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Abstract

In this paper, the reflection and transmission phenomenon at a plane interface
between viscoelastic solid half space and fluid saturated porous half space has
been analyzed. P-wave or SV-wave is considered to be incident on the plane
interface through fluid saturated porous solid half space. The amplitude ratios
of various reflected and transmitted waves to that of incident wave are
derived. These amplitude ratios have been computed numerically for a specific
model and results thus obtained are depicted graphically with angle of
incidence of incident wave. It is found that these amplitude ratios depend on
angle of incidence of the incident wave and material properties of the medium.
A particular case of reflection at free surface of fluid saturated porous half
space has been deduced and discussed. A special case of empty porous solid is
obtained and discussed from the present investigation. Also, the viscous effect
of linear viscoelastic solid has been observed on various amplitude ratios.

1. Introduction

The state of the deep interior of the earth cannot be explained by assuming the earth to
be an elastic solid. Keeping this fact in mind several problems of reflection and
refraction in a linear viscoelastic solid have been discussed by many researchers like
Cooper and Reiss (1965), Cooper (1967) etc.

The classical theory is inadequate to describe the mechanical behaviour of fluid
saturated porous material especially when the material contains liquid filled pores.
Due to the different motions of the solid and liquid phases and different material
properties and the complicated structures of pores, the mechanical behaviour of a
fluid saturated porous medium is very complex and difficult. So many researchers
tried to overcome this difficulty from time to time.

Based on the work of Fillunger model (1913), Bowen (1980) and de Boer and Ehlers
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(1990a, 1990b) developed an interesting theory for porous medium having all
constituents to be incompressible. There are sufficient reasons for considering the
fluid saturated porous constituents as incompressible. For example, in the composition
of soil both the solid constituents and liquid constituents are incompressible.
Therefore, the assumption of incompressible constituents meet the properties
appearing the in many branches of engineering and avoids the introduction of many
complicated material parameters as considered in the Biot theory because Biot’s
theory was based on the assumption of compressible constituents. Based on this
theory, many researchers like de Boer and Liu (1994, 1995), de Boer and Didwania
(2004), Tajuddin and Hussaini (2006), Kumar and Hundal (2007), Kumar et. al.
(2011) etc. studied some problems of wave propagation in fluid saturated porous
media.

Using the theory of de Boer and Ehlers (1990) for fluid saturated porous medium and
Kumar and Singh (2000) theory for viscoelastic solid, the reflection and transmission
of longitudinal wave (P-wave) or transverse wave (SV-wave) at an interface between
linear viscoelastic solid half space and fluid saturated porous half space is
investigated. The reflection coefficients of reflected waves at the free surface have
also been obtained. A special case when fluid saturated porous half space reduces to
empty porous solid has been deduced and discussed. Amplitudes ratios for various
reflected and transmitted waves are computed for a particular model and depicted
graphically and discussed accordingly. The model considered is assumed to exist in
the oceanic crust part of the earth and the propagation of wave through such a model
will be of great use in the fields related to earth sciences.

2. Basic equations

The equations governing the deformation of an incompressible porous medium
saturated with non-viscous fluid in the absence of body forces are given by de Boer
and Ehlers (1990) as

v.(n*uf +nfaf)=0,(1)

(A5 +u)V(Vu®) + v —nvp —p*i® + s, (0F - 05) =0,(2)

nfvp+ pfif +5 (0f — %) = 0,(3)

TS = 2u%E% + 25(ES. D)L (4)

1
ES = 5 (grad u® + grad™u®),(5)

where u’, ", 1*,i = F, 5 denote the displacement, velocity and acceleration of fluid and
solid phases, respectively and p is the effective pore pressure of the incompressible
pore fluid. g* and pFare the densities of the solid and fluid constituents, respectively.
T; is the effective stress in the solid phase and E= is the linearized langrangian strain
tensor. 2% and u= are the macroscopic Lame’s parameters of the porous solid and n®
and n* are the volume fractions satisfying

n®+n" =1.(6)
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In the case of isotropic permeability, the tensor S,, describing the coupled interaction
between the solid and fluid is given by de Boer and Ehlers (1990) as

Fy2, FR
_ ()% L (7)

..
: K

where "% is the specific weight of the fluid and K is the Darcy’s permeability
coefficient of the porous medium and | stands for unit vector.

