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Abstract 

In this paper, we prove common fixed point theorems for variants of R-weakly 

commuting and reciprocal mappings in ℌ -metric space that contains cubic 

and quadratic terms of distance function ℌ(𝓍,𝓎, 𝓏). At the end, we provide an 

example for the support. 
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1. INTRODUCTION 

The Banach fixed point theorem is the fundamental method for studying fixed point 

theory, it states that every contraction mapping on a complete metric space has a 

unique fixed point. Let  (𝒳, 𝒹)   be a complete metric space. If 𝒯: 𝒳 →

 𝒳  satisfies 𝒹(𝒯(𝓍), 𝒯(𝓎))  ≤ 𝓀 (𝒹(𝓍,𝓎)) for all 𝓍, 𝓎 ∈  𝒳, 0 ≤ 𝓀 < 1, then it has 

a unique fixed  point. In 1969, Boyd and Wong [2] replaced the constant 𝓀 in Banach 

contraction principle by a implicit function 𝜓  and proved some fixed point theorems. 
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In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak contraction 

in metric space: A map ℱ:𝒳 →  𝒳 is said to be weak contraction if for each 𝓍,𝓎 ∈

 𝒳, there exists a function ∅ : [0, ∞) → [0, ∞), ∅ (𝓉) > 0 for all 𝓉 > 0 and ∅ (0) = 0 

such that   𝒹(𝒯(𝓍), 𝒯(𝓎)) ≤ 𝒹(𝓍,𝓎) − ∅ (𝒹(𝓍,𝓎)). 

After that many author's have proved many common fixed point theorems using these 

type of contraction conditions in the literature. 

In 1986 Jungck [7] introduced more generalized commutativity, so called 

compatibility. The notion of compatibility is an iterate of sequence. 

Two self-mappings 𝑓  and 𝑔 on a metric space (𝒳, 𝒹) are called compatible if 

𝑙𝑖𝑚𝑛𝒹(𝑓𝑔𝓍𝑛, 𝑔𝑓𝓍𝑛) = 0, whenever {𝓍𝑛} is a sequence in 𝒳 such that  

                              𝑙𝑖𝑚𝑛𝑓𝓍𝑛 = 𝑙𝑖𝑚𝑛𝑔𝓍𝑛 = 𝑡,for some 𝑡 in 𝒳.  

In 1996, Jungck [4] introduced the notion of weakly compatible mappings and 

showed that compatible maps are weakly compatible, but converse may not be true.   

Two self-mappings 𝑓 and 𝑔 on a metric space (𝒳, 𝒹)are called weakly compatible if 

they commute at their coincidence point i.e., 

if 𝑓𝑢 = 𝑔𝑢 for some 𝑢 ∈ 𝒳 then  𝑓𝑔𝑢 = 𝑔𝑓𝑢.  

Two self-mappings 𝑓  and 𝑔  on a metric space (𝒳, 𝒹) are called point wise ℛ − 

weakly commuting on 𝒳  if given 𝓍 ∈ 𝒳 , there exists ℛ > 0  such that 

𝒹(𝑓𝑔𝓍, 𝑔𝑓𝓍) ≤ ℛ 𝒹(𝑔𝓍, 𝑓𝓍) for all 𝓍 in 𝒳. 

Remark 1.1 It is obvious that point wise ℛ − weakly commuting maps commute at 

their coincidence points, but maps 𝑓 and 𝑔  can fail to be point wise ℜ  -weakly 

commuting only if there exists some 𝓍 in 𝒳  such that 𝑓𝓍 = 𝑔𝓍  but 𝑓𝑔𝓍 ≠ 𝑔𝑓𝓍. 

Therefore, the notion of point wise ℛ  -weak commutativity type mapping is 

equivalent to commutativity at coincidence points.  

Definition 1.2 [18] Two self mappings 𝑓 and 𝑔 on a metric space (𝒳, 𝒹) are said to 

be reciprocally continuous if lim
𝑛→∞

𝑓𝑔𝓍𝑛 = 𝑓𝑡  and  lim
𝑛→∞

𝑔𝑓𝓍𝑛 = 𝑔𝑡  ,whenever {𝓍𝑛} 

is a sequence in 𝒳 such that 𝑓𝓍𝑛 = 𝑙𝑖𝑚𝑛𝑔𝓍𝑛 = 𝑡 for some 𝑡 in 𝒳.  

Remark 1.3 Continuous mappings are reciprocally continuous on (𝒳, 𝒹), but the 

converse is not true. 

 

2. PRELIMINARIES   

In 2006, Zead Mustafa and Brailey Sims [10] introduced the notion of ℌ-metric space 

as generalization of the concept of ordinary metric space. 
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Definition 2.1 [10] "A ℌ-metric space is a pair (𝒳,ℌ), where 𝒳 is a non-empty set 

and ℌ is a non-negative real-valued function defined on 𝒳 ×𝒳 ×𝒳 such that for all 

𝓍,𝓎, 𝓏, 𝒶 ∈ 𝒳, we have 

(i) ℌ(𝓍, 𝓎, 𝓏) = 0 if 𝓍 = 𝓎 = 𝓏, 

(ii) 0 < ℌ(𝓍, 𝓍, 𝓎), for all 𝓍, 𝓎 ∈ 𝒳, with 𝓍 ≠ 𝓎, 

(iii) ℌ(𝓍, 𝓍, 𝓎) ≤ ℌ(𝓍,𝓎, 𝓏),for all 𝓍, 𝓎, 𝓏 ∈ 𝒳, with 𝓏 ≠ 𝓎, 

(iv) ℌ(𝓍, 𝓎, 𝓏) = ℌ(𝓍, 𝓏, 𝓎) = ℌ(𝓎, 𝓏, 𝓍) = ⋯,  (symmetry in all three 

variables), 

(v) ℌ(𝓍, 𝓎, 𝓏) ≤ ℌ(𝓍, 𝒶, 𝒶) + ℌ(𝒶,𝓎, 𝓏), for all 𝓍,𝓎, 𝓏, 𝒶 ∈ 𝒳  (rectangle 

inequality). 

The function ℌ is called ℌ-metric on 𝒳. " 

Definition 2.2 [10] "A sequence {𝓍𝑛} in a ℌ-metric space 𝒳 is said to be convergent 

if there exist 𝓍 ∈ 𝒳 such that lim
𝑛,𝑚→∞

ℌ(𝓍, 𝓍𝑛, 𝓍𝑚) = 0 and one says that the sequence 

{𝓍𝑛} is ℌ-convergent to 𝓍. We call 𝓍 the limit of the sequence {𝓍𝑛} and write 𝓍𝑛 → 𝓍 

or lim
𝑛→∞

𝓍𝑛 = 𝓍. " 

Definition 2.3 [10] "In a ℌ-metric space 𝒳, a sequence  {𝓍𝑛} is said to be ℌ-Cauchy 

if given ∈ > 0, there is 𝑛0 ∈ ℕ such that ℌ(𝓍𝑛, 𝓍𝑚, 𝓍𝑙) < ∈, for all 𝑛,𝑚, 𝑙 ≥ 𝑛0 i.e., 

ℌ(𝓍𝑛, 𝓍𝑚, 𝓍𝑙) → 0 as 𝑛,𝑚, 𝑙 → ∞." 

