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Abstract

In this paper, we define a new generalization for Pell and Pell Lucas, and modified
Pell sequences called generalized Vieta-Pell and Vieta-Pell -Lucas polynomial
sequences. The Binet formulae, generating functions, sum formulas, differatation
rules and some important properties for these sequences are given. And then we
generate a matrix whose elements are of generalized Vieta-Pell terms. By using
this matrix we derive some properties for generalized Vieta-Pell and generalized
Vieta-Pell-Lucas polynomial sequences
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1. INTRODUCTION AND PRELIMINARIES

Special integer sequences especially Fibonacci sequence are encountered in different
branches of science, art, nature, the structure of our body. Also, the Pell sequence is
one of the most famous and curious numerical sequence in mathematics and have been
widely studied from both algebraic and combinatorial prospectives. Generalizations
of integer sequences were studied by researchers by different types, such as changing
the initial conditions or adding new parameters to the recurrence relations, changing
the recurrence relation with respect to parity of index n. For example Swammy
in [4] defined the generalized Fibonacci and Lucas polynomials and their diagonal
polynomials. Djordjevic considered the generating functions, explicit formulas for
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generalized Fibonacci and Lucas polynomials in [5]. A generalization of Fibonacci
and Lucas numbers, the Fibonacci, Lucas polynomials are studied in [6] by Catalan and
defined by the recurrence relations respectively F,,(z) = x F,,_1(z)+F,—2(x), Fo(z) =
0, Fi(x) = 1, l(x) = zlp1(x) + lho(x), l(x) = 2, lLi(z) = z. Also, A.
Nalli, P. Haukkanen, in [7] gave some properties of generalized Fibonacci and Lucas
polynomials. In [8,9], Uygun generalized Jacobsthal and Jacobsthal Lucas seqiences
by various approaches. Our paper is about Pell and Pell Lucas sequences. So first of
all we define the recurrence relations for Pell, Pell Lucas, medified Pell sequences as
P,=2P,_ 1+ P, 5, PBhb=0, PP=1and @, =2Q,_1+ Qn_2, Qo =2, Q1 = 2;and
Gn = 2¢n—1 + Qn—2, qo =1, ¢ = 1 forn > 2, respectively in [1,2]. A.F. Horadam and
Bro. J.M. Mahon, defined Pell and Pell-Lucas polynomials in [10]. Halic1 gave ,some
sums formulae for products of terms of Pell, Pell-Lucas and modified Pell sequences
in[11]. Dasdemir, in [12] studied Pell, Pell-Lucas and modified Pell numbers by using
marix. Halic1 and Akyliz, gave a different generalization for Pell sequences called
bivariate Pell polynomials in [13]. In this study we are interested in vieta generalization
of Pell, Pell-Lucas and modified Pell sequences. In literature, vieta Lucas polynomials
were studied by Robbins in [14]. A.F.Horadam defined vieta polynomials in[15].
Vitula and Slota redefined vieta polynomials as modified Chebyshev polynomials in
[16]. Tasci and Yal¢in gave Vieta-Pell and Vieta-Pell-Lucas polynomials in [17]. The
authors studied generalization of vieta-Jacobsthal and Jacobsthal-Lucas polynomials
in [18].

Pell and the Pell Lucas polynomial sequences sequences are defined recurrently by
P.(z) = 2P,_1(z) + Py—2(z), Py(zr) = 0, P(x) =1, n > 2and Q,(z) =
2Qn-1(2) + Qu_2(z), Qo(x) =2, Q1(x) =2, n > 2in [10].The object of this paper
is to define a new generalization of Pell, Pell Lucas and modified Pell sequences by
using polynomials as called generalized vieta Pell polynomial P ,,(x) and generalized
vieta Pell Lucas polynomial @)y, (z) and generalized modified vieta Pell polynomial
k(). We record some basic properties, matrix form of Py ,,(x), Qk (), and g ().