Assuming the displacement vector u* (i=F,3) as

u' = I::u",'D, w"]u where i =F, S, (8)

and hence equations (1)-(3) give the equations of motion for fluid saturated
incompressible porous medium in the component form as

(s E}&E‘“ s2,s cop o guf  du® o0 (o
! g WV T e TR e TS G T 5| T OO
. .88 o _dp 9w gwt  aw®

S SRS — g — — pf—— + 5, ——| =010
(5 +w) gy T o s et ‘[&t ot (20)

ap g*uf guf odu®

F 4 pf—+8s |———|=0,(11

T e TP o {m 3t ()

dp *wF owF  owS

F— ot pf + - =0,(12

T3 7T P o [at 3 l (12)

< 92us  9*ws . a*uf  9*wF 0 (13

" |5xae T azar| T |awar T azae| - (13
where

< o(u® a(ws

g5 _ () a( ).(l4j

g dz

and

vi= > 2 15

 Ax? o"'z:'[ )

Using the Helmholtz decomposition of displacement vector, the displacement
components u’ and w* are related to the potential functions ¢* and W as

(0P 0w 09T du
u' = - azju =, ale—FJS.[lﬁjl

Using, (16) in egs. (9)-(13), we obtain the following equations:

?:':bE _ id‘:qjg — S,:__. d¢5 =0 (1?)
cZ 3t2 [:}_5 —E,UE}(T]F): at !

o

¢ =~ 547, 19)
. a:.LIJ.E L q la$F C-I"'LIJ'E

Vi —p® —-———|=0.(19
WV —p at? ot ot (19)
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C-;'ELIJ:F C-;'LIJ}- C-;'LIJE
F + 5. — =0,(20
s l gt gt (20)
O“]:qu ﬂ“lq]E
Fn2 . _ .5 _F - ='D_. 21
(") p—m°p re T (21)
where
| . .
! o Pazi.G oy
I R G
C= ‘\: |inF_'-:,:| —Ing_l:pl: ' (22]

Also, the normal and tangential stresses in the solid phase takes the form,
- . -"D".fq]E C-;'E'CIJE i 'ID"'E':IJE D".TLIJE
= N T+ — |+ 2u° [ — — 23
‘ [.\ ox? dz* } H dz* D"‘xo"‘z) (23)
i i D-"E'CIJE C-;'ELIJE D".TLIJE
L 2 T - (24
=~ M [ dxdz  0z° ox? ) (24)
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The time harmonic solution of the system of equations (17)-(21) can be considered as
(4%, 67, W, WFp) = |:_¢1EJ ¢1FJ L|J1EJ 4J1FJP1}9-‘P(1'3'3’E:' .(25)

where ¢ is the complex circular frequency.
Making use of (25) in equations (17)-(21), we obtain

. o S, .
V- 4+ — - = =1, (26)

o - ¢’1
Cy” I:_;.E + EIuE}[r]F)-
w2 + pfw’ —iws Ju,® = —ies W, k(27

& 1 i |

[—o?pf +i0s ], F — iws W, % =0,(28)

a g a g . =
(WFJ'PH +1°pF e’ $,° — S, b, = 0,(29)

C

¢1F = _2_;‘1315- (30)

Equation (26) represents the propagation of a longitudinal wave with velocity V,,
given by

rz 1

Vit = c,’ (31)

where G, = l : = (32)

From equations (27) and (28), we obtain

[vf + m”l w,® =0.(33)

Equation (33) corresponds to the propagation of a transverse wave with velocity V;,
given by
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v,l ==
2 G.
where
ps 15, g, " ]'
G: = {E_ E_ !_IS|_'jS:_;: —'.:-:IE.I._IJJ (3':1-j

For M, (linear viscoelastic solid medium)

Following Borcherdt (1973), the equation governing the small motions in a linear
viscoelastic solid may be written as

(K +4M /3)V(V.u)—M Vx (VXu)=pi,(35)

where symbols K is the complex bulk modulus, M is the shear modulus, p, is the
density of linear viscoelastic solid and u is the displacement vector. Superposed dots
on right hand side of equation (35) stand for second partial derivative with respect to
time.