Proposition 2.4 [10]" Let 𝒳 be ℌ-metric space. Then the following statements are 

equivalent: 

(i) {𝓍𝑛} is ℌ-convergent to 𝓍, 

(ii) ℌ(𝓍𝑛, 𝓍𝑛, 𝓍) → 0 as 𝑛 → ∞, 

(iii) ℌ(𝓍𝑛, 𝓍, 𝓍) → 0 as 𝑛 → ∞, 

(iv) ℌ(𝓍𝑚, 𝓍𝑛, 𝓍) → 0 as 𝑛,𝑚 → ∞." 

Proposition 2.5 [10]" Let 𝒳 be ℌ-metric space. Then the following statements are 

equivalent: 

(i) The sequence {𝓍𝑛} is ℌ-Cauchy; 

(ii) For every ∈ > 0,  there exists 𝑛0 ∈ ℕ  such that ℌ(𝓍𝑛, 𝓍𝑚, 𝓍𝑚) < ∈ , 

∀𝑛,𝑚 ≥ 𝑛0. " 

3. POINTWISE 𝓡 -WEAKLY COMMUTING AND RECIPROCAL 

CONTINUOUS MAPPINGS  
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In 2010, Manro [8] introduced the concept of weakly commuting, ℛ -weakly 

commuting, ℛ -weakly commuting maps of type(P)  in ℌ- metric space. 

Definition 3.1 [8]" Two self-mappings 𝑓 and 𝑔 on a ℌ- metric space (𝒳,ℌ)are called 

weakly commuting if ℌ(𝑓𝑔𝓍, 𝑔𝑓𝓍, 𝑔𝑓𝓍) ≤ ℌ(𝑓𝓍, 𝑔𝓍, 𝑔𝓍), for all 𝓍 ∈ 𝒳. " 

  

Definition 3.2 [8]" Two self-mappings 𝑓 and 𝑔 on a ℌ- metric space (𝒳,ℌ) are called 

ℛ  -weakly commuting if there exist a positive real number ℛ  such 

that  ℌ(𝑓𝑔𝓍, 𝑓𝑔𝓍, 𝑔𝑓𝓍) ≤ ℛ ℌ(𝑓𝓍, 𝑓𝓍, 𝑔𝓍), for all 𝓍 ∈ 𝒳. " 

Remark 3.3 If ℛ ≤ 1, then ℛ -weakly commuting mappings are weakly commuting. 

Definition 3.4 [22]" Two self-mappings 𝑓  and 𝑔 on a ℌ- metric space (𝒳,ℌ) are 

called compatible if, whenever {𝓍𝑛}  in 𝒳  such that {𝑓𝓍𝑛}  and {𝑔𝓍𝑛}  are ℌ - 

convergent to some 𝑡 ∈ 𝒳, then lim
𝑛→∞

ℌ(𝑓𝑔𝓍𝑛, 𝑓𝑔𝓍𝑛, 𝑔𝑓𝓍𝑛) = 0. " 

Definition 3.5 [8]" Two self-mappings 𝑓 and 𝑔 on a ℌ- metric space (𝒳,ℌ) are called 

ℛ -weakly commuting mappings of type(P) if there exist a positive real number ℛ 

such that  ℌ(𝑓𝑓𝓍, 𝑔𝑔𝓍, 𝑔𝑔𝓍) ≤ ℛ ℌ(𝑓𝓍, 𝑔𝓍, 𝑔𝓍), for all 𝓍 ∈ 𝒳. " 

 

4. MAIN RESULTS 

In 1994, Pant [17] defined the notion of ℛ-weakly commuting mappings in metric 

space to enlarge the scope of study of common fixed point theorems from class of 

compatible maps to the wider class of ℛ-weakly commuting mappings. These maps 

are not necessarily continuous at fixed point. In 2013, Murthy and Prasad [9] 

introduced a new type of inequality for a map that involves cubic terms of metric 

function  𝒹(𝓍, 𝓎)  that extended and generalized the results of many cited in the 

literature of fixed point theory. In this section, we extend the result of Murthy and 

Prasad [9] for point wise ℛ-weakly commuting mappings and reciprocal continuous 

mapping satisfying a generalized weak contractive condition involving various 

combinations of ℌ-metric functions 

Theorem 4.1 Let 𝒜,ℬ, 𝒮 and 𝒯are four self mappings of a complete ℌ − metric space 

(𝒳,ℌ) satisfying the following conditions: 

(𝑪𝟏)    𝒮(𝒳) ⊂ ℬ(𝒳), 𝒯(𝒳) ⊂ 𝒜(𝒳); 

(𝑪𝟐)(𝒜, 𝒮) and (ℬ, 𝒯) are point wise ℛ-weakly commuting pairs; 

(𝑪𝟑)(𝒜, 𝒮) and (ℬ, 𝒯)are compatible pairs of reciprocally continuous mappings; 

(𝑪𝟒)[1 + 𝒽ℌ(𝒜𝓅,ℬ𝓆, ℬ𝓆)]ℌ2(𝒮𝓅, 𝒯𝓆, 𝒯𝓆) ≤ 
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𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓅, 𝒮𝓅, 𝒮𝓅)ℌ(ℬ𝓆, 𝒯𝓆, 𝒯𝓆)

+ℌ(𝒜𝓅, 𝒮𝓅, 𝒮𝓅)ℌ2(ℬ𝓆, 𝒯𝓆, 𝒯𝓆)
] ,

ℌ(𝒜𝓅, 𝒮𝓅, 𝒮𝓅)ℌ(𝒜𝓅, 𝒯𝓆, 𝒯𝓆)ℌ(ℬ𝓆, 𝒮𝓅, 𝒮𝓅),

ℌ(𝒜𝓅, 𝒯𝓆, 𝒯𝓆)ℌ(ℬ𝓆, 𝒮𝓅, 𝒮𝓅)ℌ(ℬ𝓆, 𝒯𝓆, 𝒯𝓆) }
 

 

 

                                                     +ℴ(𝒜𝓅,ℬ𝓆) − ∅(ℴ(𝒜𝓅,ℬ𝓆),   

where    ℴ(𝒜𝓅,ℬ𝓆) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓅,ℬ𝓆, ℬ𝓆),

ℌ(𝒜𝓅, 𝒮𝓅, 𝒮𝓅)ℌ(ℬ𝓆, 𝒯𝓆, 𝒯𝓆),

ℌ(𝒜𝓅,𝒯𝓆, 𝒯𝓆)ℌ(ℬ𝓆, 𝒮𝓅, 𝒮𝓅),

1

2
[
ℌ(𝒜𝓅, 𝒮𝓅, 𝒮𝓅)ℌ(𝒜𝓅,𝒯𝓆, 𝒯𝓆) +

ℌ(ℬ𝓆, 𝒮𝓅, 𝒮𝓅)ℌ(ℬ𝓆, 𝒯𝓆, 𝒯𝓆)
]
}
 
 

 
 

 

𝒽 ≥ 0 is a real number and ∅: [0, ∞) → [0, ∞) is a continuous function with ∅ (𝓉) = 0 

iff𝓉 = 0 and ∅(𝓉) > 0 for each 𝓉 > 0.Then 𝒜𝓊 = ℬ𝓊 = 𝒮𝓊 = 𝒯𝓊 = 𝓊 and 𝓊 is a 

unique in𝒳. 

Proof. Let 𝓍0 ∈ 𝒳.  Using ( 𝐶1 ),we can find a point 𝓍1 ∈ 𝒳 such that 𝒮(𝓍0) =

ℬ(𝓍1) = 𝓎0. For this point 𝓍1,  we can find another point 𝓍2 ∈ 𝒳  such that𝓎1 =

𝒜(𝓍2) = 𝒯(𝓍1). 

