

there is a bounded projection P_ﬂ such that R(P4)=N(T- 1) and P_u commutes
with every bounded operator commuting with T.

Suppose X is a Banach space and {Pn } is a sequence of bounded linear
transformation on X satisfying the following:

1) Each Py is a projection on X. i.e. Py 2 =Py .
2) Pan :0 . nqﬁm.

3) Zn_y B, converges strongly to I.

4) ” E_?:l Pg_;.'_j_” — 00 as NnN—o®©

Lemma 3:
Let {Pn } is a sequence of bounded linear transformations on a Banach space X

satisfying (1),(2) ,(3) & (4) then || X%_; P;; [ as n— .
Proof: Put, Sn(x) = X7, P:;‘ZPJ« (x) ,xe X,n>1
=l
Then we have by (3),
S Iiml1—>oo lej = I
=

i.e. Sn(x) — I(x)=x, foreveryx € X.

Hence ,Sn(x) is bounded for every x € X.
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Therefore, by uniform boundedness theorem ,{Sn} is uniformly bounded.
e. ||Sll £ M, ¥n>I
Put, An= X7, Py; and Bn=2X7- Py

.r._;l_l

Then, || Aall = || An+ Bn - Bnl|

=< ” Son - Bn”
< M| Bl
As || Al = | Z?:i ng—1|| — 00 aS h —0,
1 Bull = | 7y Pyyll =0 as 0o,

Lemma 4:

Let { 2n} be a sequence in R such that¥?-, P; < oo .Then the series X7, fj»nF‘n
converges strongly.

Proof: Put, Sn =X%_; P, n=l

Ty ﬂ}_PJ.:An+1Sn+ Zi:(/lj_/lﬁl) S N>l (A)

We show that { 4n} is convergent.

for n>m, we have
| An=-Am|
< |An An—l"' ﬂn—l—ﬂn—2+ —————— +2,m+1— ﬂm |

< Xim B
n-1

Since, X7, P; < oo, 2IA,.-A,l 20 asnm-—oo
Jj=m

Thus, { An} is a Cauchy sequence and hence { in} isconvergent.

Since { Jn+1} converges and Sn — 1  strongly, the sequence {fj»?2 41 Sn(x) }
converges foreveryx € X.

Since {Sn(x) } converges every x € X, By uniform bounded theorem,
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{Sn(xX)} is bounded.

Let, M be a positive constant such that || Sn ||< M , n>1

Now for n> m, consider

251 (A= 41 +1)Q; - ZRa(4i—Ai+1)Q; |

|IZ% s (A= Ai+1)Q; ||

< Blema I (A= Aj+ 1)

IN

Sa,-a,01 sl

j=m+1

IA

M X% ol (Ai— Aj+ 1))

MS1A,.-2)]

j=m+1

Since anl(ﬂ/j+1_ﬁaj)|—)0as n, m — oo,

j=m+1

We get that Z;.‘zl(/lj —Aj+1 )@; i is cauchy sequence .Therefore it converges in
norm.

Now by using (A) ,we get that 27— ,ﬂvn B, is converges strongly.
Lemma 5:

Let { 21} be a monotonic bounded sequence in R .Then

(=1 A, ) = i p(4) P+ a0 (1 - S0)
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for every complex polynomial p(1) =ag+ail+azA%+.......... +ac Ak, a#0.

Proof: Letp(A) =ao+aid+axl?+....... +acAk | a#0.

p(z.?zi A}'F}'ijj )

aol +a1 i/LPj + aZ(Zk:/LPj ) e *an (zﬂ_jpj)k

v 0P, vl 1) CP, e (A P

n n

= a0|+z (a1 dj+ @AP+. .. +akidj" Pj:aOH‘Z [p(ﬂj)-ao] P;
j=1 j=1

= aol+ P(A, )P - D aP;
j=1 Jj=1

=> p(A,)P +ta(-Y P,)
j=1 j=1
Therefore,

P(X]=1 ’;”; P)=Li=1p( )”}-] P, + ao(l - Sn)

Lemma 6:

Let {,in} be a monotonic bounded sequence in R.Then the series X, ;»HF‘,2
defines a well-bounded operator on X.