The stresses in the linear viscoelastic solid are given by

oy = (K —2M/3)058, + 2M ey, (36)

where

1 o"‘uk' o"‘ul' .
ey =§[k?tl—a),@ =V.u,(37)
Using Helmholtz’s theorem

u=Vd +Vxy,V.u =0,(38)

We can show that ¢ and w satisfy

o’V = and BVIvw =i, (39)

where o = [K—L] /ppB® = M'/p,.(40)
and

v=—(),e4)

_dp dv . dp Jdv

Tax oz T ez ax

u

3. Formulation of the problem and its solution

We consider a two dimensional problem by taking the z-axis pointing into lower half-
space and the plane interface z=0 separating the linear viscoelastic solid half space
M, [z = 0] and fluid saturated porous medium ™, [z = 0] (see figurel). Consider a
longitudinal wave (P-wave) or transverse wave (SV-wave) propagating through the
fluid saturated porous half space medium MM, and incident at the plane z=0 and
making an angle &, with normal to the surface. Corresponding to each incident wave
(P-wave or SV-wave), we get two reflected waves P-wave and SV-wave in the
medium M, and two transmitted waves P-wave and SV-wave in medium M.
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Medium M-

Medium M,

N‘

Fig. 1 Geometry of the problem

In medium M,
The potential function satisfying the equations (17)-(21) can be taken as
{o°, 0%, p} = {1, m,, m, }[A,, exp{ik,(x sinB,-z cosb,) + iw,t}
+ Ajexpfik,(x sinf, + z cosB, ) + ey t}], (43)
s wfl= {1, m; HBy, expiik,(x sinf,—z cosB,) + iw,t}
+ B,expfik,(x sinf, + z cosB, ) + iw,t}], (44)
where
iw, 5,

Sy = —, (45
imﬂsﬂ-'_mﬂ_p]: (%)

n® lnsmifpr— i, S,
—.m; = — .
F [rl]-')_

m; = —

where A, and By, are amplitudes of the incident P-wave and SV-wave, respectively
and A, , B, are amplitudes of the reflected P-wave and SV-wave respectively and to
be determined from boundary conditions.

In medium M,

The potential function satisfying the equation (39) can be taken as
P =A, exp{iEl (x sinB, — z cosB,) + iﬁit}, (46)

W' =B, exp{iE: (x sinB, — z cosB,) + i@, t}, (47)

where k, and k, are wave numbers of refracted P-wave and SV-wave, respectively.
A, and B, are amplitudes of refracted P-wave and SV-wave and are unknown to be
determined from boundary conditions.
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4. Boundary conditions

The appropriate boundary conditions at the interface z=0 are the continuity of
displacement and stresses. Mathematically, these boundary conditions can be
expressed as:

toe® P = Cpmtsy” = 0o US = U, W =w,(48)

In order to satisfy the boundary conditions, the extension of the Snell’s law will be
sind, sinf; sinf, sinB; sinb,
= = - = = _J 49)
Vo Wy Vs e &

Also

For P-wave,
V,=V,.6,=8,(51)

For SV-wave,
V,=V,.8, =6,,(52)

For incident longitudinal wave at the interface z=0, putting E,, = 0 in equation (44)
and for incident transverse wave putting A,; = @ in equation (43). Substituting the
expressions of potentials given by (43)-(44) and (46)-(47) in equations (16), (23)-(24)
and (36)-(37) and using equations (48)-(52), we get a system of four non
homogeneous which can be written as

Za._j Z,=Y,(i=1,2,3,4) (53)

=0
where
A A, A B
Zy=—,Z,=—,Z; =— ,Z, =— (54)
ATTTR A AT A

Also a; in non dimensional form can be written as

5 1, kT BT 2

2, = —+2c0s™8, +—— . 3,; = —Zsind_eosB, —, 3,5 —— | —K"+ -M"(=n8, —Zeos®d, )
e 'k, Ry © Tl 3 7
Mk, . = . T . a P Mk, —
a;, = —— - s5in2g,, a,, = 2sink,cosk,, 3,, = —lcos B, —sin"8,) 3, = —=——sin2k,.
b, “wf i TR
H-]{E_ -G . ]'{2 " k'.l T k: =
day = — T - CUSE'C-':_. dzy = S]n':-'-l_. dza = _CGS'C-':_. dzg = __S]nt-'i_.ﬂg;_ = _CUS'C-':_.
1 W Ky Ky ky
_ B .- G S e
ay, =cosba, =——sinf,, a,; = » cosB, a.,. = » sinf,, (55)
1 1 1

For incident longitudinal wave:
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A= Ag, By =0V, = —ayy, Y, =ay, Yy = —ay, Y, = ay, (56)

For incident transverse wave:
A= Bl:".l-' AE".I. = I:::I_I ‘f-l = EL‘_[:.I ‘f: = _El::-' ‘fS = HS:. Yé = _H;.:. KE‘?j

5. Particular cases:

CASE-1

If pores are absent or gas is filled in the pores then gF is very small as compared to g*
and can be neglected, so the relation (22) gives us

C= ———.(58
\i! pE [ :I

and the coefficients a,, in (55) changes to

- g

L a
a4 = s 2cos°8,,(59)

and the remaining coefficients in (55) remain same. In this situation the problem
reduces to the problem of viscous liquid half space over empty porous solid half
space.

