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Abstract

The main object of this paper is to introduce a new class G.7,(m, A, «) define by
Ruscheweyh operator involving function f(z) € A,. Parallel results, for some
related classes including the class of starlike, convex and Bazilevic functions re-
spectively, are also obtained.

Keywords: Univalent function, starlike function, convex function, Bazilevic func-
tion, Ruscheweyh Operator.

1. INTRODUCTION AND DEFINITIONS

Let A,, denote the class of function of the form
fR) =2+ ) (1.1)

which are analytic in the open unit disc U = {z € C : |z| < 1} and the space of holomorphic
functionsinU,n € N = {1,2,3,--- }.

Let 7, denote the subclass of functions that are univalent in U.

By S} (a) C J, denote the subclass of starlike functions of order a, 0 < v < 1 which satisfies

the condition 72)
z2f'(z
" (75

Further, a function f(z) belonging to K,,(a) C 7, is said to be convex functions of order «,
0 < a < 1in0U, if and only if

2f"(2)
5)%( CR 1) >a  (zel), (1.3)

)>a (z € U). (1.2)
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and denote by R,,(«) the class of functions in 7,, which satisfy the condition
R{f'(2)} >a (2€0).
It is well known that IC,, () C Sk (o) C .

In [5] Ruscheweyh has define the operator
DhZAn —>~'4n7 neN:{17273747“'}7
Df(z) = f(2)
D'f(z) = 2f'(2)
(h+1)D" " f(2) = 2[D"f(2)] + hD"f(2) (2 € ),
We note that if f € A, , then

o0

h+k—1)
D'"f(z) =2+ kzl ﬁakzk (z € U). (1.4)
=n—+

where h € NU {0} = {0,1,2,3,...}.

To prove our main theorem we shall need the following lemma.

Lemma 1.1. [3] Let q be analytic in U with q(0) = 1 and suppose that

R (1 + qu((;))) > 30‘2; L cew.

Then R(q(z)) > ainUand 5 < a < 1.

2. MAIN RESULTS
Definition 2.1. A function f(z) € A, is said to be a member of the class GJ,(h, \, «)
if

<l—-a, zeU , AX>-2 and <a<l

N | —

z z

‘Dh“f(Z) (th(z))A o

2.1
where D" is the Ruscheweyh operator. Note that inequality (2.1) implies that

o (Dh+1f(z) (Dhﬂz))A) - % S

z z
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Remark 2.2. The function family GJ,(h,\, &) is a comprehensive class of analytic
functions which includes some known and new classes of analytic and univalent func-
tions. For example,

1. §7,(0,-1,a) = Sk (),
2. GJ.(1,-1,0) = K,(a),
3. GJ,(0,0,0) = Ra(a),
4. GT(0,) @) = B\, a) =

{feA: f’(z)(@)A—l

intoduced by Singh[4] and studied by Babalola|l].

<1—04;)\2—1,0§a<1,z€U}

5. G81(0, -2, ) = B(«) studied by Frasin and Darus|[2].
Theorem 2.3. If f(z) € A, satisfies the condition
5 ((h +2)Dh 2 f(2) N Ah+ 1)D"f(2)
DR (2) DHf(2)
then f(z) € GTn(h, A, @)
Proof. For z € U, define an analytic function ¢(z) with ¢(0) = 1 by

D" f(2) (D”f(Z))A

z z

3a — 1
2a

— (L4 M) (h+ 1)) > 2.2)

q(z) =
By simplification,
Ing(z) = (D" f(2)) — In(2) + AIn(D" f(2)) — A n(2)
and by simple differentiation it implies that

((z) _ (D) 1 (D)1

az)  (D"If(z) = T(D"f(=) =

so that,

W)\ (£ DDERE) A+ D)D)
%<” q<z>>‘%( DAY T DR

which, by Lemma 1.1, implies

e (20 (2L s (),

3a—1
2a

- (1+>\)(h+1)> >
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Remark 2.4. When n = 1 and h = 0 in Theorem 2.3, we have the following theorem.

Theorem 2.5. [1] If f € A satisfies

%{(1+%>+A%}>A+32;1, zelU

Then R(q(z)) > ainUand 3 < a < 1.

From Theorem 2.3, the following Corollaries hold true.

Corollary 2.6. If f(z) € A, and

422 f"(2) + 23 f"(2) + 22 f'(2)
W e )

then 1
RESG)+ )] >5 (el).

Corollary 2.7. If f(z) € A, and

)3
S (e oy S I

then

'] 1
Skt
That is f(z) is starlike of order 3, hence f € GJ,(0,—1,3) = Sk ().

Corollary 2.8. If f(z) € A, and

8%{1 + Zﬂ;i’;)} > % (z € ),

then ]
R > 5

In another words, if the function f(z) is convex of order &, then f(z) € GJ,(0,0,1) = R, (3)

Corollary 2.9. If f(z2) € A, and

L))o e

then

>1
5

1

f2(2)
That is f(z) is Bazilevic of order %, type % inU.

" [z%f'(z>
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Corollary 2.10. If f(z) € A, and

w2 (L 41)+ L -1 e

then

That is f(2) is Bazilevic of order %, type % inU.

CONCLUSION

In this paper, using Ruscheweyh operator, we defined new subclass of univalent function
and established some of its properties. Results obtained provide properties of certain
subclasses of univalent functions.
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