Proof: Let { 4n} be a monotonically increasing then
;lﬂ'_ﬁl_ﬂ'./ | = ;(ll_ﬁl_ﬂ/./)

=d2- A1t A3- 4 24eees + An+l- An
= Jdnel- A
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Since {2n} is a monotonic and bounded ,it is convergent. i.e. {An+1- A1 }
converges.

Hence D |4~ A, K®

j=1
Similarly ,if { 2} be a monotonically decreasing then
212,421 = 202,- 2,

EY R PR B [ [ P — +4n- Ant
=41 - A

which is convergent by the same argument.
ie. Z;;' Zﬁl_ﬁﬁ |< 0
=
Thus by lemma (4) Z7=, 4 _P, converges strongly.
Deflne T = S - Ilm n—»0 ;ﬂ«jpj

Since { An } is bounded, we can choose a compact interval J=[a,b] such that { 7/

k 4
Further for any complex polynomial p(A) = Za,ﬂ’ ,we have by lemma 5,
i=0

p (Zfar A4,P)= Eiza p(4,) P+ a0 (1 - Sn)

Hence

p (E.:'zzi ’J"}-Pj )X

= Ej-’:ip(?u}.j P, x +ao(l-Sn) X
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=p(4,.,) S X+ 3 p(4 )= p(4,.)Six + pO)(I-S)x
lIp (Z7=1 2,P; X

<lp(4 . DIISx]+ ZI PA)=p(A, )| ISXIHPONIX-Sn). oo (B)

<Ip(A, Dl ISl + ilp(ﬁj)—p(ﬂj+l)l-IISJIIIIXII

+p(0) | (x - SaX)|
<ol M Xl + Ziy p(AD—p(4i+1) .M Xl +pO) (X - Sax)l

Since T = Zﬂij converges strongly to T and p is continuous,
j=1

p(T)x - p(Mx,xe X
Hence by taking n — oo in (B) we get

e (MxIl = Clipl + var p )M KXl

This implies that

P (M I=M{ [Pl + var plxil 3}

Thus, T is well-bounded.

Theorem 7:

There exists well-bounded operators S, T with ST = TS, but S+T is not well bounded.

Proof: Define the sequences { 4 }&{ U } are as follows:
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In+1 m-1 2n m-1

;”k = In & ILlZn: n ;"k = on—1 & luzn:1: In

We show that { A, } Is decreasing

ie. 4., < Ak forall k>1.

If kiseven, k=2n, we have
2(n+1) _ 2n+2

Ak = 2m+1)-1  2n+1
And
_ 2n+lmmua 2(n+1)
Ak Ak 2n ™ 2n+1
= 1 _i1+ i -1- 1
n 2n 2n+1
i_ 1
2n 2n+1
Similarly ,If kisodd, k =2n-1, then we have
_ 2n 2n+1
R P R
_ 4n -WUn' Y
(2n—-1)(2n)
1

= — — >0
(2n—-1)(2n)
Hence, { Ak} is decreasing forall k> 1.
Now we show that { Iuk} is increasing. i.e. M. = U, forall k>1.

If kiseven, k=2n, we have

i _ m-1  2(n+1)-1
luzn 1u2n+1 In 2(n+1)
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= '_]__i_]_-{- 1
n 2(n+1)
1 1
= -—<04
2n+2 2n Ak

Similarly, If kisodd, k=2n-1, then we have

o _2n-D-1 2n-1
ILlZiz—l ILlZn Z(n_l) 27’1

2n—-2-1 ) 2n—1
2n—2 2n

1 4,1

2n—2 2n
1 1

2n 2n-2

=1-

<0.

Hence, {lle} IS increasing.

If S= ;ﬂnanj::l ?»}.P}- and T = Z:l:lunpn

Then by lemma(6) S, T are well bounded operators on Banach space X with ST=TS.

We show that S+T is not well bounded.