CASE-2

When upper half space is not present in the given formulation.

Considering a fluid saturated incompressible porous medium with free boundary
surface, i. e. upper half space is not present in the given formulation. A plane wave
(P-wave) or SV-wave propagating through the fluid saturated incompressible porous
medium making an angle &, with z-axis at the free surface z=0. Corresponding to
each incident wave we get two reflected waves. Boundary conditions for this case
reduces to

t,, = tzzE Pt = tzr{EJ [&Dj

And hence we obtain a system of three non-homogeneous equations which can be
written as

Za._j Z,=Y,(i=1,2) (61)

i=1
where a,;.ay, a,4.a,5,are given by equation (55)

CASE-3
When linear viscoelastic solid half space (medium M) reduces to elastic solid half
space
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6. Numerical results and discussion

The theoretical results obtained above indicate that the amplitude ratios
Z, (1= 1,2, 3) depend on the angle of incidence of incident wave. In order to study in
more detail the behaviour of various amplitude ratios on the angle of incidence, we
have computed them numerically by taking the following values relevant elastic
parameters.

In medium M,, the physical constants for fluid saturated incompressible porous
medium are taken from de Boer, Ehlers and Liu (1993) as

m° = 0.67,nF = 0.33,p% = 1. 34 Mg/m?3,pF = 0.33 Mg/m?.° = 5.5833 MN/m?,

Kf = 0.01m/s,v*® = 10. 00KN/m®, u® = 8.3750N/m?, " = 10/s, (62)

In medium M,,

Following Silva (1976), the physical parameters representing the crust as a linear
viscoelastic solid are as follows

Qp = 100,Qg = 45,p, = 2.6 gmfcm? Vp = 6.1 km/s, Vg = 3.5 km/s (63)
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Figs. 2-5. Variation of the amplitude ratios of reflected P-wave, reflected SV-
wave, transmitted P-wave and transmitted SV-wave with angle of incidence of P-
wave showing effect of fluid in pores.
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Figs. 6-9. Variation of the amplitude ratios of reflected P-wave, reflected SV-
wave, transmitted P-wave and transmitted SV-wave with angle of incidence of P-
wave showing effect of viscosity of viscoelastic solid.
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Figs. 10-13. Variation of the amplitude ratios of reflected P-wave, reflected SV-
wave, transmitted P-wave and transmitted SV-wave with angle of incidence of

SV-wave showing effect of fluid in pores.
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Figs. 14-17. Variation of the amplitude ratios of reflected P-wave, reflected SV-
wave, transmitted P-wave and transmitted SV-wave with angle of incidence of
SV-wave showing effect of viscosity of viscoelastic solid.
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Figs. 18-21. Variation of the amplitude ratios of reflected P-wave, reflected SV-
wave with angle of incidence of P and SV-wave showing effect of fluid in pores in
case of free surface.
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7. Conclusion

The phenomenon of reflection and transmission of incident elastic waves at the
interface between a linear viscoelastic solid half space and fluid saturated porous half
space has been studied when P-wave or SV-wave is incident. It is observed that

The amplitudes ratios of various reflected and refracted waves depend on the
angle of incidence of the incident wave and material properties.

The effect of fluid filled in the pores of incompressible fluid saturated porous
medium is significant on amplitudes ratios for refracted waves but on the
amplitudes ratios for reflected waves, it has less effect.

If we neglect the viscous effect of viscoelastic solid then the variations in
amplitudes ratios for reflected is not much but for amplitudes ratios for
refracted waves has been affected significantly.

A significant difference in the values of amplitudes ratios for reflected waves
is noticed in the case of free surface boundary. The model presented in this
paper is one of the more realistic forms of the earth models. It may be of some
use in engineering, seismology and geophysics etc.
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