2. THE GENERALIZED VIETA-PELL, PELL LUCAS, MODIFIED PELL
POLYNOMIALS AND THEIR PROPERTIES

Definition 1. Let n > 2 any integer. The generalized vieta-Pell polynomial
{Pen(2)},cn Sequences are described by using the following recurrence relation

Pin(2) = 282P,, 1 (%) — Ppp_o(z) (2.1)
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with initial conditions are Pyo(x) = 0, Py1(x) = 1,and generalized vieta-Pell Lucas
polynomial{Qy. ()}, . Sequences are defined

Qk,n(z) = Qkak,n—l(x) - Qk’,n—Q(:E) (22)

with initial conditions are Qro(x) = 2, Qri(r) = 2Fx and generalized vieta
modified-Pell polynomial {qy. ()}, .y Sequences are defined

Qk’,n(x) = Qkqu,nfl(x) - Qk,n72<x) (23)

with initial conditions are qio(x) = 1, q1(z) = 2¥ 1.
Initially, the polynomials are defined for only positive terms but their existence forn < 0
is readily obtained, yielding

Pen(z) = —Ppn(v),
Qk,fn(x) = Qk,n(m)a
Q-n(T) = qrn(T).

The first some terms of generalized vieta-Pell polynomials are Py 1(x) =1, Pyo(x) =
2k, Pps(r) = 2%2? — 1, P y(z) = 23%23 — 2Fg,

The first some terms of generalized vieta-Pell polynomial Lucas polynomials are
Qra(r) =22, Qra(r) = 2%2? — 2, Qps(x) = 23%%2% — 3.2k,

The first some terms of generalized vieta modified-Pell polynomials are obtained by
dividing into two the elements of generalized vieta Pell- Lucas polynomials.

The characteristic equation of recurrence relation for generalized vieta-Pell, Pell Lucas,
and modified Pell polynomial sequences is

r?—2%pr+1=0.

The roots of the characteristic equation are

ok 4 /222 — 4 okp — \/22kx2 — 4
= 5 . Bx) = 2.4)

a(r)
with the following properties
alz) + B(z) =2z,  a(z) - B(z) = V2222 —4,  afx).B(z) = 1. (2.5)

Lemma 2. The Binet formulas for these sequences are

a"(z) — ()
a(z) = p(x)

Py n(z) = (2.6)
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Qrn(z) = a"(2) + 8" (x), (2.7)
Gon (2) = O‘n(w);rﬁ @), 2.9)

Proof. The proof is obtained easily by using the values of the first two terms of P, ,,(z)
and Qg (), qrn(x). O

(Important Relationships)

Important elementary relationships involving Py ,(z) and Q) ,,(x) follow with the aid
of (2.1)-(2.9)

@) Py (2)Qpn (7)) = Pr2n(2)

b) Pens1(x) — Pin-1(2) = Qralz)

) Qi () = Qrama (@) = ((2'2)” = 4) Pea(a)
d) Qun (%) Qrym () = Qrmtn(@) + Qrn—n(T)

€) Pun(®) Qi (%) = Prpam(®) + Phyn—m ()

f) Pen(x) Pem () = m (Qrmin(T) = Qrm-—n(T))

9) Q3 ,(x) = ((2*2)" = 4) P2, (2) +4

M@ () + ((2)" = 4) P2 (@) = 2Quzn(a)

i) Q) = Quan(w) +2

J) Pent1(z) = 2" Py p(7) = Qun(2) /2

£) 2Qus (@) — 20Qualw) = ((282)° = 4) P ()
1) P2y (2) = P2, (2) = Pranga (2)

2k2Q ont1(T)—4
m) B, (@) + Py (@) = St

n) Qi,n+1(x) - an(x) = ((2k$)2 - 4) Py ons1
0) Qi,n—i—l('r) + Qi,n(‘r) - Qk,2n+2<$> + Qk,2n(x) +4
P) Qun(@) Qs (2) + ((2°0)" = 4) Pen(®) Pens1(2) = 2041 (¢)

o
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) Qua@) Qi () = ((22)" = 4) Pun(@) Py (@) = 271