Suppose that S+T is well bounded.
Since, (S+T)x = ;Tzit;un + Hye, x|

(S+T)Px = Eiy (A + .-“nj P, Pox

= (Zz + IL[Z)P2X
But
2n+1l n—-1
At M= 2 ¥ T T2 n=l.

Therefore, 2 is an eigenvalue of S+T.

for

85

eX,
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By Theorem(2) there is a bounded projection Q which commutes with every operator

commuting with S+T and R(Q) = N ((S+T)-2I)

Thus, QPn=PnQ foralln>1.
Also

(S+TPax = (4, + 1, ) Pan X

= 2 PZnX
Pon X € N((S+T)-21)= R(Q), QP2n X= P2 X, X eX.

We also have

(S+T)Panax = (A, + IUZH) Pon1 X

= q,Pax
Where,
an = 12)1—1
= 14+— + 1-—
Zn—1 n
_ 1 1
=2+ In-1  In

., =2 +2n(2n—1} >2 .

But QPaix e R(Q) = N ((S+T)-2I)

((S+T) — 21 )QP2n1x =0
i.e. (S+T)P2n1x =2 QP2n1 X

Also, (S+T)Q Pan1x = Q(S+T) QP2n1 X
= Q( Ayt ,uz,l,l) Pan1 X
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= (Apa t U, ) QP 2n1 X
= o,QPxn1X
Thus, 2QP2n.1 = o, QPxn1X,
where oy >2 .Thus, QP2n1 =0

Thus ,QP2nX=Pon X & QP2p.1Xx =0, X eX

i.e. QP2n =P2n , QP2n1 =0

Now I=s- [im,... ;Pk
Q=s lim,.. ;QPk
=s- |lim,.. ;QPZk

=S- Iimnﬁoo ;PZk

Thus, the partial sums of the series Z P,, converges pointwise to QX.

n=1

87

This implies that the sequence szj is pointwise bounded and by uniform
j=1

boundedness, theorem the sequence is uniformly bounded. This leads to contradiction

Since by lemma 1,

| Ef:l P,; [ > as n—oo.

This proves that S+T is not well-bounded.

Theorem 8:

There exists well-bounded operators S, T with ST=TS, but ST is not well bounded.

Proof:

Let S,T are well bounded operators defined as in theorem 7.
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Then’S: iﬂunpnz-?:i A}-Fj and T: le’lnPn
n=1 n=1

and we have

(ST = S(T(x)

= S(i_unPn X)

= Y S ) PP

m=1

= gun/lnan

Furthermore, for, n>1

_ 2n n-1 _
H,, - Aows = -1  m =1

Hence.forany x €X,

(ST)PZn-lX ILerzfl . 12n71P on-1 X

Pan1 X

Since 11, - A, =1

Thus,1 is an eigenvalue of ST,Hence by theorem(A) there is a bounded projection U
such that

R(U) = N(ST-1) and U commutes with every bounded operator commuting with ST.

(ST)P2n1x=0,x X,
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Panax e N((ST)-1)=R(U),
Thus

U. PonaX =Pona X

Also forany x € X, UPax e R(U)=N((ST)-I)

Therefore,
((ST)—1)UP2nx =0

i.e. (ST)UP2nX = UPan X

But, (ST)UPanx = U(ST) Pan X
=U( A, - M, )Pan X
:( ﬂ.«Zn ll’lzn) UP n X

= ﬂnU Pon X

4n’ -1
Where, ﬂn:lznﬂbl:n—z <1
4dn

Hence, U.PaXx = ﬂ UPonx , X eX.

IB < 1,implies that U. P2nx =0, for every x e X.

Thus, U. P2n.ax =P2nax and U. Ponx =0, forevery x e X

Now | = s- |imeZPk
k=1

Thus, U =s- |lim,.. ZU.Pk
k=1

89
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= S- Iim n—»w ZU-PZk—l
k=1

n
= S- IImn—)w ;PZk—l

This again gives contradiction to (4) that,

| 7=y Pyjyll — 0 as n— oo .

This proves that ST is not well-bounded.
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