In general, one can construct a sequence {𝓎𝑛}  in  𝒳such that 

𝓎2𝑛 =  𝒮(𝓍2𝑛) = ℬ(𝓍2𝑛+1); 

                                           𝓎2𝑛+1 =  𝒯(𝓍2𝑛+1) = 𝒜(𝓍2𝑛+2),  for each 𝑛 ≥ 0.                 

(4.2)       

For brevity, we write𝓇𝑛 = ℌ(𝓎𝑛−1, 𝓎𝑛, 𝓎𝑛). 

Firstly, we will prove that 𝓇𝑛 is non-increasing sequence and converges to 0. 

Case I. If n is even, taking 𝓅 = 𝓍2𝑛 and 𝓆 = 𝓍2𝑛+1  in (𝐶4), we get  

[1 + 𝒽ℌ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1)]ℌ
2(𝒮𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1) ≤ 

𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ
2(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

] ,

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛),

ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)}
 

 

 

                             +ℴ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1) − ∅(ℴ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1),   

where    ℴ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1),

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1),

ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛),

1

2
[
ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1) +

ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)
]
}
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Using (4.2), we get 

[1 + 𝒽ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)]ℌ
2(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1) ≤ 

𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1)

+ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)ℌ
2(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1)

] ,

ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1)ℌ(𝓎2𝑛, 𝓎2𝑛, 𝓎2𝑛),

ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1)ℌ(𝓎2𝑛, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1)}
 

 

 

                                             +ℴ(𝓎2𝑛−1, 𝓎2𝑛) − ∅(ℴ(𝓎2𝑛−1, 𝓎2𝑛),   

where      ℴ(𝓎2𝑛−1, 𝓎2𝑛) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛),

ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1),

ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1)ℌ(𝓎2𝑛, 𝓎2𝑛, 𝓎2𝑛),

1

2
[
ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1) +

ℌ(𝓎2𝑛, 𝓎2𝑛, 𝓎2𝑛)ℌ(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1)
]
}
 
 

 
 

 

On putting  𝓇2𝑛 = ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛) we have 

[1 + 𝒽𝓇2𝑛]𝓇2𝑛+1
2  ≤  𝒽𝑚𝑎𝑥 {

1

2
[𝓇2𝑛

2 𝓇2𝑛+1 + 𝓇2𝑛𝓇2𝑛+1
2 ], 0,0} 

                                                                        + ℴ(𝓎2𝑛−1, 𝓎2𝑛) − ∅(ℴ(𝓎2𝑛−1, 𝓎2𝑛)),             

whereℴ(𝓎2𝑛−1, 𝓎2𝑛) = 𝑚𝑎𝑥 {𝓇2𝑛
2 , 𝓇2𝑛𝓇2𝑛+1, 0,

1

2
[𝓇2𝑛ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1) + 0]}.       

 

By using rectangular inequality and property of ∅, we get  

ℌ(𝓎2𝑛−1, 𝓎2𝑛+1, 𝓎2𝑛+1) ≤  ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛) + ℌ(𝓎2𝑛, 𝓎2𝑛+1, 𝓎2𝑛+1) 

                             = 𝓇2𝑛 +𝓇2𝑛+1   and                                                                                

ℴ(𝓎2𝑛−1, 𝓎2𝑛) ≤ 𝓇1(𝓍, 𝓎) = 𝑚𝑎𝑥 {𝓇2𝑛
2 , 𝓇2𝑛𝓇2𝑛+1, 0,

1

2
[𝓇2𝑛(𝓇2𝑛 +𝓇2𝑛+1), 0]}.          

If 𝓇2𝑛 < 𝓇2𝑛+1 , then we get 

𝒽𝓇2𝑛+1
2 ≤ 𝒽𝓇2𝑛+1

2 − ∅(𝓇2𝑛+1
2 ), a contradiction. 

Therefore, 𝓇2𝑛+1
2 ≤ 𝓇2𝑛

2  i.e., 𝓇2𝑛+1 ≤ 𝓇2𝑛. 

Similarly, if n is odd, then we can obtain  𝓇2𝑛+2 < 𝓇2𝑛+1. 

It follows that the sequence {𝓇𝑛} is decreasing. 

Let lim
𝑛→∞

𝓇𝑛 = 𝓍, for some 𝓍 ≥ 0. 
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Suppose 𝓍 > 0; then putting 𝓅 = 𝓍2𝑛 and 𝓆 = 𝓍2𝑛+1 in (𝐶4), we have  

[1 + 𝒽ℌ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1)]ℌ
2(𝒮𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1) ≤ 

𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ
2(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

] ,

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛),

ℌ(𝒜𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)}
 

 

+ ℴ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1) − ∅(ℴ(𝒜𝓍2𝑛, ℬ𝓍2𝑛+1),   

where    ℴ(𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1),

ℌ(𝒜𝓍2𝑛 , 𝒮𝓍2𝑛 , 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1),

ℌ(𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛 , 𝒮𝓍2𝑛),

1

2
[
ℌ(𝒜𝓍2𝑛 , 𝒮𝓍2𝑛 , 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1) +

ℌ(ℬ𝓍2𝑛+1, 𝒮𝓍2𝑛 , 𝒮𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)
]
}
 
 

 
 

 

Now by using triangular inequality and property of  ∅ and proceeds limit 𝑛 → ∞, we 

get 

[1 + 𝒽𝓍]𝓍2 ≤ 𝒽𝓍3 + 𝓍2 − ∅(𝓍2).         

This implies that ∅(𝓍2) ≤ 0. Since 𝓍 is positive, then by using the property of ∅, we 

get 𝓍 = 0. Therefore, we conclude that 

lim
𝑛→∞

𝓇2𝑛 = lim
𝑛→∞

ℌ(𝓎2𝑛−1, 𝓎2𝑛, 𝓎2𝑛) = 𝓍 = 0.                                                        (4.3) 

Next, we show that {𝓎𝑛} is a Cauchy sequence. Suppose we assume that {𝓎𝑛} is not a 

Cauchy sequence. For a given  ∈ > 0,  we can find two sequences of positive integers 

{𝑚(𝓀)} and {𝑛(𝓀)} such that 𝑛(𝓀) > 𝑚(𝓀) > 𝑘,       

   ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) ≥ ∈, ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀)−1) <∈                        (4.4) 

Now   ∈≤ ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) 

                 ≤ ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀)−1) + ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) 

Letting 𝑘 → ∞,we get lim
𝓀→∞

 ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) = ∈                                           (4.5) 

Now from the rectangular inequality, we have,  

|ℌ(𝓎𝑛(𝓀), 𝓎𝑚(𝓀)+1, 𝓎𝑚(𝓀)+1) − ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))|

≤ ℌ(𝓎𝑚(𝓀), 𝓎𝑚(𝓀)+1, 𝓎𝑚(𝓀)+1) 

Letting 𝑘 → ∞,  and using (4.3) and (4.4), we get 

 lim
𝓀→∞

 ℌ(𝓎𝑛(𝓀), 𝓎𝑚(𝓀)+1, 𝓎𝑚(𝓀)+1) = ∈                                                                             (4.6) 

Now again from the rectangular inequality, we have,  
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|ℌ(𝓎𝑚(𝓀)+1, 𝓎𝑛(𝓀)+1, 𝓎𝑛(𝓀)+1) − ℌ(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))|

≤ ℌ(𝓎𝑚(𝓀), 𝓎𝑚(𝓀)+1, 𝓎𝑚(𝓀)+1) + ℌ(𝓎𝑛(𝓀), 𝓎𝑛(𝓀)+1, 𝓎𝑛(𝓀)+1) 