$) (Qua(@))” = X (1) Qy-2i(2)

—
ol
| I

=0
13 .
b , = (D) (=1 [€(+1)Qny—2i (@) +E(Y) Py —2i ()]
t n == ’
) (Pen(2)) ((21%)2,4)5]
1 is odd
where ¢ (1) ={ 7 °°
0, ~iseven

Theorem 3. (The generating function) Let i, j any natural numbers and |o'(z)t| < 1
. X

i
x
and |f'(x)t| < 1. Then the generating functions of these sequences for different indices
are obtained as

P ingj " = = - ’
nz k,in+j (JJ) 1— Qk,z(x)t + tQ

iQk,inJrj (:L‘)t" — Qk,j (I)
n=0

— Qpi—j(x)t
1 — Qkﬂ(%)t + t2 ’
. n Gk, j(T) + Qri—j(2)t
ZQk,in+j<x>t _ J( ) J( )
n=0

(1 — Qri(x)t+1t2)

Proof. By using Binet formula for generalized vieta-Pell polynomial sequence, (2,6)
we get

e & zn+] ZL‘
E Pk,in+j §
n=0

— " (@)

t
— (x) — Bz

1 [
= — |
°

1

o) | 25 wit)n]
-
B

)
s
~ afr) -8 —al(x)t 1—61'( )t
_ (0(x) = (@) + (T (z) = T (x)) t

(afx) = B(x)) (1 =t (o' (x )HP( ) +1%)

_ Be(@) + Peaj(2)t

The other part of the proof is done by using the same method
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Some examples for different values of 1, j are given as

- t
Pop(o)t" = —————
HZ:O e () s
S 2 — 2kt

n tn = —,
;%Qk, (z) 9t 2

i ( )tn 1- 2k71l’t
n Xz = —_
n:Oq’€7 1 — 2kt + ¢2

2kt
Py op ()" = 7

9] 2 _ (22kl’2 _ 2>t
n tn - ,
;QIM (iU) 1— (22kx2 _ 2)t + 12

S gy = L& L
n\L = 7
nZOQk,Q 1— (22]6:1/‘2 _ Q)t + tz

1—t
1 — (22kx2 _ 2)t+t27

N . Qi (2) — Qra (@)t
;anﬂ@)t T —k(122kx2 _ ;)lt T

k=1 4 ok—ly¢
1—(2%22 = 2)t + 2

125 |
Pin(z) = 9—n-+1 Z < n )(2kx)n—2i—l((22kxg_4))z

2i + 1
!

B
[

1), | |
Ghalz) = 27" ( .><2kx>w (222 _ 1)’

PN
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Proof.

o(z) — B(x) = [(2Fx 4+ V2%a2 —4)" — (2Fx — /2222 — 4)"] /2

-y ( ; ) () _< )

(~voFe 1)
2—n+1 LiJ < n ) <2k$)n—2i—1 (\/m>2i+l

i=0 21+ 1

a”(x) — B"(x)
a(r) = B(x)

2] ‘
— 9ntl Z ( 2 1 > (Qka,;)n—%—l (22%2 . 4)1

=0

a'(z) + B(x) = (2% + v2%Ha? —4)" + (2Pw — V2%ha? — 4)"] /2"

- ip (1) e (=)
=0\ + (—vaFar=1)
3]

n : )
27n+1 20 ( 0 ) (Qkx)nfm (22]{1.2 . 4)

Theorem 5. We can also find explicit closed form by using the generating function for
Pin(x), Qun(z) and qin(x). Let n > 1 any integer,

L] . |

Pin(r) = ) (n_yl'_j ) (—1) (2)" (2.10)
I'%J n n—j ) 9

Qunlr) =, n—j< j >(_1>j(2’“ar)” @.11)
T -

Qk’”(x):mz(n—j)( j >(_1>J(2’“x)w 2.12)
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Proof.

n=0
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m = ; (252t —¢%)"

Sy (1) e ey

S5 (: e
n—it—1

ooLQJ(

) (—1)" (2F2)" e

From the equality of both sides, the desired result obtained.

