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Abstract

This paper aims to demonstrate the patterns in the occurrence of centres of Quadric
Hypersurfaces of Second Degree in an n-dimensional space. This will be done by
closely observing the general equation of the Quadric and restructuring it to find
the centre and looking for a pattern in doing so. This pattern would enable us to lo-
cate the Centre in a much more efficient way in comparison to a Geometric Method.
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1. Introduction

A Quadric Hypersurface is a genralisation of a Conic Section [3]. It is a hypersurface (of
dimension D) in a (D + 1)-dimensional space. Examples are cone, cylinder, ellipsoid,
hyperboloid, paraboloid, sphere, spheroid etc.

When Any straight line which is the locus of the midpoints of a family of parallel
chords is defined as the diameter. The centre of a Quadric is found by locating the
intersection of diameters of the conic.

A general Quadric [1] Hypersurface in the space R
n such that the Quadric S is

S :
n∑

i=1

aix
2
i + 2

n∑
i,j ,i �=j

bixixj − 2
n∑

i=1

cixi + d = 0
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The Quadric can also be represented in Matrix form
Where bij = bji




x1

x2
...

xn

1







a1 b12 . . . b1n −c1

b21 a2
...

...
. . .

...

bn1 an −cn

−c1 −c2 . . . −cn d




[
x1 x2 . . . . . . xn 1

] = 0

Which is the same as
DMDT = 0

Where D represents the Matrix whose size corresponds to the dimension of M and M

represents the Matrix of coefficients of dimensions in S. The above is the general Matrix
form of any Quadric Surface.

2. Procedure

We know that the centre of a Quadric is the intersection point of all its diameters. This
can be found out by differentiating (Partially) the curve with respect to every dimension,
setting its value to 0 and solving the so obtained system of equations to obtain the centre.

We set its value equal to zero for the following reason.
We can view the curve as a level set of the function

f (x1, x2, . . . , xn) =
n∑

i=1

aix
2
i + 2

n∑
i,j ,i �=j

bixixj − 2
n∑

i=1

cixi (1)

The level sets of this function create the family of curves
n∑

i=1

aix
2
i +2

n∑
i,j ,i �=j

bixixj −

2
n∑

i=1

cixi + d = 0, where the parameter d is changing.

For the cases
∂S

∂xi

> 0 or
∂S

∂xi

< 0,

We get concentric curves which can be in three dimensions; circles, ellipses, hyperbolas,
in four dimansions; hyperboloids, ellipsoids etc and so on for higher dimensions. This
point will either be a maxima or a minima or a saddle point given that the graphs are
plotted about a point where the differencial is zero. All of these would centre around a
fixed point which would be the be the centre of the Quadric since that is the only point
which would satisfy the given condition. Therefore we set the respective derivatives to
be zero for each dimension.

We can furthur justify this from the fact that by Principal Axis Theorem we can
translate and rotate the Quadric to bring it to the centre till all the coefficients of the
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linear terms are zero and bring it to the form, k1x
2
1 + k2x

2
2 + · · · + knx

2
n = const where

ki is a constant coefficient for the transformed Quadric. This transformed quadric will
clearly have it’s partial derivatives equal to zero only about the origin and depending
upon the sign of the coefficients ki we can say whether it has minimum, maximum or
saddle point there.

Partial Differentiation of S with respect to each dimensions would give the system
of equations




a1 b12 . . . b1n

b21 a2
...

...
. . .

...

bn1 bn2 an







x1

x2
...

xn


 −




c1

c2
...

cn




= 0

The above system of equations can then me rearranged to be represented as




a1 b12 . . . b1n

b21 a2
...

...
. . .

...

bn1 bn2 an







x1

x2
...

xn

1




=




c1

c2
...

cn




It can be very clearly seen that this system of equations can be solved by direct application
of Cramer’s Rule [2]. Applying Cramer’s Rule on the given Quadric HyperSurface

x1 =

∣∣∣∣∣∣∣∣∣

c1 b12 . . . b1n

c2 a2
...

...
. . .

...

cn bn2 an

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

a1 b12 . . . b1n

b21 a2
...

...
. . .

...

bn1 bn2 an

∣∣∣∣∣∣∣∣∣

, (2)

x2 =

∣∣∣∣∣∣∣∣∣

a1 c1 . . . b1n

b21 c2
...

...
. . .

...

bn1 cn an

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

a1 b12 . . . b1n

b21 a2
...

...
. . .

...

bn1 bn2 an

∣∣∣∣∣∣∣∣∣

, (3)
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xn =

∣∣∣∣∣∣∣∣∣

a1 b12 . . . c1

b21 a2 c2
...

. . .
...

bn1 bn2 cn

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

a1 b12 . . . b1n

b21 a2
...

...
. . .

...

bn1 bn2 an

∣∣∣∣∣∣∣∣∣

(4)

The numerator for the value of x1 is clearly the cofactor of c1 in the matrix M and that
of x2 is the cofactor of c2 from the matrix M and so on. The denominator in each case
is the Cofactor of d from the matrix M .

The Centre therefore can be represented in general for any n-dimensional Quadric
HyperSurface as a ratio of two cofactors from the matrix M;

xi = Cci
(M)

Cd(M)
(5)

Where the symbols M, d and i mean the same as defined before and the notation Ce(A)
represents the Cofactor of the element e belonging to a given Matrix A.

The above result is consistent with all types of Quadrics and gives appropriate results
for them. For instance consider a Quadric which has no centre, say A Standard Parabola
symmetric about the x-axis i.e a Quadric in 2 dimensions (In x and y), which is linear
in x and quadartic in y. Let the curve P be the Standard Parabola

P :y2 − 4ax = 0

The Matrix containing the coefficients for the curve would be

M =



a1 b12 c1

b12 a2 c2

c1 c2 d




When we substitue the values of the Coefficients in the Matrix which contains the coef-
ficients we get

M =



0 0 −2a

0 1 0
−2a 0 0




Clearly the value of Cd(M) = 0 for the curve implies the value of its individual co-
ordinates will not be defined. This is perfectly consistent with the fact that the Parabola
has all Parallel Diameters so they will never intersect.
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3. Conclusion

The centre of the Quadric can be evaluated and located very efficiently this way as cal-
culation of determinants in higher dimensions is much faster than geometric procedures.

In Future it is aimed to extend this generalisation to study other properties of Quadric
Surfaces.
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