Letting 𝑘 → ∞,  and using (4.3) and (4.4), we get 

 lim
𝓀→∞

 ℌ(𝓎𝑛(𝓀)+1, 𝓎𝑚(𝓀)+1, 𝓎𝑚(𝓀)+1) = ∈                                                               (4.7)  

On putting 𝓅 = 𝓍𝑚(𝓀) and 𝓆 = 𝓍𝑛(𝓀)  in (𝐶4), we get    

[1 + 𝒽ℌ(𝒜𝓍𝑚(𝓀), ℬ𝓍𝑛(𝓀), ℬ𝓍𝑛(𝓀))]ℌ
2(𝒮𝓍𝑚(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀)) ≤ 

𝒽 𝑚𝑎𝑥

{
 
 

 
 

1

2
[
ℌ2(𝒜𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))

+ℌ(𝒜𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ
2(ℬ𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))

] ,

ℌ(𝒜𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(𝒜𝓍𝑚(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀)),

ℌ(𝒜𝓍𝑚(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀)) }
 
 

 
 

                       

+ ℴ(𝒜𝓍𝑚(𝓀), ℬ𝓍𝑛(𝓀)) − ∅(ℴ(𝒜𝓍𝑚(𝓀), ℬ𝓍𝑛(𝓀)),   

 

where    ℴ(𝒜𝓍𝑚(𝓀), ℬ𝓍𝑛(𝓀)) =

𝑚𝑎𝑥

{
  
 

  
 

ℌ2(𝒜𝓍𝑚(𝓀), ℬ𝓍𝑛(𝓀), ℬ𝓍𝑛(𝓀)),

ℌ(𝒜𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀)),

ℌ(𝒜𝓍𝑚(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀)),

1

2
[
ℌ(𝒜𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(𝒜𝓍𝑚(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀)) +

ℌ(ℬ𝓍𝑛(𝓀), 𝒮𝓍𝑚(𝓀), 𝒮𝓍𝑚(𝓀))ℌ(ℬ𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀), 𝒯𝓍𝑛(𝓀))
]
}
  
 

  
 

 

 Using (4.2), we get 

[1 + 𝒽ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀)−1)]ℌ
2(𝓎𝑚(𝓀), 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) ≤ 

𝒽 𝑚𝑎𝑥

{
 
 

 
 

1

2
[
ℌ2(𝓎𝑚(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))

+ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ
2(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))

] ,

ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀)),

ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) }
 
 

 
 

 

                                             +ℴ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀)−1) − ∅(ℴ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀)−1),   

where    ℴ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀)−1) =

𝑚𝑎𝑥

{
  
 

  
 

ℌ2(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀)−1),

ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)),

ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀)),

1

2
[
ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑚(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀)) +

ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑚(𝓀), 𝓎𝑚(𝓀))ℌ(𝓎𝑛(𝓀)−1, 𝓎𝑛(𝓀), 𝓎𝑛(𝓀))
]
}
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Letting  𝑘 → ∞, we get 

[1 + 𝒽 ∈] ∈2≤ 𝒽𝑚𝑎𝑥 {
1

2
[0 + 0], 0,0} +∈2− ∅(∈2) 

                    = ∈2− ∅(∈2), a contradiction.  

Thus {𝓎𝑛} is a Cauchy sequence in 𝒳.From the completeness of 𝒳, there exists a 𝓏 ∈

𝒳 such that 𝓎𝑛 → 𝓏 as 𝑛 → ∞. 

Moreover, since 

𝓎2𝑛+1 = 𝒯(𝓍2𝑛+1) = 𝒜(𝓍2𝑛+2) and 𝓎2𝑛 = 𝒮(𝓍2𝑛) = ℬ(𝓍2𝑛+1)are subsequences of 

{𝓎𝑛}, we obtain  

lim 𝒯
𝑛→∞

(𝓍2𝑛+1) = lim
𝑛→∞

𝒜(𝓍2𝑛+2) = lim
𝑛→∞

𝒮(𝓍2𝑛) = lim
𝑛→∞

ℬ(𝓍2𝑛+1) = 𝓏 

If ℬ and 𝒯 are compatible, then 

lim
𝑛→∞

ℌ(ℬ𝒯𝓍𝑛, 𝒯ℬ𝓍𝑛, 𝒯ℬ𝓍𝑛) = 0 ;  

that is, ℬ𝓏 = 𝒯𝓏. Also by the reciprocal continuity of ℬ and 𝑇, we have 

lim
𝑛→∞

ℬ𝒯𝓍2𝑛 = ℬ𝓏and lim
𝑛→∞

𝒯ℬ𝓍2𝑛 = 𝒯𝓏. 

Since 𝒯(𝒳) ⊂ 𝒜(𝒳), there exists a point 𝓌 in 𝒳 such that 𝒯𝓏 = 𝒜𝓌. 

Setting 𝓅 = 𝓌 and 𝓆 = 𝓏 in (𝐶4), we get 

[1 + 𝒽ℌ(𝒜𝓌,ℬ𝓏, ℬ𝓏)]ℌ2(𝒮𝓌,𝒯𝓏, 𝒯𝓏)              

≤ 𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ2(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
] ,

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌),

ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) }
 

 

 

                                                                +ℴ(𝒜𝓌,ℬ𝓏) − ∅(ℴ(𝒜𝓌,ℬ𝓏)),  

   where   ℴ(𝒜𝓌,ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓌,ℬ𝓏, ℬ𝓏),

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏),

ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌),

1

2
[
ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏) +

ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

= 0. 

This implies that 

[1 + 𝒽ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏)]ℌ2(𝒮𝓌,𝒯𝓏, 𝒯𝓏)

≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ2(𝒯𝓏, 𝒯𝓏, 𝒯𝓏)
] ,

ℌ(𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏)ℌ(𝒯𝓏, 𝒮𝓌, 𝒮𝓌),

ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏)ℌ(𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏) }
 

 

+ 0 − ∅(0), 
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i.e., ℌ2(𝒮𝓌,𝒯𝓏, 𝒯𝓏) ≤ 𝑝 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + 0 − ∅(0), 

which implies that 𝒮𝓌 = 𝒯𝓏, and hence 𝒮𝓌 = 𝒯𝓏 = 𝒜𝓌 = ℬ𝓏. 

The point wise ℛ-weak commutativity of ℬ and 𝒯 implies that there exists an ℛ > 0 

such that      ℌ(ℬ𝒯𝓏, 𝒯ℬ𝓏, 𝒯ℬ𝓏) ≤ ℛ ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) , 

which implies that ℬ𝒯𝓏 = 𝒯ℬ𝓏and 𝒯𝒯𝓏 = 𝒯ℬ𝓏 = ℬ𝒯𝓏 = ℬℬ𝓏. 

Similarly, the point wise ℛ -weak commutativity of 𝒜 and 𝒮 implies that there exists 

an ℛ > 0  such that ℌ(𝒜𝒮𝓌, 𝒮𝒜𝓌,𝒮𝒜𝓌) ≤ ℛ ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌),which implies 

that 𝒜𝒮𝓌 = 𝒮𝒜𝓌  and 𝒜𝒜𝓌 = 𝒜𝒮𝓌 = 𝒮𝒜𝓌 = 𝒮𝒮𝓌. 