Theorem 6. (Sum Formulas)

ZQk,xx)
n—1

> gri(z)

1=0

_Pk,n<x> + Pk,nfl('r) +1
2 — kg ’

2 — Qra(x) — Qrn(x) + Qrp-1(x)

- )

1 — 2kat + 2

_ 1= qe1(z) = @en(T) + Grpn-1(x)
1 — 2kgt + ¢2 ’

Theorem 7. (Sum Formulas for Square of Terms)

n—1
Z Py
Z Q.
Z qk,i
i=0

(
— |: Qk2n+Qk2n 2 +2n+1]

:%[

o+ 1]

—Qr,2n+Qk,2n—2
2—Qk,2

Qkx)

2—Qk,2

—Qr2ntQrk 2n_2
gt Onancs gy, 4 1]
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Proof.
n—1 n—1 i i 2
> = 2 (55F)
i=0 o i—o \ &~ p
1 n—1
_ a4 g% — 9
— [N( )
1 Ja—1 -1
= —2
(a— By { 1 o1 }
B 1 —Qron + Qran—2 + (2 — Qk2) 5
— e —2n
(2kz)" — 4 2 — Qrp
1 —Qk2n + Qk2n—2 }
= : : —2n+1
(2k2)* — 4 [ 2= Qrp
O
Corollary 8.
n—1 n—1
(a - 6)2 Pk2,z - Qiz —4n
=0 =0

Theorem 9. The derivates of Py, (%), Qin(z) are obtained as in the following

dPy , B 22k=3 4
dZ’ = n2* "Pin- (z) + o33 ] Q-1 — 2Ps 5
dQun(x
= np @

CZQZ—Z:(@ = n2" (Qpna () + 282 Py (1)
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Proof. Letb(z) = /22222 — 1 and db(z) _ 2272 22;(;1’.

APy,

dz

dz \/2%—212,1

b(x)

p ((zk1x+b(x))”+(2k1x—b(x))">

1
2 d(z)

22 (2)

]
_ Zn(z:jj) ( n;] > (_1)j(2kx)n—2j—12k
|75 ] .
nn—j—-1" n—2j—1ok
T & (n- 2j]— DA

|25 .
= ( " 1 —/ ) n(2kx)n 1720k
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For the last proof,
dQp.n () _ d((2" 'z +b ()" + (2" 2 —b(2))")
dz dx
—1 n—1 -1 22k_2x
= n(2" 'z +b(2)) [2’“ + b(m)}
k-1 . n—1 el 22k_2$
+n (2" 'z — b(z)) [2 b(@}
= n2k! [(2’“‘133 +b (m))n_l + (Qk_lx — (a:))n_l}
+”i (;) ‘ [(2’“—%: +b(@) T = (@ e —b (x))"‘l}

= n2k_1Qk,n_1 (ZE) + n22k_1x

2b ()

(2k*1x +b (x))n_l — (Zkflx —b (x))n_1]

= n2k_1Qk7n_1 (x) + n22k_1:ka,n_1 (x)
= n2" [Qpn-i (2) + 252 Py 0y ()]

Theorem 10. (D’ocagne’s property)

Let n > m and n,m € Z7. For generalized vieta-Pell and Pell Lucas polynomial
sequences, we have

Pk,erl (x)Pk,n(x) - Pk,m(x>Pk,n+1 (.CL') = Pk:,nfm(x)'
Qk,erl(x)Qk,n(x) - Qk,m(x)Qk,THJ (Q?) = -V 22kx2 - 4Pk,nfm(x>
Qk,m—l-l(x)Qk,n(x) - Qk,m(x)Qk,n—l—l (ZE) - _Tl \% 22kx2 - 4Pk,n—m(x)

Proof. By using Binet formula, we have

Pim11(2) Prn(2) = Prn(2) Py ()
a™(x) — pmHi(z) at(z) — B(x)  a™(x) =B
a(z) = B(z)  alz)—B(z) a(z) = B(z)  alz)—B(z)
1 a"(2)B™(z)(a(z) — B(2))
(a(x) = Bx))* | —a™(x)B"(z)(a(z) — B(x))

The D’ocagne’s property for generalized vieta-Pell Lucas polynomial sequences can
readily seen by using the same method. O]
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Theorem 11. (Catalan’s property)

Assume that n,r € Z7T. For generalized vieta Pell and Pell Lucas polynomial
sequences, we have

Prir () Penr(2) = Pep(x) = —PF.(x)
Qk,n—l—r(l‘)Qk,n—r(I) - Qz,n(x) = Qk,2r(x) - 2
qkn+r (x)Qk,nfr (Z'> - Q£,n(l’) = %

Proof. The proof is readily obtained by Binet formula. ]

Theorem 12. (Cassini’s property or Simpson property)

Forn € Z™", we have

Pini1 () P (z) = P2 (x) = —1
Qk,n-‘rl (x)Qk,n—l(x) - Qi,n( ) = 22k£L'2 —4

Qk,n+1($)9k,n—1($> - qzn(ﬂf) = 2222 1,

8

We get these properties by substituting 1 for r in Catalan property.

Theorem 13.

Qk,zn(i’f) -2 = (22%2 - 4)P1c2n(9€)
—2Qr2(x) = (2%2% —4)Prps1(2) Prn-1(7) — Qrni1 (2)Qun1(2)

Theorem 14. (Honsberg property)

Forn € Z*, it’s obtained that

m-+n T + m-tn xr _2 m—n €T
Pk7m+1(ﬂj)P]€,n+1(fL') +Pk-,m(x)Pk7n<x> _ Qk‘, + +2( ) 6222]9];1;‘_(4> Qk, ( )

Theorem 15. By this theorem we get new relations between the roots o, and

generalized vieta-Pell and Pell Lucas polynomial sequences.

Il
Q
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Proof. The proof is made by using Binet formula and the product of the roots,

B(2)Pen(x) — Prpa(z) = Bz

a”(x) — B (x)

a"H(x) - (@)

) _

(") = 8" ()]

(" () = B (z) — " Ha) + " (2))

104(:1:) — B(x) a(r) — B(x)
= o 5@ [B(x) (" (x) = B"(x)) —
" al@) 1 B(x)
= m [—5n_1(95) (52($) - 1)} = B"(x).

Other proofs are done by using the same way.

]

Theorem 16. Assume that Ayg(z) = [0] and A, (x) is a naxn tridigional matrix defined

as

where it =/ —1 andn > 0. Then

1 —3
0 2Fx —i
i 2k

det A, (x) = Pen(x).

Proof. The proof is made by mathematical induction method. For n = 0,1, we have
det Ag(z) = Pro(x) = 0 and det A;(z) = Py1 = 1. Assume that det A,,_(z) =
Pyyi(x), det A, (x) = Py p(x) forn > 2.

det A, 41 (7) = 2"z det A, (z) +i*det A,_1(2) = 2*2 Py (%) — Ppp1(2).

Theorem 17. Assume that B,,(x) is a nxn tridigional matrix defined as

2
0 2kx/2

—1
—1
) 2k g
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where 1 = /—1 andn > 0. Then
det B, (z) = Qp.n-1(2).