Again substituting 𝓅 = 𝓌 and 𝓆 = 𝒯𝓏 in (𝐶4), we get 

[1 + 𝒽ℌ(𝒜𝓌,ℬ𝒯𝓏, ℬ𝒯𝓏)]ℌ2(𝒮𝓌,𝒯𝒯𝓏, 𝒯𝒯𝓏)     

≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏) +

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ2(ℬ𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏)
] ,

ℌ(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝒯𝓏, 𝒯𝒯𝓏)ℌ(ℬ𝒯𝓏, 𝒮𝓌, 𝒮𝓌),

ℌ(𝒜𝓌,𝒯𝒯𝓏, 𝒯𝒯𝓏)ℌ(ℬ𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏)}
 

 

 

                                                     +ℴ(𝒜𝓌,ℬ𝒯𝓏) − ∅(ℴ(𝒜𝓌,ℬ𝒯𝓏)), 

where      ℴ(𝒜𝓌,ℬ𝒯𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓌,ℬ𝒯𝓏, ℬ𝒯𝓏),

ℌ(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏),

ℌ(𝒜𝓌,𝒯𝒯𝓏, 𝒯𝒯𝓏)ℌ(ℬ𝒯𝓏, 𝒮𝓌, 𝒮𝓌),

1

2
[
ℌ(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝒯𝓏, 𝒯𝒯𝓏) +

ℌ(ℬ𝒯𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏)
]
}
 
 

 
 

. 

On simplification we have 

[1 + 𝒽ℌ(𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏)]ℌ2(𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏) ≤  𝒽𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} 

                                                 +ℌ2(𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏) − ∅(ℌ2(𝒯𝓏, 𝒯𝒯𝓏, 𝒯𝒯𝓏)). 

Hence 𝒯𝓏 = 𝒯𝒯𝓏. Thus 𝒯𝓏 = 𝒯𝒯𝓏 = ℬ𝒯𝓏. 

Therefore,𝒯𝓏 is a common fixed point of ℬ and 𝒯.  

Taking  𝓅 = 𝒮𝓌 and 𝓆 = 𝓏 in (𝐶4), we get  
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[1 + 𝒽ℌ(𝒜𝒮𝓌,ℬ𝓏, ℬ𝓏)]ℌ2(𝒮𝒮𝓌, 𝒯𝓏, 𝒯𝓏)

≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒜𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ2(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
] ,

ℌ(𝒜𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(𝒜𝒮𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝒮𝓌, 𝒮𝒮𝓌),

ℌ(𝒜𝒮𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) }
 

 

 

                                                                          +ℴ(𝒜𝒮𝓌,ℬ𝓏) − ∅(ℴ(𝒜𝒮𝓌,ℬ𝓏)), 

where  ℴ(𝒜𝒮𝓌,ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝒮𝓌,ℬ𝓏, ℬ𝓏),

ℌ(𝒜𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏),

ℌ(𝒜𝒮𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝒮𝓌, 𝒮𝒮𝓌),

1

2
[
ℌ(𝒜𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(𝒜𝒮𝓌,𝒯𝓏, 𝒯𝓏) +

ℌ(ℬ𝓏, 𝒮𝒮𝓌, 𝒮𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

 

On solving, we have 

[1 + 𝒽ℌ(𝒮𝒮𝓌, 𝒮𝓌, 𝒮𝓌)]ℌ2(𝒮𝒮𝓌, 𝒮𝓌, 𝒮𝓌)

≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + ℌ2(𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌) − ∅(ℌ2(𝒮𝓌, 𝒮𝒮𝓌, 𝒮𝒮𝓌)). 

Hence 𝒮𝓌 = 𝒮𝒮𝓌. Thus 𝒮𝓌 = 𝒮𝒮𝓌 = 𝒜𝒜𝓌, 

Thus 𝒮𝓌 is a common fixed point of 𝒜 and 𝒮. 

If 𝒮𝓌 = 𝒯𝓏 = 𝑢, then𝒯𝑢 = ℬ𝑢 = 𝒮𝑢 = 𝒜𝑢 = 𝑢. Hence 𝑢 is a common fixed point 

of 𝒜,ℬ, 𝒮and 𝒯. 

Uniqueness:  Suppose that 𝑣 ≠ 𝑢 are two common fixed points of 𝒜,ℬ, 𝒮and 𝒯. 

On putting𝓅 = 𝑢 and 𝓆 = 𝑣 in (𝐶4), we have 

[1 + 𝒽ℌ(𝒜𝑢,ℬ𝑣, ℬ𝑣)]ℌ2(𝒮𝑢, 𝒯𝑣, 𝒯𝑣) ≤  𝒽 𝑚𝑎𝑥{0,0,0} + ℴ(𝒜𝑢,ℬ𝑣) −

∅(ℴ(𝒜𝑢, ℬ𝑣)). 

i.e., [1 + 𝒽ℌ(𝑢, 𝑣, 𝑣)]ℌ2(𝑢, 𝑣, 𝑣) ≤  𝒽 𝑚𝑎𝑥{0,0,0} + ℌ2(𝑢, 𝑣, 𝑣) − ∅(ℌ2(𝑢, 𝑣, 𝑣)) 

𝑖. 𝑒. , ℌ2(𝑢, 𝑣, 𝑣) = 0, This implies 𝑢 = 𝑣.  

This completes the proof. 

5. R- WEAKLY COMMUTING MAPPINGS OF TYPE (P). 

 In 2009, Kumar et al. [10] defined the concept of ℛ - weakly commuting 

mappings of type (P) in metric spaces and proved a common fixed point theorem 

using these mappings.  

Now we prove a common fixed point theorem for pairs of ℛ- weakly commuting 

mappings of type (P) satisfying a weak contraction condition that involves various 

combinations of the metric functions in ℌ − metric space.  
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Theorem 5.1 Let 𝒮,𝒯,𝒜 and ℬare four self mappings of a complete ℌ − metric space 

(𝒳,ℌ) 

into itself satisfying (𝐶1), (𝐶4) and the following condition: 

(𝒜, 𝒮) and (ℬ, 𝒯) are ℛ- weakly commuting of type (P), 

Then 𝒮, 𝒯,𝒜  and ℬ have a unique common fixed point. 

Proof. Let 𝓍0 ∈ 𝒳.  Using (𝐶1 ),we can find a point 𝓍1 ∈ 𝒳  such that  𝒮(𝓍0) =

ℬ(𝓍1) = 𝓎0. For this point 𝓍1,  we can find another point 𝓍2 ∈ 𝒳  such that  𝓎1 =

𝒜(𝓍2) = 𝒯(𝓍1). In general, one can construct a sequence {𝓎𝑛} in 𝒳such that 

𝓎2𝑛 = 𝒮(𝓍2𝑛) = ℬ(𝓍2𝑛+1); 

𝓎2𝑛+1 = 𝒯(𝓍2𝑛+1) = 𝒜(𝓍2𝑛+2) for each 𝑛 ≥ 0. 

From Theorem 4.1, {𝓎𝑛} is a Cauchy sequence in 𝒳. From the completeness of 𝒳, 

there exists a 𝓏 ∈ 𝒳 such that 𝓎𝑛 → 𝓏  as 𝑛 → ∞. Moreover, since 

𝓎2𝑛+1 = 𝒯(𝓍2𝑛+1) = 𝒜(𝓍2𝑛+2) and 𝓎2𝑛 = 𝒮(𝓍2𝑛) = ℬ(𝓍2𝑛+1)are subsequences of 

{𝓎𝑛}, we obtain  

lim
𝑛→∞

𝒯(𝓍2𝑛+1) = lim
𝑛→∞

𝒜(𝓍2𝑛+2) = lim
𝑛→∞

𝒮(𝓍2𝑛) = lim
𝑛→∞

ℬ(𝓍2𝑛+1) = 𝓏. 

. 

Case 1: Suppose that 𝒜  is continuous. Then {𝒜𝒜𝓍2𝑛}and {𝒜𝒮𝓍2𝑛} converges to 

𝒜𝑧 as 𝑛 → ∞. Since the mappings 𝒜 and 𝒮 are ℛ-weakly commuting of type (P), we 

have  

ℌ(𝒜𝒜𝓍2𝑛, 𝒮𝒮𝓍2𝑛 , 𝒮𝒮𝓍2𝑛) ≤  ℛ ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛). 

Letting𝑛  𝑛 → ∞, we get    lim
𝑛→∞

𝒮𝒜𝓍2𝑛 = 𝒜𝓏. 

On putting𝓅 = 𝒜𝓍2𝑛 and 𝓆 = 𝓍2𝑛+1 in (𝐶4), we get 

[1 + 𝒽ℌ(𝒜𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1)]ℌ
2(𝒮𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)    

≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(𝒜𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ
2(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

] ,

ℌ(𝒜𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(𝒜𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛),

ℌ(𝒜𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)}
 

 

 

                               +ℴ(𝒜𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1) − ∅(ℴ(𝒜𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1)), 

where 
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ℴ(𝒜𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝒜𝓍2𝑛 , ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1),

ℌ(𝒜𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1),

ℌ(𝒜𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛),
1

2
[
ℌ(𝒜𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(𝒜𝒜𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(ℬ𝓍2𝑛+1, 𝒮𝒜𝓍2𝑛 , 𝒮𝒜𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)
]
}
 
 

 
 

. 

Letting limit as 𝑛 → ∞, we have 

[1 + 𝒽ℌ(𝒜𝓏, 𝓏, 𝓏)]ℌ2(𝒜𝓏, 𝓏, 𝓏) ≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + ℌ2(𝒜𝓏, 𝓏, 𝓏) − ∅(ℌ2(𝒜𝓏, 𝓏, 𝓏)), 

 i.e., [1 + 𝒽ℌ(𝒜𝓏, 𝓏, 𝓏)]ℌ2(𝒜𝓏, 𝓏, 𝓏) ≤  ℌ2(𝒜𝓏, 𝓏, 𝓏) − ∅(ℌ2(𝒜𝓏, 𝓏, 𝓏)). 

This impliesℌ2(𝒜𝓏, 𝓏, 𝓏) = 0, i.e., 𝒜𝓏 = 𝓏.                   

Next, we shall show that 𝒮𝓏 = 𝓏.  

For this, putting𝓅 = 𝓏 and 𝓆 = 𝓍2𝑛+1 in (𝐶4) and taking limit as 𝑛 → ∞ we get, 

[1 + 𝒽ℌ(𝒜𝓏, ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1)]ℌ
2(𝒮𝓏, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1) ≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝓏, 𝓏, 𝓏)

+ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ2(𝓏, 𝓏, 𝓏)
] ,

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝒜𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓏, 𝒮𝓏),

ℌ(𝒜𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝓏, 𝓏, 𝓏) }
 

 

 

                                                                                 +ℴ(𝒜𝓏, 𝓏) − ∅(ℴ(𝒜𝓏, 𝓏)), 

where  ℴ(𝒜𝓏, 𝓏) = 𝑚𝑎𝑥

{
 

 
ℌ2(𝒜𝓏, 𝓏, 𝓏), ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝓏, 𝓏, 𝓏),

ℌ(𝒜𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓏, 𝒮𝓏),

1

2
[
ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝒜𝓏, 𝓏, 𝓏)

+ℌ(𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝓏, 𝓏, 𝓏)
]

}
 

 
= 0. 

Therefore, 

[1 + 𝒽ℌ(𝓏, 𝓏, 𝓏)]ℌ2(𝒮𝓏, 𝓏, 𝓏) ≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + 0 − ∅(0). 

Thus, ℌ2(𝒮𝓏, 𝓏, 𝓏) = 0, implies 𝒮𝓏 = 𝓏.  

Since 𝒮(𝒳) ⊂ ℬ(𝒳), there exists a point 𝑢 ∈ 𝒳 such that 𝓏 = 𝒮𝓏 = ℬ𝑢. 

We claim that 𝓏 = 𝒯𝑢. 

For this, on putting 𝓅 = 𝓏 and 𝓆 = 𝑢 in (𝐶4), we get 
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[1 + 𝒽ℌ(𝒜𝓏, ℬ𝑢, ℬ𝑢)]ℌ2(𝒮𝓏, 𝒯𝑢, 𝒯𝑢)

≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝑢, 𝒯𝑢, 𝒯𝑢) +

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ2(ℬ𝑢, 𝒯𝑢, 𝒯𝑢)
] ,

ℌ(𝒜𝑧, 𝒮𝑧, 𝒮𝓏)ℌ(𝒜𝓏, 𝒯𝑢, 𝒯𝑢)ℌ(ℬ𝑢, 𝒮𝓏, 𝒮𝓏),

ℌ(𝒜𝓏, 𝒯𝑢, 𝒯𝑢)ℌ(ℬ𝑢, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝑢, 𝒯𝑢, 𝒯𝑢)}
 

 

 

                                                                                        +ℴ(𝒜𝓏, ℬ𝑢) − ∅(ℴ(𝒜𝓏, ℬ𝑢)), 

where         ℴ(𝒜𝓏, ℬ𝑢) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓏, ℬ𝑢, ℬ𝑢),

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝑢, 𝒯𝑢, 𝒯𝑢),

ℌ(𝒜𝓏, 𝒯𝑢, 𝒯𝑢)ℌ(ℬ𝑢, 𝒮𝓏, 𝒮𝓏),

1

2
[
ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝒜𝓏, 𝒯𝑢, 𝒯𝑢) +

ℌ(ℬ𝑢, 𝒮𝓏, 𝒮𝑧)ℌ(𝐵𝑢, 𝑇𝑢, 𝑇𝑢)
]
}
 
 

 
 

. 

Thus we have 

[1 + 𝒽ℌ(𝓏, 𝓏, 𝓏)]ℌ2(𝓏, 𝒯𝑢, 𝒯𝑢) 

                              ≤  𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑢, 𝒯𝑢) +

ℌ(𝓏, 𝓏, 𝓏)ℌ2(𝓏, 𝒯𝑢, 𝒯𝑢)
] ,

ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑢, 𝒯𝑢)ℌ(𝓏, 𝓏, 𝓏),

ℌ(𝓏, 𝒯𝑢, 𝒯𝑢)ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑢, 𝒯𝑢)}
 

 

+ 0 − ∅(0). 

Therefore, 

[1 + 𝒽ℌ(𝒜𝓏,ℬ𝑢, ℬ𝑢)]ℌ2(𝒮𝓏, 𝒯𝑢, 𝒯𝑢) ≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + 0 − ∅(0). 

 

This implies that  𝓏 = 𝒯𝑢. Since (ℬ, 𝒯) is ℛ-weakly commuting of type (P), we have 

ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) = ℌ(ℬℬ𝑢, 𝒯𝒯𝑢, 𝒯𝒯𝑢) ≤  ℛ ℌ(𝒯𝑢, ℬ𝑢, ℬ𝑢) = ℛ ℌ(𝓏, 𝓏, 𝓏) = 0. 

Hence ℬ𝓏 = 𝒯𝓏. 