Proof. The proof is obtained by using the proof of Theorem 16. ]

3. MATRIX FORM OF GENERALIZED VIETA-PELL AND PELL LUCAS
POLYNOMIAL SEQUENCES

We demonstrate that the matrix
2k 1
Ppi= [ ] (3.1

generates generalized vieta-Pell polynomials and generalized vieta-Pell Lucas
polynomials. By using this matrix we can deduce some identities of these polynomials.

Theorem 18. Let n is any positive integer. Then

Py = (3.2)

Pk,n-i-l(x) Pkm(x)
—Pk7n<.’lf) —Pkm,l(l’)

Proof. For the proof, mathematical induction method is used. It is easily seen that the
assertion is true for n = 1. Assume that the statement is true for m < n. The result is
also true for n + 1. Because

Pini1(z)  Prn(2) 2k 1
Pn+1 — pPr P k,n+1 )
k.l k1 bl —Pk’n(l’) _Pk,n—l l’) -1 0

(
P o (z) Pk,n-i-l(x)
—Prny1(r) —Pra()

From this theorem we can write the following property for generalized vieta-Pell

polynomials
Pinia(z) 1
’ =P . 33
—Pyu() B0 G-3)
We can write a similar property for generalized vieta-Pell Lucas polynomials as the
following:
2k
Quonila) | pr | 27 (34)
—Qpn () T2

O
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Corollary 19. Let m,n are any positive integers, then
Pk,m+n+1 (.T) = Pk,n—&—l(I)Pk,m—l—l(I) - Pk,n<I>Pk,m(x)

Proof. The proof is made by using the property of P,?ff’” = B,. P, and equality of
matrix. U

Corollary 20.

Pk,m+n(x) = Pk,nJrl ('x)Pk,m(x) - Pk,n(x)Pk,mfl<x)
Qk,m—f—n(x) = Qk’,n-‘rl(x)Pk,m(x) - Qk,n(x)Pk,m—l(fL')

Proof. We also can see the truth of the relation by using the Corollory 19. We want to
use another method for the proof by using (3.3), (3.4).

Pani1(@) Pen(®) = Pe(@) P 1(2) = | Pun(@) Pom(2) |

and

= | Pon(®) Pomor(x ] Py,

2k

= [10 ] Pyt [

= Qk,m—‘rn (ZL’)

Corollary 21. Let n > 0, then

Pir () Pe—1(z) — P (2) = —1.
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Proof. det(Py,1) = 1. Thendet(P},) = 1 = — Py pn41(2) Pen1(x) + P, (2). O

Theorem 22. Assume that A is a square matrix such that A> = 2*x A — I. Then for all

positive integers

An = Pkyn(ilf)A — Pk,n_l(x)f.

Proof. The proof is obvious from induction. A can be chosen Py ;. I is unit matrix. [J

Theorem 23. The inverse of Py,

P =
* Pen(z)  Pini(2)

Theorem 24. The eigenvalues of Py, are o"(x) and B™(x).

—Ponr(z) —Pin(z) ]

Proof.

det(P — M) = det( P’};;“g)) A ]—DZ’;;(:CL(:):)—AD -0
= N - (Pm+1(90) Pryn-1(2)) = Pini1(2) Ponr(2) + Pp . (@)
= —)\Qk’n(l’)

The roots are found from Theorem 15.

on(z) = Qrn(z) + V2222 — 4P ()

2
B(z) = Qrn(x) —V 222’“:1:2 — 4Py n(x)

]

Corollary 25. We offer two relationships that can be described as being of the Moivre
type

[\/WP,M )+ Qin(z >}“ — o

= 27 [V/2%a2 APy (1) + Qo (0)
V2 AP (@) — Qualw)] = (<2787

= (-2 [V = 4P (2) = Qun(a)]

When k = x = 1 this property reduces to the following form
{Qn:| " o Q?’LT

{C;n} (El;rQW

2 2
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Conclusion 26. In this study we obtained some basic and interesting properties
of a new generalization of Pell and Pell Lucas and modified Pell sequences called
generalized vieta Pell and Pell Lucas and modified Pell sequences.
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