Finally, we have 

[1 + 𝒽ℌ(𝒜𝓏, ℬ𝓏, ℬ𝓏)]ℌ2(𝒮𝓏, 𝒯𝓏, 𝒯𝓏)

≤ 𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ2(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
] ,

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(𝒜𝓏, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓏, 𝒮𝓏),

ℌ(𝒜𝓏, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)}
 

 

 

                                                                          +ℴ(𝒜𝓏, ℬ𝓏) − ∅(ℴ(𝒜𝓏, ℬ𝓏)), 
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where      ℴ(𝒜𝓏, ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓏, ℬ𝓏, ℬ𝓏),

ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏),

ℌ(𝒜𝓏, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓏, 𝒮𝓏),

1

2
[
ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏)𝑑(𝒜𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(ℬ𝓏, 𝒮𝓏, 𝒮𝓏)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

= ℌ2(𝓏, ℬ𝓏, ℬ𝓏). 

On simplification, we have  

[1 + 𝒽ℌ(𝓏, 𝒯𝓏, 𝒯𝓏)]ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏)

≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏) − ∅(ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏)). 

This implies that   𝓏 = 𝒯𝓏 . Hence  𝓏 = ℬ𝓏 = 𝒯𝓏 = 𝒜𝓏 = 𝒮𝓏 . Therefore, 𝓏 is a 

common fixed point of 𝒮, 𝒯,𝒜and ℬ. 

Case 2: Suppose that ℬ is continuous. Then we can obtain the same result by using 

Case 1. 

Case 3: Suppose that 𝒮 is continuous. 

Then {𝒮𝒮𝓍2𝑛}and {𝒮𝒜𝓍2𝑛} converge to 𝒮𝓏 as 𝑛 → ∞. 

Since the mappings 𝒜  and 𝒮  are ℛ -weakly commuting of type (P), we have 

ℌ(𝒜𝒜𝓍2𝑛, 𝒮𝒮𝓍2𝑛 , 𝒮𝒮𝓍2𝑛) ≤  ℛ ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛). 

Letting  𝑛 → ∞, we get lim
𝑛→∞

𝒜𝒮𝓍2𝑛 = 𝒮𝓏.  

On putting𝓅 = 𝒮𝓍2𝑛 and 𝓆 = 𝓍2𝑛+1 in (𝐶4), we get 

[1 + 𝒽ℌ(𝒜𝒮𝓍2𝑛 , ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1)]ℌ
2(𝒮𝒮𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)    

≤   𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝒮𝓍2𝑛, 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(𝒜𝒮𝓍2𝑛 , 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ
2(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

] ,

ℌ(𝒜𝒮𝓍2𝑛 , 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(𝒜𝒮𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛),

ℌ(𝒜𝒮𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)}
 

 

 

                                  +ℴ(𝒜𝒮𝓍2𝑛 , ℬ𝓍2𝑛+1) − ∅(ℴ(𝒜𝒮𝓍2𝑛 , ℬ𝓍2𝑛+1)), 

where 

ℴ(𝒜𝒮𝓍2𝑛 , ℬ𝓍2𝑛+1)

= 𝑚𝑎𝑥

{
 

 
ℌ2(𝒜𝒮𝓍2𝑛 , ℬ𝓍2𝑛+1, ℬ𝓍2𝑛+1), ℌ(𝒜𝒮𝓍2𝑛 , 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1),

ℌ(𝒜𝒮𝓍2𝑛, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)ℌ(ℬ𝓍2𝑛+1, 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛),
1

2
[
ℌ(𝒜𝒮𝓍2𝑛 , 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(𝒜𝒮𝓍2𝑛 , 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)

+ℌ(ℬ𝓍2𝑛+1, 𝑆𝑆𝓍2𝑛 , 𝑆𝑆𝓍2𝑛)ℌ(ℬ𝓍2𝑛+1, 𝒯𝓍2𝑛+1, 𝒯𝓍2𝑛+1)
]

}
 

 

. 
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Letting𝑛  𝑛 → ∞,we have 

[1 + 𝒽ℌ(𝒮𝓏, 𝓏, 𝓏)]ℌ2(𝒮𝓏, 𝓏, 𝓏) ≤ 𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + ℌ2(𝒮𝓏, 𝓏, 𝓏) −

∅(ℌ2(𝒮𝓏, 𝓏, 𝓏)), 

 i.e., [1 + 𝒽ℌ(𝒮𝓏, 𝓏, 𝓏)]ℌ2(𝒮𝓏, 𝓏, 𝓏) ≤ ℌ2(𝒮𝓏, 𝓏, 𝓏) − ∅(ℌ2(𝒮𝓏, 𝓏, 𝓏)), 

Thus we get  ℌ2(𝒮𝓏, 𝓏, 𝓏) = 0, which implies that 𝒮𝓏 = 𝓏.  

Since 𝒮(𝒳) ⊂ ℬ(𝒳), there exists a point 𝑣 ∈ 𝒳 such that 𝓏 = 𝒮𝓏 = ℬ𝑣. 

We claim that 𝓏 = 𝒯𝑣. 

For this, putting  𝓅 = 𝒮𝓍2𝑛 and 𝓆 = 𝑣 in (𝐶4), we get 

[1 + 𝒽ℌ(𝒜𝒮𝓍2𝑛, ℬ𝑣, ℬ𝑣)]ℌ
2(𝑆𝑆𝓍2𝑛, 𝑇𝑣, 𝑇𝑣)

≤   𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(ℬ𝑣, 𝒯𝑣, 𝒯𝑣)

+ℌ(𝒜𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ
2(ℬ𝑣, 𝒯𝑣, 𝒯𝑣)

] ,

ℌ(𝒜𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(𝒜𝒮𝓍2𝑛, 𝒯𝑣, 𝒯𝑣)ℌ(ℬ𝑣, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛),

ℌ(𝒜𝒮𝓍2𝑛, 𝒯𝑣, 𝒯𝑣)ℌ(ℬ𝑣, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(ℬ𝑣, 𝒯𝑣, 𝒯𝑣) }
 

 

 

                                                                          +ℴ(𝒜𝒮𝓍2𝑛, ℬ𝑣) − ∅(ℴ(𝒜𝒮𝓍2𝑛 , ℬ𝑣)), 

where  ℴ(𝒜𝒮𝓍2𝑛, ℬ𝑣) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝒮𝓍2𝑛, ℬ𝑣, ℬ𝑣),

ℌ(𝒜𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(ℬ𝑣, 𝒯𝑣, 𝒯𝑣),

ℌ(𝒜𝒮𝓍2𝑛, 𝒯𝑣, 𝒯𝑣)ℌ(ℬ𝑣, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛),

1

2
[
ℌ(𝒜𝒮𝓍2𝑛 , 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(𝒜𝒮𝓍2𝑛 , 𝒯𝑣, 𝒯𝑣) +

ℌ(ℬ𝑣, 𝒮𝒮𝓍2𝑛, 𝒮𝒮𝓍2𝑛)ℌ(ℬ𝑣, 𝒯𝑣, 𝒯𝑣)
]
}
 
 

 
 

. 

  

On simplification, we get 

[1 + 𝒽 ℌ(𝓏, 𝓏, 𝓏)]ℌ2(𝓏, 𝒯𝑣, 𝒯𝑣) 

          ≤   𝒽 𝑚𝑎𝑥 {

1

2
[ℌ2(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑣, 𝒯𝑣) + ℌ(𝓏, 𝓏, 𝓏)ℌ2(𝓏, 𝒯𝑣, 𝒯𝑣)],

ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑣, 𝒯𝑣)ℌ(𝓏, 𝓏, 𝓏),
ℌ(𝓏, 𝒯𝑣, 𝒯𝑣)ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒯𝑣, 𝒯𝑣)

} + 0 − ∅(0). 

This implies that 𝓏 = 𝒯𝑣 . Since (ℬ, 𝒯) is ℛ −weakly commuting of type (P), we 

have 

ℌ(𝒯𝑧, ℬ𝑧, ℬ𝑧) = ℌ(𝒯𝒯𝑣, ℬℬ𝑣, ℬℬ𝑣) ≤ ℛ ℌ(ℬ𝑣, 𝒯𝑣, 𝒯𝑣) = ℛ ℌ(𝓏, 𝓏, 𝓏) = 0. 

This gives  ℬ𝓏 = 𝒯𝓏, for ℛ >  0.  
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Finally, from (𝐶4) we have 

[1 + 𝒽 ℌ(𝒜𝓍2𝑛, ℬ𝓏, ℬ𝓏)]ℌ
2(𝒮𝓍2𝑛, 𝒯𝓏, 𝒯𝓏)

≤    𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ
2(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)

] ,

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛 , 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛),

ℌ(𝒜𝓍2𝑛, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) }
 

 

 

                                                                                +ℴ(𝒜𝓍2𝑛, ℬ𝓏) − ∅(ℴ(𝒜𝓍2𝑛, ℬ𝓏)), 

where  ℴ(𝒜𝓍2𝑛, ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓍2𝑛, ℬ𝓏, ℬ𝓏),

ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏),

ℌ(𝒜𝓍2𝑛, 𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛),

1

2
[
ℌ(𝒜𝓍2𝑛, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(𝒜𝓍2𝑛, 𝒯𝓏, 𝒯𝓏) +

ℌ(ℬ𝓏, 𝒮𝓍2𝑛, 𝒮𝓍2𝑛)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

.  

Therefore, we have  

[1 + 𝒽ℌ(𝓏, 𝒯𝓏, 𝒯𝓏)]ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏)

≤  𝒽 𝑚𝑎𝑥 {

1

2
[0 + 0],

0,
0

} + ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏) − ∅(ℌ2(𝓏, 𝒯𝓏, 𝒯𝓏)). 

This gives 𝓏 = 𝒯𝓏. Since  𝒯(𝒳) ⊂ 𝒜(𝒳), therefore, there exists a point 𝓌 ∈ 𝒳 such 

that 𝓏 = 𝒯𝓏 = 𝒜𝓌. 

We claim that 𝓏 = 𝒮𝓌.For this, putting  𝓅 = 𝓌 and 𝓆 = 𝓏 in (𝐶4), we get 

[1 + 𝒽 ℌ(𝒜𝓌,ℬ𝓏, ℬ𝓏)]ℌ2(𝒮𝓌,𝒯𝓏, 𝒯𝓏)

≤   𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝒜𝓌, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) +

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ2(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
] ,

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌),

ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏) }
 

 

 

                                +ℴ(𝒜𝓌,ℬ𝓏) − ∅(ℴ(𝒜𝓌,ℬ𝓏)), 

where   ℴ(𝒜𝓌,ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝒜𝓌,ℬ𝓏, ℬ𝓏),

ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏),
ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏)ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌),

1

2
[
ℌ(𝒜𝓌,𝒮𝓌, 𝒮𝓌)ℌ(𝒜𝓌,𝒯𝓏, 𝒯𝓏) +

ℌ(ℬ𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(ℬ𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

,  

i.e.,ℴ(𝒜𝓌,ℬ𝓏) = 𝑚𝑎𝑥

{
 
 

 
 

ℌ2(𝓏, 𝓏, 𝓏),

ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏),
ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓌, 𝒮𝓌),

1

2
[
ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝓏, 𝓏, 𝓏) +

ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝒯𝓏, 𝒯𝓏, 𝒯𝓏)
]
}
 
 

 
 

= 0. 
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Hence we get    [1 + 𝒽ℌ(𝓏, 𝓏, 𝓏)]ℌ2(𝒮𝓌, 𝓏, 𝓏) 

≤ 𝒽 𝑚𝑎𝑥

{
 

 
1

2
[
ℌ2(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝓏, 𝓏, 𝓏) +

ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ2(𝓏, 𝓏, 𝓏)
] ,

ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓌, 𝒮𝓌),

ℌ(𝓏, 𝓏, 𝓏)ℌ(𝓏, 𝒮𝓌, 𝒮𝓌)ℌ(𝓏, 𝓏, 𝓏) }
 

 

+ 0 − ∅(0), 

which implies that  𝒮𝓌 = 𝓏. Since (𝒮,𝒜) is ℛ-weakly commuting of type (P), we 

have ℌ(𝒜𝓏, 𝒮𝓏, 𝒮𝓏) = ℌ(𝒜𝒜𝓌,𝒮𝒮𝓌, 𝒮𝒮𝓌) ≤ ℛ ℌ(𝒮𝓌,𝒜𝓌,𝒜𝓌) =

ℛ ℌ(𝓏, 𝓏, 𝓏) = 0.  Hence 𝒜𝓏 = 𝒮𝓏.   Hence 𝓏 = 𝒜𝓏 = 𝒮𝓏 = ℬ𝓏 = 𝒯𝓏,  and 𝓏  is a 

common fixed point of 𝒮, 𝒯,𝒜and ℬ.  

Case 4: Suppose that 𝒯 is continuous. We can obtain the same result by using Case 3. 

Uniqueness:  Suppose that 𝓏 ≠ 𝓌 are two common fixed points of 𝒮, 𝒯,𝒜and ℬ. 

On putting 𝓅 = 𝓏 and 𝓆 = 𝓌 in (𝐶4), we get 

[1 + 𝒽 ℌ(𝒜𝓏, ℬ𝓌,ℬ𝓌)]ℌ2(𝒮𝓏, 𝒯𝓌,𝒯𝓌)

≤  𝒽 𝑚𝑎𝑥{0,0,0} + ℴ(𝒜𝓏, ℬ𝓌) − ∅(ℴ(𝒜𝓏, ℬ𝓌)) 

𝑖. 𝑒. , ℌ2(𝓏,𝓌,𝓌) = 0 implies 𝓏 = 𝓌. This completes the proof. 

Example 3.1 Let 𝒳 = [6, 24]  and ℌ  be a usual ℌ −  metric space defined by 

ℌ(𝑥, 𝑦, 𝑧) = |𝑥 − 𝑦| + |𝑦 − 𝑧| + |𝑧 − 𝑥|  for all 𝑥, 𝑦, 𝑧 ∈ 𝒳.   Define the self-

mappings 𝒮, 𝒯,𝒜and ℬ on 𝒳 by  

𝒜𝓍 = {

16                     𝑖𝑓  6 < 𝓍 ≤ 9
𝓍 − 3                  𝑖𝑓      𝓍 > 9
6                   𝑖𝑓         𝓍 = 6        

} ;                         ℬ𝓍 = {
6           𝑖𝑓  𝓍 = 6
10               𝑖𝑓 𝓍 > 6

}; 

𝒮𝓍 = {

10               𝑖𝑓  6 < 𝓍 ≤ 9
    𝓍                            𝑖𝑓 𝓍 = 6
6                               𝑖𝑓 𝓍 > 9

} ;                    𝒯𝓍 = {
𝓍                        𝑖𝑓 𝓍 = 6
7                          𝑖𝑓 𝓍 > 6

}. 

Let us consider a {𝓍𝑛} with 𝓍𝑛 = 6. All the conditions of theorem 4.1 are satisfied. 

Thus 6 is unique common fixed point of 𝒮, 𝒯,𝒜 and ℬ. 

Conclusion In this paper, we prove common fixed point theorems for variants of R-

weakly commuting and reciprocal mappings in ℌ -metric space that contains cubic 

and quadratic terms of distance function ℌ(𝓍,𝓎, 𝓏).  
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